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Abstract

The interfacial debonding of an inner-surface-coated hollow cylinder with multiple pre-existing surface cracks is presented. The cylinder is
assumed to be exposed to convective heating at the inner surface while the outer surface is perfectly insulated. The failure criterion based on the
adhesion strength is adopted, in which the interfacial stresses are considered to be responsible for interfacial debonding initiation. By using the
finite element (FE) method, the transient temperature and induced interfacial stresses are calculated for the cylinder. Based on dimensional
analysis, the sensitivity analysis of interfacial stresses is obtained as a function of various dimensionless parameters such as time, convection
severity, material constants, crack depth as well as crack spacing. These results may provide some useful references for coating/substrate system
design under thermal loading.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The thermally induced failure problem of thick-walled
cylinders has been widely investigated, due to its importance
to the design and manufacturing of such structural components
as the pressure vessels, piping subjected to thermal transients
[1–6]. In many modern applications, coatings are intentionally
deposited on the underlying substrate to enhance some specific
surface characteristics, e.g. strength, corrosion and wear
resistance. Since the durability of a coated hollow cylinder is
largely dependent on the life of coatings, failure mechanisms of
coatings under thermal loading have been the subject of
considerable research [7–12]. In general, coating debonding
along the interface is considered to be most dangerous since it
will lead to fatal failure of the entire thermo-mechanical system
[11,12].
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Previous studies on interfacial debonding were mainly from
the well-established standpoint of interface crack growth, in
which an interfacial crack is assumed to already exist [13,14].
This model seems sound and justified for the interface of
relatively weak adhesion strength, where an initial separation
could occur even before service. For the interface of strong
adhesion strength, however, a reasonable attention should be
paid on the intact interface. In this case tensile or shear stress at
the interface must serve as a prerequisite for the interfacial
debonding initiation. Therefore the quantification and sensitiv-
ity analysis of these stresses are the main tasks of this paper. In
practice, surface cracks commonly occur in the coating due to
strain mismatch of coating/substrate system after the deposition
is completed [15]. Recently a processing technique, discrete
laser quenching on the inner surface of gun tubes prior to the
electroplation of chromium, was successfully developed to
enhance the durability of chromium on the steel substrate. Field
testing showed that the treated gun tubes could survive longer
than the untreated ones [16,17]. The essence of this processing
technique is considered to be connected to the periodic
segmentation of coatings, which is in favor of strain
accommodation. Hence multiple surface cracks are also
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included in the subsequent model to capture this realistic
situation.

In the present paper, the problem of a multi-cracked and
coated hollow cylinder, subjected to convective heating at the
inner surface is considered. In solving the problem, it is
assumed that both coating and substrate materials are
homogeneous, isotropic and linear-elastic, the thermo-mechan-
ical constants are independent of temperature, the thermo-
elastic coupling effects and inertia effects are negligible.
Previous work on dynamic thermoelasticity indicated that the
last assumption, which simplifies the analysis of the problem
quite considerably, would not cause any significant changes in
the results [18,19]. All the calculations are completed via the
finite element (FE) method. Numerical results for temperature
and interfacial stresses are obtained as a function of normalized
quantities such as time, convection severity, material constants,
crack length as well as crack spacing.

2. Problem formulation

For a finitely long cylinder, the stress analyses are usually 3-
D problems. It is modeled here as a plane strain problem. This
simplification is considered to represent a reasonable idealiza-
tion for the stresses and displacements in the central portion of a
long cylinder to provide useful bounds. The geometry of a
multi-cracked and inner-coated hollow cylinder, with cylindri-
cal coordinates (r, ϕ, z) embedded at its center, is shown in Fig.
1a. Its inner radius, outer radius and coating thickness are
denoted by a, b and h, respectively. n uniformly spaced radial
cracks of depth l (only four cracks are plotted in Fig. 1) are
contained in the coating. The cylinder, at an initial temperature
T0, is assumed to be perfectly insulated along the outside
surface r=b. At time t=0, the inner surface r=a−h is subjected
to convective heating with the heat transfer coefficient given by
H and the ambient temperature maintained at Ta.

