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Abstract

The wave-seabed-pipeline interaction problem is particularly important for coastal geotechnical engineers involved in the design
of submarine pipelines. Most previous investigations have only concerned with the soil response due to linear progressive ocean
waves, even though strong evidence of wave non-linearity has been reported in the literature. In this study, the finite element model

(GFEM-WSSI) proposed by the first author is adopted to investigate the interaction between nonlinear ocean waves, a buried
pipelines and a porous seabed. Unlike previous models, the deformation of pipeline and non-homogeneous soil behavior are also
considered in the new model. Numerical results demonstrate that the influence of non-linear wave components can not always be

ignored without committing substantial error, especially for the case of large waves in shallow water. Also, revealed is that non-
linear wave-induced seabed response is affected significantly by variable permeability and shear modulus. Moreover, the internal
stresses of buried pipeline increase significantly with a decrease of pipeline thickness.
# 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Submarine pipelines have been a type of common-
used offshore installations. It has been widely used to
transport natural oil, gas, and industrial waste water
etc. When gravitational waves propagate over the
ocean, they cause fluctuating pressure upon the seabed,
which will further induce excess pore pressure and
effective stresses within seabed soil. The excess pore
pressure may be large enough to induce shear failure or
liquefaction of the soil around pipelines. Under such
conditions, the pipelines will loss stability, which will
cause economic losses and environmental pollution.
Therefore, the evaluation of the wave-induced soil
response around a buried pipeline (including pore pres-
sure and effective stresses etc.) is important for coastal
geotechnical engineers.
To date, many researchers have developed theories
for the wave-induced soil responses in an elastic med-
ium. Yamamoto et al. [27] and Madsen [15] proposed
analytical solutions for ocean wave-seabed interaction
problem within hydraulically isotropic and anisotropic
uniform seabed of infinite thickness, respectively. Mei
and Foda [20] proposed a boundary-layer approxima-
tion for the wave-induced soil response. Besides the
development of analytical solutions, numerical simula-
tions have been widely applied to examine such a prob-
lem in recent years, such as the finite difference method
[16,28], the finite element method [5,6,12,24,25] and the
boundary element method [21]. However, all aforemen-
tioned investigations have only examined the soil
response in a pro-elastic seabed under the action of two-
dimensional progressive waves without the presence of
marine structures.
Although the importance of wave–seabed–pipeline

interaction phenomenon has been addressed in the lit-
erature [4], this problem has not been fully understood
because of the complication of the behaviors of soil,
wave loading and geometry of the pipeline. Based on
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the potential theory, the hydrodynamic uplift forces on
the buried pipelines has been studied [13,14,23]. However,
the potential theory is far from the realistic conditions of
the soil and pore-fluid two-phase medium. Furthermore,
all these theories provide no information for the effective
stresses and soil displacements in the seabed.
Based on Biot’s theory [1], the wave-induced pore

pressure around a buried pipeline has been studied
through a boundary integral equation method [3] and a
finite element method [17–19]. Among these, Cheng and
Liu [3] considered a buried pipe in a region that is sur-
rounded by two impermeable walls. Magda [17–19]
considered a similar case with a wider range of the
degree of saturation. All these have only discussed the
wave-induced pore pressure and uplift forces around the
buried pipe. Other soil responses in the vicinity of a
buried pipeline, such as effective stresses, were not dis-
cussed. Jeng [10] investigated the wave-induced pore
pressure, effective stresses along the buried pipeline in
the seabed with variable permeability and shear mod-
ulus. But, the author has only concerned with the soil
responses due to linear wave, ignoring the influence of
wave non-linearity. In the previous investigations for
the wave-seabed interaction [26], the effect of wave non-
linearity has been found not being neglected without
substantial error, especially for large waves in shallow
water. Therefore, it is necessary to examine the influence
of non-linear wave components upon the wave–pipe-
line–seabed interaction.
This paper is aimed at investigating the distribution of

non-linear wave-induced pore pressure along the surface
of pipeline and the internal stresses within the pipeline in
non-homogenous seabed. In this study, the finite element
model (GFEM-WSSI) proposed by the first author [11]
will be adopted. The numerical results of soil and pipe-
line responses under the non-linear wave loading will be
compared with that under linear wave loading.
2. Boundary value problem

In this study, we consider a fully buried pipeline (with
radius of R) in a porous seabed of finite thickness h laid
upon an impermeable rigid bottom, as depicted in Fig. 1.
The wave is assumed to propagate in the positive
x-direction, while the z-direction is upward from the
interface between porous seabed and impermeable rigid
bottom (see Fig. 1).

