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Abstract

The evaluation of the wave-induced seabed instability in the vicinity of a breakwater is
particularly important for coastal and geotechnical engineers involved in the design of
coastal structures. In this paper, an analytical solution for three-dimensional short-crested
wave-induced seabed instability in a Coulomb-damping porous seabed is derived. The par-
tial wave reflection and self-weight of breakwater are also considered in the new solution.
Based on the analytical solution, we examine (1) the wave-induced soil response at different
location; (2) the maximum liquefaction and shear failure depth in coarse and fine sand; (3)
the effects of reflection coefficients; and (4) the added stresses due to the self-weight of the
breakwater.
# 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Protection of the coastal environment is vital for countries like Australia, where

86% of the total population is concentrated around the coasts. Marine structures

such as caissons and seawalls are commonly adopted for such protection. Although

the protection of marine structures has been extensively studied in recent years,

understanding of their interaction with waves and the seabed is far from complete.

Damage of marine structures still occurs from time to time, with two general failure
2006, Australia.
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modes evident. The first mode is that of structural failure, caused by wave forces
acting on and damaging the structure itself. The second mode is that of foundation
failure, caused by liquefaction or erosion of the seabed in the vicinity of the struc-
ture, resulting in collapse of the structure as a whole. This study will focus on the
mechanism of wave-induced seabed instability in the vicinity of a breakwater.
The wave phenomenon in the vicinity of a breakwater or seawall is complicated,

which normally involves with wave interactions and wave–structure interactions.
The simplest case is a fully reflection in the direction normal to the wall (i.e. two-
dimensional standing waves), which has been widely studied in the past (Irie and
Ndaoka, 1984). In fact, the wave interactions in the vicinity of a breakwater is a
three-dimensional short-crested waves, which could be an interaction of two or
more wave trains. This three-dimensional wave system has been studied by numer-
ous researchers (Fuchs, 1952; Silvester, 1972; Hsu et al., 1979; Jeng, 2002).
In general, the wave-induced seabed instability in the vicinity of a breakwater

can be classified into three categories: scour, liquefaction and shear failure (Sumer
and Fredsoe, 2000). Among these, scouring has been studied by coastal engineers,
while liquefaction and shear failure have been studied by geotechnical engineers in
the past. The phenomenon of scouring around a coastal structure has been extensively
studied in the past, and numerous empirical formulas have been proposed in the
past (Irie and Ndaoka, 1984; Xie, 1983; Lin et al., 1986; Jan and Lin, 1998).
Basically, the scouring depth is related to the mass transportation and velocity
distribution (Tanaka et al., 1972; Carter et al., 1973; Hsu et al., 1980; Hsu and
Silvester, 1989; Gao and Zhao, 1995; Sumer and Fredsoe, 2000), and the onset
of scouring and scouring depth are two main concerns (Sumer and Fredsoe,
2000). Liquefaction occurs when the wave-induced excess pore pressure is large
enough to overcome the self-weight of the soil particles, which is generally
occurs in finer seabeds (Zen and Yamazaki, 1993; Jeng, 1997). Shear failure is
caused by the wave-induced shear forces acting on the soil particles, which can
be determined by Mohr–Columbia criteria (Griffith, 1986). Basically, liquefaction
is a kind of vertical movement of the soil particles, while shear failure is a hori-
zontal movement. In this study, we will focus on the wave-induced liquefaction
and shear failure in the vicinity of a breakwater.
Since the estimation of the wave-induced liquefaction and shear failure is based

on the wave-induced pore pressure and effective stresses within the seabed, the
wave-induced soil response will be an important parameter. Most previous
investigations for wave-seabed interaction have been based on quasi-static
approach, i.e. the conventional consolidation equation (Yamamoto et al., 1978;
Tsai, 1995; Jeng, 1997), in which the acceleration due to soil and pore fluid
motions are excluded. Some research has considered a more advanced approach by
considering the acceleration of soil motion such as u–p approximation (Jeng et al.,
1999; Jeng and Rahman, 2000; Jeng and Lee, 2001). A full dynamic soil behavior
has also been considered recently (Jeng and Cha, 2003). Coulomb-damping fric-
tion, which is particularly important for sandy and clay seabeds, has also been con-
sidered in some models (Yamamoto, 1982; Lin, 2001; Lee et al., 2002). A
comparison between various existing models for the wave–seabed-interaction has
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been performed in the authors’ recent papers (Lin, 2003; Lin and Jeng, 2003).
However, it is only limited to two-dimensional case and wave-induced soil
response, neither three-dimensional cases nor wave-induced seabed instability.
In this paper, the previous work regarding Columb-damping friction from two-

dimensional progressive waves to three-dimensional short-crested wave system
(partially reflection). The self-weight of breakwater will also be considered in the
new model. Based on the new solution, the wave-induced liquefaction and shear
failure will be examined.
2. Boundary value problem