The existence of multiple radial cracks would not cause any
disturbance in temperature field throughout the coated hollow
Fig. 1. (a) The multi-cracked coated cylinder subjected to convective heating from in
boundary conditions.
cylinder. By nature of axis-symmetry, the transient temperature
is largely simplified to a 1-D thermal diffusion problem, which
may be determined from the solution of the following diffusion
equations

D2hiðr; tÞ ¼ 1
Di

Ahiðr; tÞ
At

ði ¼ 1; 2Þ ð1Þ

where temperature differences θi are defined by

hiðr; tÞ ¼ Tiðr; tÞ−T0 ði ¼ 1; 2Þ ð2aÞ

h0 ¼ Ta−T0 ð2bÞ
The subscripts 1, 2 represent coating and substrate, respectively.
The thermal diffusivity Di is given byDi=ki /ρici, where ki is the
material thermal conductivity, ρi the density and ci the specific
heat. In the case of convective heating, θ0N0.

The initial conditions are given by

h1ðr; 0Þ ¼ 0 ða−hbrbaÞ h2ðr; 0Þ ¼ 0 ðabrbbÞ: ð3Þ
The continuity and boundary conditions are usually written as

h1ða; tÞ ¼ h2ða; tÞ; k1
A

Ar
h1ða; tÞ ¼ k2

A

Ar
h2ða; tÞ ðtN0Þ

ð4aÞ

A

Ar
h1ða−h; tÞ ¼ H

k1
½h1ða−h; tÞ−h0�; A

Ar
h2ðb; tÞ ¼ 0 ðtN0Þ:

ð4bÞ
It is emphasized that Eq. (4a) indicates the continuity of
temperature and heat flux at the coating/substrate interface,
neglecting contact thermal resistance.

When the thermal stresses are considered, the axis-symmetry
breaks. However, a representative sector, with the central angle
of π /n, can be extracted for analysis as shown in Fig. 1b.
ner surface; (b) the geometry of an extracted representative sector with imposed
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Bearing in mind the usual equilibrium, constitutive and
geometrical equations, which can be easily found in any
thermo-elasticity textbook, we write the following boundary
and continuity conditions for thermal stress calculations

rrr1ða−h;/Þ ¼ rr/1ða−h;/Þ ¼ 0;rrr2ðb;/Þ ¼ rr/2ðb;/Þ
¼ 0 ð0b/bk=nÞ ð5aÞ

r//1ðr; p=nÞ ¼ rr/1ðr; p=nÞ ¼ 0 ða−hbrba−hþ lÞ ð5bÞ

u/1ðr;k=nÞ ¼ u/2ðr;k=nÞ ¼ 0 ða−hþ lbrbbÞ ð5cÞ

u/1ðr; 0Þ ¼ u/2ðr; 0Þ ¼ 0 ða−hbrbbÞ ð5dÞ

ur1ða;/Þ ¼ ur2ða;/Þ;u/1ða;/Þ ¼ u/2ða;/Þ ð0b/bk=nÞ
ð5eÞ

rrr1ða;/Þ ¼ rrr2ða;/Þ;rr/1ða;/Þ ¼ rr/2ða;/Þ ð0b/bk=nÞ
ð5f Þ

Where ur is the radial displacement, uϕ the circumferential
displacement, σrr the radial normal stress, σϕϕ the circumfer-
ential normal stress and σrϕ the shear stress. In order to account
for coating debonding, emphasis is solely placed on interfacial
stresses in subsequent thermal stresses calculation.
3. Solution procedures

3.1. Dimensional analysis

Before the solution to the above problem is known,
dimensional analysis can be carried out to reveal the scaling
relationships of this problem. From Eqs. (1) (2a,b) (3) (4a,b),
the temperature differences θi(i=1,2) must be functions of all
the independent governing parameters, i.e., temporal and spatial
quantities t and r; characteristic geometrical parameters a, b and
h; thermo-physical constants D1, D2, k1, k2, H and ambient
temperature difference θ0

hiðr; tÞ ¼ f ðr; t; a; h; b;D1;D2; k1; k2;H ; h0Þ ð6Þ
Among the twelve governing parameters, four of them, namely
h, D1, k1 and θ0, have independent dimensions. The dimensions
of θi, r, t, a, b, D2, k2 and H are given by