2.1. Governing equations

2.1.1. Governing equations for porous flows in a seabed
In this study, the consolidation Eq. (1), which was

extended from Terzaghi’s theory and has been generally
accepted as the governing equation for flow of a com-
pressible pore fluid in a compressible pore medium, is
adopted to treat the wave–seabed interaction with vari-
able permeability as

K zð Þr2pþ
dK zð Þ

dz

@p

@z
� �wn�

@p

@t
¼ �w

@

@t
r � ~uus
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; ð1Þ

where K is soil permeability, p is pore pressure, �w is the
unit weight of pore water, n is soil porosity, t is the time,
~uus is the vector of soil displacements, � is the compres-
sibility of pore fluid, defined as

� ¼
1

Kwo
þ
1� S

Pwo
; ð2Þ

in which, Kw is the true modulus of elasticity of water
(taken as 2�109 N/m2), Pwo is the absolute water pres-
sure and S is the degree of saturation.
Under conditions of plane strain, the stress–strain

relationship can be expressed as
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where G is the shear modulus of soil, which is related to
Young’s modulus (E) and Poisson’s ratio (�) as
E=2 1þ �ð Þ. It is noted that a positive sign is taken for a
compressive normal stress in this study.
Neglecting the effects of body forces and inertia

terms, the equations governing the overall equilibrium
of a porous medium can be expressed in terms of pore
pressure and soil displacements as,
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Fig. 1. Definition of wave–seabed–pipe interaction system.
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in the x and z directions, respectively.

2.1.2. Governing equations for buried pipe
In this study, we consider the buried pipe as an

elastic material. With the absence of the body forces,
based on the minimum potential energy theorem, the
total potential energy of the buried pipe can be
expressed as

� ¼
1

2

ð
V

�p;ij"p;ijdV�

ð
A

fiup;idA: ð5Þ

in which �p and "p are internal stress and strain within
pipeline wall respectively, f is the wave-induced forces
acting on the buried pipeline, and up is the pipeline
deformation induced by external forces. Applying the
variational method to (5), we have

�� ¼
1

2

ð
V

�p;ij�"p;ijdV�

ð
A

fi�up;idA: ð6Þ

According to the minimum energy theorem (i.e.,
��=0), can be written as

1

2

ð
V

�p;ij�"p;ijdV ¼

ð
A

fi�up;idA: ð7Þ

As the first approximation, we assume no relative
movement between pipe and soil particles. That is, the
soil displacements are assumed to be in conformity
with the displacement of pipeline, i.e., the condition of
displacement continuity is applied. This assumption is
reasonable for the pipelines whose steel wall is covered
with concrete coating. The rough concrete material will
be conformable with the relative stiff soils, such as
medium and desne silt, whose deformation is small.
Moreover, the concrete coating will creates an
impermeable boundary conditions, thus no flux takes
place along the pipeline surface, which will be discussed
in Section 2.2.
Under the above assumptions, the wave-induced

soil deformation is also included in terms of pore
pressure by (1), (4a) and (4b). Also, the shear stress
and normal stresses are linked with soil displacements
by (3a), (3b) and (3c). Thus, while we solve the soil
response around the pipeline with internal stresses,
the shear stress, normal stresses and soil displace-
ments are transferred (they are directly affected by
pore pressure) into pore pressures as the external
loading in the evaluation of the internal stresses
within the pipeline.
2.2. Boundary conditions

For a porous seabed of finite thickness, as shown in
Fig. 1, the evaluation of the wave-induced seabed
response requires the solution of (1), (4a), (4b) and (7),
together with the appropriate boundary conditions.
Firstly, for the soil resting on an impermeable rigid base,

zero displacements and no vertical flow occurs at the inter-
face between the soil and the impermeable rigid bottom, i.e.