Consider that a progressive wave train on water of uniform depth (d) obliquely
approaches a rigid vertical wall and then partial reflect from it (see Fig. 1). The
approaching and reflecting progressive waves are at an angle, resulting in an obli-
que standing wave (i.e. short-crested wave). This wave system has a surface elev-
ation diamond-shaped crest pattern. A Cartesian coordinate system is assigned
with the x-axis in the resultant direction of wave propagation that is parallel to the
wall, the y-axis normal to the wall, while z-axis positive upward from the seabed
surface.
According to the linear short-crested wave system (Hsu et al., 1979), we have the

wave profile for partial reflection system as

g ¼ Hi
2
eiðxt�mkx�nkyÞ þ Kreiðxt�mkxþnkyÞ
h i

; ð1Þ

where Hi is the incident wave height, Kr is the reflection coefficient, xð¼ 2p= T ; T is
the wave periodÞ is the wave frequency, and kð¼ 2p=L; L is the wavelengthÞ is the
wave number of incident wave. As shown in Fig. 1, Lx and Ly are the wavelengths in
the direction of wave propagation (i.e. x-axis) and in the direction normal to the
Fig. 1. Sketch of a short-crested wave system.
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wall (i.e. y-axis), respectively. The relationship between the wavelength of the inci-
dent wave (L) and the wavelengths in horizontal and normal directions (Lx and Ly)
are (Hsu et al., 1979)

L

Lx
¼ sinh ¼ m and

L

Ly
¼ cosh ¼ n: ð2Þ

Since the water is considered as an incompressible fluid, and the wave field is an
irrotational flow, the velocity potential (u) satisfies the conservation of mass, and
lead to continuity equation, as

r2u ¼ 0: ð3Þ

The velocity potential (u) satisfies the above Laplace equation and the following
free surface boundary conditions

gg þ @u
@t

¼ 0; ð4aÞ

@u
@t

¼ @g
@t

; ð4bÞ

will have the general form as (Jeng, 2002)

u ¼ igHi
2x

coshkðz� hÞ þ x
gk
sinhkðz� hÞ

� �
� fð1þ KrÞcosnky� ð1� KrÞsinnkygeiðxt�mkxÞ: ð5Þ

Here, we consider the seabed to be a coulomb-damped porous medium, the
three-dimensional stress–strain relationships are

s0xx ¼ He � 2lðeyy þ ezzÞ � Cn; ð6aÞ

s0yy ¼ He � 2lðexx þ ezzÞ � Cn; ð6bÞ

s0zz ¼ He � 2lðexx þ eyyÞ � Cn; ð6cÞ

syz ¼ leyz; ð6dÞ

sxz ¼ lexz; ð6eÞ

sxy ¼ lexy; ð6fÞ

p ¼Mn � Ce; ð6gÞ
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where sij are the stresses of the soil, p is the pore pressure, and e is the volumetric
strain, which is defined by

e ¼ exx þ eyy þ ezz; ð7aÞ

exx ¼
@ux
@x

; ð7bÞ

eyy ¼
@uy
@y

; ð7cÞ

ezz ¼
@uz
@z

; ð7dÞ

and the shear strains are defined as

eyz ¼
@uy
@z

þ @uz
@y

; ð8aÞ

exz ¼
@ux
@z

þ @uz
@x

; ð8bÞ

exy ¼
@uy
@x

þ @ux
@y

; ð8cÞ

where~uu � ðux; uy; uzÞ is the solid displacement vector, and n ¼ �r~ww is the effective

gradient of pore fluid, in which ~ww ¼ neð~UU �~uuÞ; ne is soil porosity, and ~UU �
ðUx;Uy;UzÞ is the pore fluid displacements. In (6a)–(6g), H, C, M and l are the
Biot’s elastic constants (Biot, 1956), which take into account of the energy losses
during each wave cyclic loading.
The equations of motion for solid particles and pore fluid give

lr2~uuþ ðH � lÞre � Crn ¼ @2

@t2
ðq~uuþ qf~wwÞ; ð9aÞ

rðCe þMnÞ ¼ @2

@t2
ðq~uuþm~wwÞ þ gf

ks

@~ww

@t
; ð9bÞ

where the physical quantities are defined as (Lin, 2001):