½hi� ¼ ½h0� ½r� ¼ ½h� ½t� ¼ ½D1�−1½h�2 ½a� ¼ ½h�

½b� ¼ ½h� ½D2� ¼ ½D1� ½k2� ¼ ½k1� ½H � ¼ ½k1�½h�−1:
ð7Þ

On applying Π — theorem in dimensional analysis [20], we
obtain

hi
h0

¼ j/
r
h
;
D1t
h2

;
a
h
;
b
h
;
D2

D1
;
k2
k1

;
Hh
k1

� �
ð8Þ
The following dimensionless quantities are then naturally
defined as

r̄ ¼ r
h

ā ¼ a
h

b̄¼ b
h

D̄ ¼ D2

D1

k̄ ¼ k2
k1

Bi ¼ Hh

k1
Fo ¼ D1t

h2
: ð9Þ

Based on the above dimensional analysis, the dimensionless
quantity θi /θ0 on the left side of Eq. (8) is determined only by
seven bracketed dimensionless quantities on the right side, in
which Bi and Fo are similar to conventional Biot number and
Fourier number, respectively. The most severe thermal shock
case corresponds to a sudden heating, i.e., Bi→∞.
Similarly, thermal stress components depend on the
following quantities

rðr;/; tÞ ¼ f ðr;/; t; h0;H ;D1;D2; k1; k2; a; b; h; l;u;

E1;E2; m1; m2; a1; a2Þ: ð10Þ
On applying Π — theorem again, we obtain

ð1−υ1Þr
E1a1h0

¼ jr
r
h
;
/
/
;
tD1

h2
;
Hh
k1

;
D2

D1
;
k2
k1

;
a
h
;
b
h
;
l
h
;
E2

E1
;
υ2
υ1

;
a2
a1

� �
:

ð11Þ
As can be shown by Eq. (11), three additional dimensionless
material properties, Ē=E2 /E1, ῡ =υ2 /υ1 and ᾱ=α2 /α1 should
appear automatically in thermal stress analysis, which measure
the ratios of Young's modulus, Poisson's ratio and thermal
expansion coefficient (CTE), respectively. In addition, dimen-
sionless geometrical parameters ϕ̄=ϕ /φ and l̄ = l /h also come
out to account for the crack related configuration. With the help
of the above dimensional analysis, sensitivity analysis for
temperature, thermal stresses can be conveniently performed,
which will be detailed in Section 4.
3.2. Finite element model

In fact, there exists a closed form solution for the temperature
in the above cylinder, in the form of infinite series of Bessel
functions and Neumann functions [5]. For convenience, both
temperature and thermal stresses calculation in this paper are
completed via the finite element (FE) method. As mentioned in
Section 2, only a sector of the coated hollow cylinder, with a
central angle of π /n, has to be considered. In order to obtain
accurate results, careful element meshing is necessary to assure
a reasonable aspect ratio of the elements, and particularly
element refinements should be done in the vicinity of the crack
tip and the interface of coating and substrate.

Eight-node isoparametric quadrilateral elements are used
here for both temperature and displacement calculations. The
detailed mesh breakdowns are schematically illustrated in
Fig. 2. The associated boundary conditions should be under-
stood as follows: (i) For the temperature calculation, perfect
insulation (dT / dn=0) is imposed on the circumferential
direction along the entire radial lines; (ii) For the thermal stress



Fig. 3. The normalized temperature versus normalized time for various
locations, Bi=0.225. Other inputs are listed in Table 1. Points A, B, C are
located at the inner surface, interface and one coating thickness below the
interface, respectively.Fig. 2. Schematic finite element meshes and boundary conditions in the analysis.
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calculation, the crack line is free while circumferential
displacement of the remaining radial line vanishes. With the
temperature distribution in the coated cylinder known, it is easy
to determine the transient thermal stress by the classical finite
element formulation. By endowing the coating and substrate
with the same material constants and letting Bi→∞, a series of
runs were performed to duplicate various transient temperature
results obtained by Tang and Erdogan [5], most of which were
found to be in excellent agreement with those in references.
Hence the present FE model is reasonably validated.