us ¼ ws ¼
@p

@z
¼ 0; at z ¼ 0: ð8Þ

Secondly, we assume that the bottom frictional stress
is small and negligible. The vertical effective normal
stress and shear stress vanish at the surface of seabed,

�0
z ¼ �xz ¼ 0; at z ¼ h: ð9Þ

Thirdly, the pore pressure at the surface of the seabed
is equal to the wave pressure induced by the progressive
wave. It has been agreed that the wave profile has steep
crest and flat trough in shallow water, result from its
strong non-linearity. Therefore, the validity of the con-
ventional Stokes’ wave theories in shallow water has
been doubted. As Huang et al. [9] and Sobey et al. [22]
pointed out, Stokes’ wave theories may not be very sui-
table for a wave in shallow water near the breaking line.
However, it is acceptable under most wave conditions
for engineering applications. In fact, engineering prac-
tice in recent years has still applied heavily on the
Stokes’ wave theories for it performs the basic char-
acteristics of wave non-linearity and its accuracy satis-
fies requirements of most engineering problems. In this
study, based on the non-linear wave theory [8], third-
order approximation of non-linear wave pressure in
two-dimensional problems are employed,

p ¼ pacos kx� !tð Þ þ p2nd þ p3rd; at z ¼ h: ð10Þ

where pa is the wave pressure of the first-order (linear)
of the short-crested wave theory, p2nd and p3rd are the
second and third-order components, respectively, which
are given by

pa ¼
�wH

2cosh kdð Þ
; ð11aÞ

p2nd ¼
kH

2

� �2�w
k

A21 þ A22cos2 kw� !tð Þ½ �; ð11bÞ

p3rd ¼
1

2

kH

2

� �3�w
k

� A31cos kx� !tð Þ þ A32cos3 kw� !tð Þ½ �; ð11cÞ

where, H is wave height, d is water depth, k is wave num-
ber (¼ 2�=L, L is the wave length), ! is wave frequency
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(¼ 2�=T, T is the wave period),
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From (11a)–(11c), (10) can be written as

p ¼ po þ p1Re coskxþ isinkxð Þe�i!t
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Fourthly, it is reasonable to assume there is no flow
through the pipeline wall. Thus, the pressure gradient
should vanish at the surface of the pipe, i.e.

@p
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¼ 0; at r ¼
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x� xoð Þ

2
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Finally, since the existence of the pipeline only affects
the wave-induced soil response near the pipeline, the
‘disturbed pressure’ from the pipeline should vanish at
points far away from the pipe. However, the porous sea-
bed at points is still under wave loading. Thus, the lateral
boundary conditions at these points are given by the
solution without pipeline, which will be described later.
3. Finite element formulations

3.1. Finite element formulations for the porous flow

The third-order non-linear wave-induced oscillatory soil
response is periodically fluctuating in the temporal
domain. Based on (13), the wave-induced pore pressure,
soil displacements and effective stresses can be expressed as

G x; z; ; tð Þ
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where subscripts ‘r’ and ‘c’ represent the real and ima-
ginary parts of the soil response, respectively. Sub-
stituting (17) into (1), (4a) and (4b), then directly
applying the Galerkin method [30], to these equations,
the finite element analytical formulations can be
expressed in a matrix form asð
s

Ni Qe½ �dS ¼

ð
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BT
1 D1B1dV P½ �

þ

ð
V

BT
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þ

ð
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ð18Þ
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where ne is the number of nodes per element, Ni is the
shape function of the i-th node, pr, us and ws are in form
of (16), and coefficient matrices Bi and Di are given in
the Appendix.

3.2. Finite element formulations for the buried pipe

Similarly, the third-order non-linear wave-induced
internal stresses and deformations of the pipe and the
external forces can be expressed as
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Introducing (20) into (7), we have
ð
s

Ni Fp
� 

tpdS ¼

ð
A

BT
5 D5B5tpdA Up

� 
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where Up is the nodal displacement matrix of pipe, tp is
the thickness of the pipeline and Fp is the force matrix
acting on the pipe, and the matrices D1–D5 are given in
the Appendix.