H ¼ ðKr � KsÞ2
Dr � Ks

þ Ks þ
4

3
l; C ¼ KrðKr � KsÞ

Dr � Ks
; ð10aÞ

M ¼ K2r
Dr � Ks

; Dr ¼ Kr 1þ ne
Kr
Kf

� 1
� �� �

; ð10bÞ

l ¼ Gð1þ idÞ; Ks ¼ Ksoð1þ idÞ; ð10cÞ

q ¼ ð1� neÞqr þ neqf ; m ¼ ð1þ aÞqf=ne; ð10dÞ

in which a is the added mass coefficient of the skeletal frame, Kr is the bulk modu-
lus of the grain, Kf is the apparent bulk modulus of the pore fluid. The relationship
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between Kr and Kf is

1

Kf
¼ 1

Kfo
þ 1� S
Pwo

; ð11Þ

where S is the degree of saturation, Kfo ¼ 2� 109 N=m2, and Pwo is the absolute
static water pressures.
The above governing equations can be solved with the following boundary

conditions:

. at the surface of the seabed (z ¼ 0), we have

@u
@z

¼ @uz
@t

þ @wz
@t

; p ¼ �qf
@u
@t

; s0zz þ p ¼ 0; sxz ¼ syz ¼ 0 ð12Þ

. at the seabed bottom ðz ¼ �dÞ, we have

~uu ¼ ~ww ¼ 0;
@p

@z
¼ 0 ð13Þ
3. Analytical solutions

To solve the soil displacements and pore fluid displacements in the governing
equations (9a) and (9b) and boundary conditions (12) and (13), we let

~uu ¼ r/ þr� ~UU; ð14aÞ

~ww ¼ rw þr� ~WW; ð14bÞ
from which the equation of motion can be re-written as

r2ðH/ þ CwÞ ¼ @2

@t2
ðq/ þ qfwÞ; ð15aÞ

r2ðC/ þMwÞ ¼ @2

@t2
ðqf/ þmwÞ; ð15bÞ

lr2~UU ¼ @2

@t2
ðq~UU þ qf~WWÞ; ð15cÞ

� gf
ks

� �
@~WW
@t

¼ @2

@t2
ðqf~UU þm~WWÞ: ð15dÞ

Since the wave loading is periodical loading, we can set the form of the solution
as

/ ¼ /iðzÞeiðxt�mkx�nkyÞ þ /rðzÞeiðxt�mkxþnkyÞ; ð16aÞ
w ¼ wiðzÞeiðxt�mkx�nkyÞ þ wrðzÞeiðxt�mkxþnkyÞ; ð16bÞ
~UU ¼ ~UUiðzÞeiðxt�mkx�nkyÞ þ ~UUrðzÞeiðxt�mkxþnkyÞ; ð16cÞ
~WW ¼ ~WWiðzÞeiðxt�mkx�nkyÞ þ ~WWrðzÞeiðxt�mkxþnkyÞ: ð16dÞ
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Substituting the above relations into the governing equations, we have the inci-
dent wave components as