4. Numerical results and discussions

As an example for the convective heating problem described
in the previous sections, we consider a material pair, which
corresponds to a chromium coating deposited onto a much
thicker structural steel substrate 30CrNi2MoVA [21]. Since the
problem is formulated in terms of dimensionless quantities, it is
sufficient to consider only the ratios shown in Table 1. Unless
otherwise stated, we have taken data from Table 1 in our
calculations whenever the required input quantities are not
displayed. All the quantities of interest are normalized in the
same forms as those in Section 3.1.

4.1. Results of transient temperature

Fig. 3 illustrates the normalized temperature versus
normalized time at three different locations: (A) the inner
surface, (B) the interface and (C) the substrate which is one
coating thickness below the interface. It is shown that,
temperature at all three locations first climbs sharply then the
rising pace becomes slower with the elapse of time. Until
Table 1
The dimensionless quantities used in the example [21]

a /h b /h D2 /D1 k2 /k1 E2 /E1 υ2 /υ1 α2 /α1

100 200 0.293 0.389 0.724 1.476 1.923
steady state is reached, the temperature at the inner surface
remains highest. For the present data set, the steady state is
arrived when Fo approaches 30,000.

The transient temperature distributions in the coated hollow
cylinder are shown in Figs. 4 and 5. At various time instants, the
variation of normalized temperature versus normalized radial
coordinate is plotted in Fig. 4. It is shown that, the temperature
intractably increases with time and such a trend constantly
penetrates into the coated cylinder. The temperature gradient
within the coating is a decreasing function of time until steady
state is reached. At the coating/substrate interface, the slope of
curve discontinues, indicating the different thermal resistances
of coating and substrate. It should be noted in passing that, since
k2 /k1=0.389, the chromium coating does not act as a thermal
barrier coating. In order to investigate the effect of convection
severity on the normalized temperature distribution, different
Biot numbers were chosen at early time Fo=30 in Fig. 5 to find
that, the increase of Biot number could cause significant increase
of the normalized temperature throughout the coated hollow
Fig. 4. The normalized transient temperature versus normalized radial
coordinate for various time instants, Bi=0.225. Other inputs are listed in
Table 1.



Fig. 5. The normalized transient temperature versus normalized radial
coordinate for various Biot numbers, Fo=30. “inf” stands for “∞”. Other inputs
are listed in Table 1.

Fig. 7. The normalized interfacial normal stress near the crack tip versus
normalized time. n=2, l /h=0.5, Bi=0.225. Other inputs are listed in Table 1.
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cylinder. However, the increasing rate of normalized tempera-
ture becomes lower with further increase of convection severity.

4.2. Results of interfacial thermal stresses

The variation of interfacial stress components in the vicinity
of steady state versus normalized angle ϕ /φ for crack number
n=30 is plotted in Fig. 6. It is shown that near the crack tip,
there exists very high tensile interfacial normal stress. In
overview, the sign of interfacial normal stress changes twice
over the entire interfacial arc: when interfacial point becomes
more away from the crack tip, the tensile stress first decays
sharply then is converted into compression at the point about
16% remote from the crack tip. This shift law is consistent with
the self-equilibrating nature of thermal stresses. In addition,
compared to the shear stress component, the normal stress
component near the crack tip is prominent and therefore is
considered to be the dominant driving force for interfacial
debonding. In Fig. 7 the variation of transient interfacial stress
near the crack tip versus normalized time is plotted. This plot
shows that the profile of interfacial stresses history is like a
Fig. 6. The normalized interfacial normal stress versus normalized angle ϕ /φ.
n=30, l /h=0.5, Bi=0.225, Fo=30,000. Other inputs are listed in Table 1.
“scoop”. At early time interfacial stress components take on
compressive as the result of constraint imposed by the relatively
cooler substrate; after reaching the negative, peak value it
gradually decreases and is converted into positive then remains
constant up to the steady state. From Figs. 6 and 7, one can
conclude that for the present data set, the largest interfacial
normal stress occurs near the crack tip (NCT), ϕ /φ=1, when
steady state is approached. Hence in subsequent sensitivity
analysis, focus is solely on the interfacial normal stress of NCT
near the steady state.