3.3. Numerical procedure

The first step in solving the wave–soil–pipe interac-
tion with both variable permeability and shear mod-
ulus is to establish the lateral boundary conditions. To
do so, the wave-seabed interaction can be solved by
employing the principle of repeatability [29]. As shown
in Fig. 1, the wave–induced pore pressure and soil dis-
placements at sections AA and BB should be identical,
because the seabed is under a periodical loading. That
is,

p x ¼ AA; z; tð Þ ¼ p x ¼ BB; z; tð Þ

us x ¼ AA; z; tð Þ ¼ us x ¼ BB; z; tð Þ

ws x ¼ AA; z; tð Þ ¼ ws x ¼ BB; z; tð Þ ð23Þ

This concept is particularly convenient for periodical
loading such as the present problem.
Once the latter boundary conditions are obtained,

the whole wave–seabed–pipe problem can be solved.
Because a concentration of stresses is to be expected,
the local refinement of the FE (finite element) mesh
always has to be taken into account in the region near
a structure. To improve the accuracy of the solution
in this region, we use two different mesh systems in
the present model. As seen in Fig. 2, an eight-node
iso-parametric element is used in the region near the
pipeline. Outside this region, an eight-nodal rectan-
gular element is used. This kind of mesh has been
used for treating the problem around a pipe-like
structure [18].
Fig. 2. Finite element mesh in the vicinity of the pipeline.
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4. Numerical results and discussion

4.1. Effects of non-linear wave components

The first aim of this paper concerns with how the non-
linear wave components affect the soil responses around
the buried pipe. The influences of wave non-linearity on
the wave kinematics and dynamics have been well
documented in the literature [9,22]. The influences of
non-linear waves on the response of seabed with
absence of structures were investigated in the past [26].
However, the effects of non-linear wave component on
wave–soil–pipe interaction have not been examined
until now.
Marine sediments below water–soil interface undergo

consolidation due to both the overburden soil pressure
and the wave pressure above them. For normally con-
solidated sediments of sandy seabed, soil parameters are
depth-dependent. Normally speaking, with increasing
Table 1

Input data in numerical examples
Wave characteristics
Wave period (T)
 12.5 s
Water depth (d)
 40 (m) (various in Section 4.1)
Wavelength (L)
 205 (m)
Wave height (H)
 10 (m) (various in Section 4.1)
Soil characteristics
Seabed thickness (h)
 40 (m)
Poisson ratio (�)
 0.4
Porosity (n)
 0.4
Shear modulus (Go)
 2.5�107 (Pa)
Permeability (Ko)
 10�2 m/s
Degree of saturation (S)
 1.0
Pipe characteristics
Burial depth (b)
 1.0 (m)
Poisson ratio (�)
 0.2
Young’s modulus (Ep)
 3.0�1010 (Pa)
Pipe radius (R)
 0.52 (m)
Pipe thickness (tp)
 0.02 (m) (various in Section 4.2.4)
Density of pipe (�p)
 2400 (kg/m3)
Fig. 3. Distribution of wave-induced pore pressure, normal stresses and shear stress along pipe surface for various wave steepness with different

order solutions (d=40 m).
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depth, the submerged unit weight and the porosity
decrease, thereby the permeability increase and the
shear modulus decrease. An example of permeability
varying with burial depth was reported for the marine
sediments in the Gulf of Mexico [2]. For consolidation
problem, the soil whose shear modulus increases line-
arly with depth (so called Gibson Soil) has been studied
by Gibson [7], without water wave loading.
To examine the effects of non-linear wave component

on buried pipeline responses, a kind of Gibson Soil will
be used, i.e. the depth function for shear modulus is
chosen as