/i ¼ ða11ek1z þ a12e�k1z þ a21ek2z þ a22e�k2zÞeiðxt�nky�mkxÞ; ð17aÞ

wi ¼ ðb11ek1z þ b12e�k1z þ b21ek2z þ b22e�k2zÞeiðxt�nky�mkxÞ; ð17bÞ

Ui ¼ ða31ek3z þ a32e�k3zÞeiðxt�nky�mkxÞ; ð17cÞ

Wi ¼ ðb31ek3z þ b32e�k3zÞeiðxt�nky�mkxÞ; ð17dÞ

where

b1i ¼ c1a1i; b2i ¼ c2a2i; b3i ¼ c3a3i ði ¼ 1; 2Þ; ð18aÞ

k21 ¼ k2 � k2f ; k22 ¼ k2 � k2s ; k23 ¼ k2 � k2T; ð18bÞ

c1 ¼ � H � qVf
C � qfVf

; c2 ¼ � H � qVs
C � qfVs

; c3 ¼ � qf
m1

; ð18cÞ

k2f ¼
x
Vf

� �2
; k2s ¼

x
Vs

� �2
; k2T ¼ x2ðq � q2f =m1Þ

l
; ð18dÞ

V2f ¼ 2ðHM � C2Þ½ðqM þm1H � 2qfCÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1H � qMÞ2 þ 4qfðqfM �m1CÞH þ 4qðm1C � qfMÞC

q
��1; ð18eÞ

V2s ¼ 2ðHM � C2Þ½ðqM þm1H � 2qfCÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1H � qMÞ2 þ 4qfðqfM �m1CÞH þ 4qðm1C � qfMÞC

q
��1; ð18fÞ

m1 ¼ m� i gf
xks

: ð18gÞ
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With the boundary conditions (12) and (13), we have the wave-induced soil
response as

p ¼ fða11ek1z þ a12e�k1zÞðC þ c1MÞk2f þ ða21ek2z þ a22e�k2zÞðC þ c2MÞk2s g
� ½ð1þ KrÞcosnky� ið1� KrÞsinnky�eiðxt�mkxÞ; ð19Þ

sxx ¼ fða11ek1z þ a12e�k1zÞ½�ðH þ c1CÞk2f � 2lk23 þ 2ln2k2�
þ ða21ek2z þ a22e�k2zÞ½�ðH þ c2CÞk2s � 2lk23 þ 2ln2k2�
� 2ilmkk3ða31ek2z � a32e�k2zÞg
� ½ð1þ KrÞcosnky� ið1� KrÞsinnky�eiðxt�mkxÞ; ð20Þ

syy ¼ fða11ek1z þ a12e�k1zÞ½�ðH þ c1CÞk2f � 2lk23 þ 2lm2k2�
þ ða21ek2z þ a22e�k2zÞ½�ðH þ c2CÞk2s � 2lk23 þ 2lm2k2�
� 2ilnkk3ða31ek2z þ a32e�k2zÞg
� ½ð1þ KrÞcosnky� ið1� KrÞsinnky�eiðxt�mkxÞ; ð21Þ

szz ¼ fða11ek1z þ a12e�k1zÞ½�ðH þ c1CÞk2f þ 2lk2� þ ða21ek2z þ a22e�k2zÞ
� ½�ðH þ c2CÞk2s þ 2lk2� � 2ilmkk3ða31ek2z þ a32e�k2zÞg
� ½ð1þ KrÞcosnky� ið1� KrÞsinnky�eiðxt�mkxÞ; ð22Þ

sxz ¼ f2ilmkk1ð�a11ek1z þ a12e�k1zÞ� þ 2ilnkk2ð�a21ek2z þ a22e�k2zÞ
� lðm2k2 þ k3Þða31ek2z þ a32e�k2zÞg � ½ð1þ KrÞcosnky
� ið1� KrÞsinnky�eiðxt�mkxÞ; ð23Þ

syz ¼ f2lnkk1ða11ek1z � a12e�k1zÞ� þ 2lnkk2ða21ek2z � a22e�k2zÞ
� ilmnk2ða31ek2z � a32e�k2zÞg � ½�ð1þ KrÞsinnky
þ ið1� KrÞcosnky�eiðxt�mkxÞ; ð24Þ

sxy ¼ f�2ilmnk2ða11ek1z þ a12e�k1zÞ� � 2ilmnk2ða21ek2z þ a22e�k2zÞg
� ½�ð1þ KrÞsinnkyþ ið1� KrÞcosnky�eiðxt�mkxÞ; ð25Þ

where aij satisfy

½A�½X � ¼ ½B�; ð26Þ

½A� ¼

c1 c1 c2 c2 �A1 A1
�A2 A2 �A3 A3 �A4 �A4
A5 A5 A6 A6 0 0
B1e

�k1d B1e
k1d B1e

�k2d B1e
k2d �k3e�k3d k3ek3d

k1e�k1d �k1e�k1d k2e�k2d �k2ek2d �ike�k3d �ikek3d
c1k1e�k1d �c1k1ek1d c2k2e�k2d �c2k2ek2d �ikc3e�k3d �ikc3ek3d