4.3. Sensitivity analysis of interfacial normal stresses of the
NCT point

Fig. 8 demonstrates the effect of convection severity on the
normalized NCT interfacial normal thermal stress. It is shown
the NCT interfacial normal thermal stress increases with the
increase of Biot number prior to the steady state, while the
ultimate value is almost not influenced by the convection
severity. This implies that the more severe the convection
heating, the earlier the coating debonding will occur. It is shown
in Fig. 9 that, the normalized NCT interfacial normal stress is
Fig. 8. The normalized NCT interfacial normal stress versus normalized time for
various Biot numbers. n=2, l /h=0.5. Other inputs are listed in Table 1.



Fig. 9. The normalized NCT interfacial normal stress versus dimensionless CTE.
n=30, l /h=0.5, Bi=0.225, Fo=30,000. Other inputs are listed in Table 1.

Fig. 11. The normalized NCT interfacial normal stress versus normalized crack
depth. n=30, Bi=0.225, Fo=30,000. Other inputs are listed in Table 1.
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almost a linearly increasing function of normalized ratio of
coefficients of thermal expansion ᾱ =α2 /α1. This indicates for a
given substrate the increase of coefficient of thermal expansion
(CTE) of coating may lead to fewer tendencies of interfacial
debonding. Fig. 10 illustrates the effect of normalized Young's
modulus on the normalized NCT interfacial normal stress,
indicating the increase of it can cause the increase of normalized
interfacial stress and the possibility of interfacial debonding.
This effect is in consistent with fact that a more compliant
coating is more prone to decohesion, previously validated by
Hutchinson and Suo [13]. However, it would not seem so
notable upon further increase of modulus ratio.

Fig. 11 shows the effect of normalized crack depth on
normalized NCT interfacial normal stress. It is shown the NCT
interfacial normal thermal stress increases with the increase of
crack depth. This effect is due to the fact that, when the crack tip
penetrates further near the NCT point, the NCT point can feel
higher intensity of the crack-induced stress concentration. The
variation of the normalized NCT interfacial normal stress versus
the central angle of the representative sector is plotted in Fig. 12.
Fig. 10. The normalized NCT interfacial normal stress versus normalized
Young's modulus. n=30, l /h=0.5, Bi=0.225, Fo=30,000. Other inputs are
listed in Table 1.
Since the central angle is inversely related to the crack number,
the graph actually represents the dependence of interfacial
debonding on the surface cracking. It is shown that for a given
normalized crack depth, the magnitude of normalized NCT
interfacial normal stress first decreases slightly with the increase
of crack number, followed by a sharp decrease with further
increase of surface cracking. This variation trend can be
understood as follows: when crack spacing is very large with
small crack number, the interaction between multiple cracks is
little; when crack spacing becomes smaller and smaller, the
redistribution of thermal stress induced by the introduction of
multiple cracks generates “shedding effect”, causing the
decrease of interfacial normal stress in the vicinity of the
crack tip. Thus, by multiple segmentations of coatings
durability of coating can be greatly enhanced. This interesting
and important phenomenon has been experimentally proven for
planar interfacial debonding of thermal barrier coatings (TBC)
in previous literature [22–24]. It can also be applied to interpret
the field testing results of discrete laser processing technique for
coated gun tubes [16,17].
Fig. 12. The normalized NCT interfacial normal stress versus central angle of the
representative sector. l /h=0.5, Bi=0.225, Fo=30,000. Other inputs are listed in
Table 1.
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5. Conclusions

In the present paper, the problem of a multi-cracked and
coated hollow cylinder, subjected to convective heating from
inner surface is considered. The interfacial normal stress near
the crack tip (NCT) is found to be the dominant driving force for
coating debonding initiation. Sensitivity analyses indicate the
surface cracking appears very important in the variation of the
NCT interfacial normal stresses. By increasing the surface crack
number, the NCT interfacial normal stress becomes smaller in
magnitude; while by increasing the crack depth, the variation of
it is reversed. In addition, the more severe the convection
heating, the earlier the coating debonding will occur, but the
ultimate magnitude of NCT interfacial normal stress is not
influenced by the convection severity. Other factors conducive
to the reduction of NCT interfacial normal stresses for a given
substrate include the increase of coating's coefficient of thermal
expansion and Young's modulus.
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