G ¼ Go 1þ 9 1� z=hð Þ½ �; ð24Þ

and the depth function for permeability is supposed to
reduce exponentially,

K ¼ Koexp �2:3025 1� z=hð Þ½ �: ð25Þ

Other input date for the parameters of wave, soil and
pipe are listed in Table 1.
Fig. 3 illustrates the distribution of non-linear wave-

induced pore pressure p=pað Þ, effective normal stresses
(�sr=paand �s�=pa) and shear stress �sr�=pað Þ along pipe
surface for various wave steepness H=Lð Þ with different
order solutions. The figure shows that, with the increase
of wave steepness, the wave induced pore pressure and
effective normal stresses increase obviously, but the
shear stress increases slightly. The effects of second-
order and third-order components increase as the wave
steepness increases. Furthermore, the relative deference
of seabed response due to non-linear wave and linear
wave also increase as the steepness increase. In addition,
the profile of pore pressure at the upper side of pipe (i.e.
0 <� <180) induced by non-linear wave is much dif-
ferent from that by linear wave. This implies that the
effects of non-linear wave components on the response
of soil become significant at the upper side of pipe.
Fig. 4 shows the relationship of non-linear wave-

induced pore pressure p=pað Þ, effective normal stresses
(�sr=pa and �s�=pa) and shear stress �sr�=pað Þ along pipe
surface for various relative water depths d=Lð Þ with differ-
ent order solutions. The figure clearly shows that the wave
induced pore pressure, normal stresses and shear stress
increase as relative water depth decreases. Moreover, the
Fig. 4. Distribution of non-linear wave-induced pore pressure, normal stress and shear stress along pipe surface for various wave relative water

depth with different order solutions (H=10 m).
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relative deference of wave induced responses between
different order solutions increase as relative water depth
decreases. This indicates that the non-linear wave
induced soil and pipe responses are higher in shallow
water than in deep water.
From the above analysis, it can be concluded that, the

non-linear wave effects on soil and buried pipe respon-
ses become more obvious, with the decrease relative
water depth d=Lð Þ or with the increase of wave steepness
H=Lð Þ. The non-linear wave effects are not ignorable,
especially for high wave steepness in shallow water.
4.2. Parametric study

The second aim of this paper is to investigate the
effects of variable parameters of soil and pipe on the
wave–soil–pipe interaction with third-order non-linear
wave approximation. Several different functions for soil
permeability and shear modulus are used as examples.
The detail information of depth functions is shown in
Table 2. Other parameters of soil, wave and pipe are
listed in Table 1.

4.2.1. Effects of variable permeability
Fig. 5 shows the distribution of three-order non-linear

wave-induced pore pressure p=pað Þ, effective normal
stress (�sr=pa and �s�=pa) and shear stress �sr�=pað Þ along
pipe surface with variable permeability. It is observed
that the pore pressure around the pipeline is significantly
affected by variable permeability. The normal stress is
affected much more at the upper and bottom of the pipe
(i.e. � is close to 90 and 270, respectively) than at other
parts. The normal stress �s�=pa is affected by variable
permeability much more at the horizontal sides the pipe
(i.e. is close to 0 and 180, respectively) than that at
Fig. 5. Distribution of non-linear wave-induced pore pressure, normal stresses and shear stress along pipe surface with variable permeability.
Table 2

Depth function of permeability and shear modulus
Depth

function
Variable permeability
 Variable shear modulus
K1 or G1
 K=Ko
 G=Go

K2 or G2
 K ¼ Koexp �2:3025 1� z=hð Þ½ �
 G ¼ Goexp �2:3025 1� z=hð Þ½ �
K3 or G3
 K ¼ Koexp �4:6050 1� z=hð Þ½ �
 G ¼ Goexp �4:6050 1� z=hð Þ½ �
K4 or G4
 K ¼ Ko 1� 0:9 1� z=hð Þ½ �
 G ¼ Go 1þ 9 1� z=hð Þ½ �
K5 or G5
 K ¼ Ko 1� 0:99 1� z=hð Þ½ �
 G ¼ Go 1þ 99 1� z=hð Þ½ �
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other parts. But shear stress �sr�=pað Þ is affected very
slightly by variable permeability.
It is also observed that the depth functions with same

value of Kb=Ko, (Kb is the permeability of soil near the
rigid bottom), such as Types 24 and 44, Types 34 and
54, significantly affect wave induced pore pressure
around the pipe, and that the pore pressure in the sea-
bed with linear reduction of permeability is larger than
that with exponential reduction. The wave induced pore
pressure in the seabed with variable permeability is
higher than that in uniform seabed.
It is noted that the range for pore pressure and inter-

nal stresses are different, especially for �sr=pa and
�sr�=pað Þ (see Fig. 5). The wave-induced internal stresses
are much higher than the pore pressure at the surface of
seabed.