2
6666664

3
7777775
;

ð27Þ
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½X � ¼

a11
a12
a21
a22
a31
a32

2
6666664

3
7777775

and ½B� ¼

0
0

�qf
@u
@t

0
0
0

2
66666664

3
77777775
; ð28Þ

where

c1 ¼ k2s ½ðH � CÞ þ ðC �MÞc1� þ 2lk2; ð29aÞ

c2 ¼ k2f ½ðH � CÞ þ ðC �MÞc2� þ 2lk2; ð29bÞ

A1 ¼ 2ilmkk3; A2 ¼ 2ilmkk1; A3 ¼ 2ilmkk2; ð29cÞ

A4 ¼ lðm2k2 � k23Þ; A5 ¼ ðMc1 þ CÞk2f ; A6 ¼ ðMc2 þ CÞk2s ; ð29dÞ

B1 ¼ �imk ð29eÞ

4. Results and discussions

The aims of this paper are to (1) extend the previous two-dimensional solution to
three-dimensional case with Columb-damping friction, and (2) examine the wave-
induced liquefaction and shear failure potential. Based on the analytical solutions pre-
sented above, some numerical examples will be illustrated in the following sections.

4.1. Wave-induced stresses in a porous seabed

In this section, we consider h ¼ 30v as an example. The vertical distributions of
the wave-induced pore pressure, effective normal stresses and shear stresses versus
soil depth at different location, y=Ly ¼ 0, 1=12 and 1=6 are plotted in Figs. 2–8. In
the figures, pbð¼ cwH=2coshkhÞ is the amplitude of dynamic wave pressure at the
seabed surface. For comparison, the results of progressive wave (h ¼ 90v, in dashed
lines) and standing wave (h ¼ 0v, in dashed-dotted lines) at y=Ly ¼ 1=12 are also
plotted in the figures.
As shown in Fig. 2, the influence of distance from the breakwater ðy=LyÞ on the

wave-induced pore pressure is not obvious. Basically, the pore pressure ðp=pbÞ
decreases as y=Ly increases. However, the pore pressure does not changed as soil

depth ðz=LÞ and distance from the breakwater ðy=LyÞ change, when z=L > 0:3. On

the other hand, the influence of y=Ly on the wave-induced vertical effective stress

ðs0zz=pbÞ is more significant. The vertical effective stress s0zz=pb increases as y=Ly
decreases (Fig. 3).
Compared with the pore pressure and vertical effective normal stress, the distance

from the breakwater ðy=LyÞ significantly affect the horizontal effective normal stres-
ses (s0xx=pb and s0yy=pb), as illustrated in Figs. 4 and 5. In general, s

0
xx=pb and s0yy=pb

decreases as y=Ly increases. As shown in Fig. 4, the short-crested wave-induced
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tribution of the wave-induced pore pressure ðjpj=pbÞ versus soil depth ðz=LÞ
Fig. 2. Dis at different

location y=Ly (h ¼ 30v and Kr ¼ 0:8).
bution of the wave-induced normal stress ðjs0zzj=pbÞ versus soil depth ðz=L
Fig. 3. Distri Þ at different
location y=Ly (h ¼ 30v and Kr ¼ 0:8).
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ibution of the wave-induced normal stress ðjs0xxj=pbÞ versus soil depth ðz=LÞ
Fig. 4. Distr at different

location y=Ly (h ¼ 30v and Kr ¼ 0:8).
bution of the wave-induced normal stress ðjs0yyj=pbÞ versus soil depth ðz=L
Fig. 5. Distri Þ at different
location y=Ly (h ¼ 30o and Kr ¼ 0:8).
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ibution of the wave-induced shear stress ðjs0xzj=pbÞ versus soil depth ðz=LÞ
Fig. 6. Distr at different

location y=Ly (h ¼ 30v and Kr ¼ 0:8).
ibution of the wave-induced shear stress ðjs0yzj=pbÞ versus soil depth ðz=LÞ
Fig. 7. Distr at different

location y=Ly (h ¼ 30v and Kr ¼ 0:8).
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s0xx=pb is smaller than that induced by progressive and standing waves, when
z=L < 0:05. However, the results are revise, when z=L > 0:15. On the other hand,
the horizontal effective normal stress s0yy=pb induced by short-crested waves is one
order higher than that of standing waves (Fig. 5). Thus, it is necessary to pay extra
attention to the short-crested waves-induced horizontal effective normal stresses.
Similar trend is observed for the wave-induced shear stresses. As shown in

Figs. 6–8, the results of short-crested waves are not always located between pro-
gressive and standing waves, especially near the surface of the seabed. Thus, to
investigate the influences of these physical quantities on the seabed instability, we
cannot just rely on the magnitudes of two physical parameters, but considering the
combined effects of all parameters.
4.2. Wave-induced seabed instability

In this study, we focus on the wave-induced liquefaction and shear failure poten-
tial. The definition of two failure modes are summarised here.
4.2.1. Shear failure
It has been well known that the shear stress at particular point of the seabed is

greater than the shear strength of the soil will lead to shear failure. This kind of
ibution of the wave-induced shear stress ðjs0xyj=pbÞ versus soil depth ðz=LÞ
Fig. 8. Distr at different

location y=Ly (h ¼ 30v and Kr ¼ 0:8).
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instability based on the spatial distribution of the wave-induced shear failure and
the shear strength of the soil. The Mohr–Coulomb criterion has been commonly
used to estimate the shear failure. Based on Mohr–Columb criterion, we have

�ssf ¼ �rrf tanhf ; ð30Þ
where �ssf and �rrf are the shear stress and normal stress at the failure plane. The
internal friction angle hf depends on the soil types. For example, hf ¼ 35

v
for

medium sand, and hf ¼ 30
v
for fine sand. The stress state at any instant and

location can be expressed in term of the stress angle h as

sinh ¼ r1 � r3
r1 þ r3

¼
ffiffiffi
3

p
tcosa

tsina �
ffiffiffi
2

p
s
: ð31Þ

The seabed will become unstable when hðx; y; z; tÞ � hf .
In (31), the three-dimensional principal stresses can be determined by (Griffith, 1986)

r1 ¼
sffiffiffi
3

p þ
ffiffiffi
2

3

r
tsin a � 2p

3

� �
; r2 ¼

sffiffiffi
3

p þ
ffiffiffi
2

3

r
tsina;

r3 ¼
sffiffiffi
3

p þ
ffiffiffi
2

3

r
tsin a þ 2p

3

� �
; s ¼ 1ffiffiffi

3
p ð�ssxx þ �ssyy þ szzÞ;

t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�ssxx � �ssyyÞ2 þ ð�ssxx � �sszzÞ2 þ ð�sszz � �ssyyÞ2 þ 6ð�ss2xx þ �ss2yy þ �ss2zzÞ

3

s
;

a ¼ 1
3
sin� � 3

ffiffiffi
6

p
J3

t3

 !
;

J3 ¼ SxSySz � Sx�ss2yz � Sy�ss2xx � Sz�ss2xy þ 2�ssxy�ssxz�ssyz;

Sx ¼
2�ssxx � �ssyy � �sszz

3
; Sy ¼

2�ssyy � �ssxx � �sszz
3

;

Sz ¼
2�sszz � �ssyy � �ssxx

3
;

�ssxx ¼ sx0 � s0xx ¼ �ðcs � cwÞK0z� sxx � p;
�ssyy ¼ sy0 � s0yy ¼ �ðcs � cwÞK0z� syy � p;
�sszz ¼ sz0 � s0zz ¼ �ðcs � cwÞz� szz � p;
�ssxz ¼ �sxz; �ssyz ¼ �syz; �ssxy ¼ �sxy:

where cs and cw are the unit weight of soil and pore water, respectively, and K0 is the
lateral coefficient of earth pressure, which is defined by

K0 ¼
m

1� m
; ð32Þ

in which m is the Poisson’s ratio.
4.2.2. Liquefaction
The failure mode of liquefaction is different from that of shear failure. The wave-

induced dynamic stresses and strains cause the soil particles movement, and results
in the volumetric change. This leads to the effective stress of solid transfer to pore
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pressure, and leads to the pore pressure increases and effective stress decreases.

Under the limiting condition, the excess pore pressure will cause the effective stress

to be zero, and then the shear strength of solid particle will no longer exist, which

will cause liquefaction. Here, what we discuss is the instant liquefaction, or so-

called initial liquefaction, which is the response of solid particles and pore water

due to the wave loading. In principle, the instant liquefaction will not involve with

the deformation after liquefaction, which is the fundamental of soil behavior, and

will cause the instability of the offshore structure. Thus, the evaluation of the

instant liquefaction of the soil is important for coastal engineers. Here, we use the

three-dimensional liquefied criterion to analyses the initial liquefaction (Jeng, 1997):

� 1
3
ðcs � cwÞð1þ 2K0Þzþ ðpb � pÞ � 0; ð33Þ

where ðpb � pÞ is the excess pore pressure, pb is the water pressure at the surface of
the seabed, which varies as the wave propagation, and p is the pore water pressure

in the seabed.
In the following examples, we consider the wave-induced seabed instability in

two different seabeds—coarse sand and fine sand. In the numerical examples, the

reflection coefficient Kr is taken as 0.8.
Figs. 9–12 illustrate the maximum liquefaction depth and shear failure depth ver-

sus wave period (T) and water depth ðh=LÞ. The figures clearly indicate that the
liquefaction depth increases as wave period increases. In a coarse sand, the

liquefaction does not vary with the incident angle, which agrees with the previous

work (Jeng, 1997). However, in a fine sand, the liquefaction depth varies with the

incident wave angles. The liquefaction depth occurs at h ¼ 90v is less than that at
h ¼ 60v, which emphasizes that the short-crested wave with large incident wave
angle will cause deeper liquefied region than the progressive waves. However, the

trends of shear failure for coarse and fine sand are different. For example, the

maximum shear failure depth increases as the incident wave angle increase in

coarse sand. However, the maximum shear failure occurs at h ¼ 60v in fine sand. It
is also observed in Fig. 11 that the shear failure depth increases as the wave period

increases, when T > 2 s. This result overall agrees with the experimental results of

Xie (1983) and Jan and Lin (1998).
It is also observed that the liquefaction decreases as the relative water depth

ðh=LÞ increases in coarse sand. However, there is a peak value of relative water
depth in fine sand. Figs. 10 and 11 indicate that the liquefaction depth in coarse

sand is larger than that in fine sand, when incident wave angle h � 45v. On the
other hand, the liquefaction depth in fine sand is greater than that in coarse sand,

when h ¼ 60v; T > 6:6 s or h=L > 0:18. Under such conditions, engineers must

pay more attentions. Fig. 12 also indicates that the maximum shear failure depth

decreases as the water depth increases, while the maximum shear failure depth

occurs at h=L ¼ 0:1 in fine sand.
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induced maximum liquefaction depth versus wave period (T) for various in
Fig. 9. Wave- cident angles

(h). Solid lines, fine sand; dashed lines, coarse sand (Kr ¼ 0:8).
e-induced maximum liquefaction depth versus relative water depth (h=L) for
Fig. 10. Wav various inci-

dent angles (h). Solid lines, fine sand; dashed lines, coarse sand (Kr ¼ 0:8).
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e-induced maximum shear failure depth versus relative water depth (h=L) for v
Fig. 12. Wav arious inci-

dent angles (h). Solid lines, fine sand; dashed lines, coarse sand (Kr ¼ 0:8).
-induced maximum shear failure depth versus wave period (T) for various in
Fig. 11. Wave cident angles

(h). Solid lines, fine sand; dashed lines, coarse sand (Kr ¼ 0:8).
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4.3. Effects of reflection coefficients

One of new contribution of this paper is the consideration of reflection coef-

ficient, Kr. Fig. 13 illustrates the influences of reflection coefficients on the wave-

induced liquefaction and shear failure depth in fine sand. The figure clearly indi-

cates that the liquefaction depth and shear failure depth increases as Kr increases.

It is also observed that the incident wave angles does not significantly affect the

liquefaction depth, while it significant affects the shear failure depth (Fig. 13).

4.4. Effects of self-weight of a breakwater

In realistic engineering problem, the self-weight of the breakwater must be taken

into account. Considering a rectangular breakwater, the added stresses due to the

self-weight of the breakwater, r0
xx; r

0
yy and r0

zz, are plotted in Figs. 14–16. In the

figures, s is the width of breakwater, which is taken as 20 m in the numerical exam-

ples, and pb is the pressure at the bottom of the breakwater. As shown in Figs. 14–

16, the added stresses reduce to 10% of pb, when y=s > 1:8. Figs. 17 and 18 further

demonstrate that the added stresses is two order less than pb.
Figs. 19–22 further compare the wave-induced stresses without and with con-

sideration of the self-weight of the breakwater. In the figures, the solid lines

denotes the results with consideration of added stress, while the dashed lines rep-

resent the case without added stresses. Figs. 19–22 clearly indicate that the added

stresses can be ignored when y=Ly > 1=4. This conclusion can also be observed in
ave-induced maximum liquefaction and shear failure depth versus partial reflection
Fig. 13. W coefficient

(Kr) for various incident angles (h) in fine sand.
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. Contour distribution of added stresses ðsxx=pbÞ due to self-weight of the breakwater (s ¼
Fig. 15 20 m).
. Contour distribution of added stresses ðszz=pbÞ due to self-weight of the breakwater (s ¼
Fig. 14 20 m).
. Contour distribution of added stresses ðsyz=pbÞ due to self-weight of the breakwater (s ¼
Fig. 16 20 m).



M. Lin, D.-S. Jeng / Ocean Engineering 31 (2004) 561–585580
ertical distribution of added stresses, jsyzj=pb; syy=pb and jszzj=pb, due to self-we
Fig. 17. V ight of a

breakwater at y=Ly ¼ 1=12 (s ¼ 20 m).
ertical distribution of added stresses, jsyzj=pb; syy=pb and jszzj=pb, due to self-we
Fig. 18. V ight of a

breakwater at y=Ly ¼ 1=4 (s ¼ 20 m).
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mparison of the stresses, jsyzj=pb; syy=pb and jszzj=pb, with and without considerat
Fig. 19. Co ion of the

self-weight of a breakwater at y=Ly ¼ 1=12 (s ¼ 20 m).
omparison of the stresses, jsyzj=pb; syy=pb and jszzj=pb, with and without considerati
Fig. 20. C on of the

self-weight of a breakwater at y=Ly ¼ 1=4 (s ¼ 20 m).
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mparison of the stresses, jsyzj=pb; syy=pb and jszzj=pb, with and without considerat
Fig. 22. Co ion of the

self-weight of a breakwater at y=Ly ¼ 3=4 (s ¼ 20 m).
omparison of the stresses, jsyzj=pb; syy=pb and jszzj=pb, with and without considerat
Fig. 21. C ion of the

self-weight of a breakwater at y=Ly ¼ 1=2 (s ¼ 20 m).
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Figs. 23 and 24, which show three-dimensional graphs for the wave-induced shear

failure. Figs. 23 and 24 further show that inclusion of added stresses significantly

affects the shear failure depth in the region of 0 < y=Ly < 1=4 and 0 < jz=Lj < 0:3.
Thus, in engineering practice, the consideration of self-weight of a breakwater is

important in the above region.
Fig. 24. Contour distribution of the wave-induced shear failure with self-weight of a breakwater.
Fig. 23. Contour distribution of the wave-induced shear failure without self-weight of a breakwater.
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5. Conclusions

In this paper, a semi-analytical solution for the short-crested wave-induced
liquefaction and shear failure in a Coulomb-damping porous seabed is proposed.
In the model, partial reflection is considered. Based on numerical examples pre-
sented, the following conclusions can be drawn:

1. The liquefaction and shear failure depth induced by short-crested wave may not
always vary between progressive and standing waves, especially at the surface of
the seabed.

2. For coarse sand, the liquefaction depth does not vary with the incident wave
angle, while the shear failure depth increases as the incident angle increases. The
liquefaction and shear failure depths increases and wave period increases, but as
relative water depth decreases.

3. For fine sand, incident wave angles significant affects the region of instability. In
general, the liquefaction depth increases as incident wave angle increase, and the
maximum occurs at h ¼ 60v.

4. Generally speaking, the liquefaction and shear failure depths increase as reflec-
tion coefficient Kr increases in fine sand. The influence of incident wave angle on
the shear failure is more significant than liquefaction depth.

5. Consideration of the added stresses due to self-weight of the breakwater is parti-
cularly important in the region of 0 < y=Ly < 1=4 and 0 < jz=Lj < 0:3.
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