4.2.2. Effects of variable shear modulus
Fig. 6 illustrates the distribution of three-order wave

induced pore pressure p=pað Þ, effective normal stress
(�sr=pa and �s�=pa) and shear stress �sr�=pað Þ along pipe
surface with variable shear modulus. Unlike the former
case with variable permeability, wave induced pore
pressure, effective normal stresses and shear stress are
affected significantly by variable shear modulus at any
angle � around the pipe. The depth function of shear
modulus with same value of Gb=Go (Gb is the shear
modulus of soil near the rigid bottom), such as Types 32
and 34, Types 33 and 35, significantly affect the internal
normal stresses near the surface of pipe, and that the
pore pressure in the seabed with exponential increase of
shear modulus is larger than that with linear increase.
The pore pressure in the seabed with variable shear
modulus is higher than that in uniform seabed.

4.2.3. Internal stresses of buried pipe
Figs. 3–6 present the soil stresses near the surface of

the buried pipe. It is also of interest to examine the dis-
tribution of internal stresses within the wall of pipe.
Fig. 7 illustrates the distribution of internal stresses
(�pr=pa, �p�=pa and �p�=pa) within the wall. Five different
radii r=0.51894, 0.51394, 0.50894, 0.50394 and 0.50106
m are included in the figure. Herein, we used the results
for a kind of Gibson Sand (Type 24) and that for a kind
of uniform sand (Type 11) as an example. As seen in
Fig. 7, the magnitudes of internal normal stress in radial
direction �pr=pa

� �
increase basically as r increases. This

implies that approaches zero near the inner surface of
Fig. 6. Distribution of non-linear wave-induced pore pressure, normal stresses and shear stress along pipe surface with variable shear modulus.
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the pipelines and increases near the surface of the outer
region. The range of the change of for the soil with
variable characteristic is much less than that for the
uniform soil. The shape of the internal normal stress in
angular direction �p�=pa

� �
at separate radius is nearly

same for the pipe buried in seabed with variable char-
acteristics (Type 24) as that in a uniform seabed (Type
11). However, the magnitudes of are approximately
twice for the soil of Type 24 soil as that for the soil of
Type 11. Therefore, the angular normal stress �p�=pa

� �
is very sensitive to soil characteristics.

4.2.4. Effects of pipe thickness
In the aforementioned cases, the pore pressure and

internal stresses along the buried pipes with same
thickness have been investigated. It is still necessary to
Fig. 7. Distribution of non-linear wave-induced internal normal stresses and shear stress within pipeline (a) Type 11 and (b) Type 24.
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study the effects of various pipe thickness on the
responses of soil and pipe.
As an example, a kind of Gibson Sand (Type 24) is

considered to investigate the pore pressure p=pað Þ and
internal stresses (�sr=pa, �s�=pa and �sr�=pa) along the
pipe with various thickness, as shown in Fig. 8. It can be
observed that the variation of pipe thickness (tp) from
0.01 m to 0.04 m does not affect the pore pressure dis-
tribution around pipe. However, �s�=pa and �sr�=pa are
influenced greatly by the various thickness of pipe, and
�sr=pa is also affected, but much less. Therefore, the
slight decrease of thickness may induce a dramatic
increase of internal normal stress in angular direction
and shear stress within pipeline.
5. Concluding remarks

In this paper, the finite element model proposed by
the first author [11] is adopted to investigate the non-
linear wave induced soil and pipe response in a porous
seabed with variable permeability and shear modulus.
Based on the numerical results presented above, the
following conclusions can be drawn:

1. The numerical results indicate that the effects of

non-linear components on pore pressure and
stresses along buried pipeline can not be always
ignored without substantial errors, especially for
high wave steepness in shallow water.

2. Variable permeability affects wave induced radial

normal stress �sr=pað Þ much more at the upper
and bottom of the pipe than at other parts, but
affects angular normal stress �s�=pað Þ much more
at the horizontal sides the pipe than at other
parts. However shear stress �sr�=pað Þ is affected
very slightly by variable permeability. The depth
functions with same value of Kb=Ko, significantly
affect wave induced pore pressure around the
pipe,

3. Variable shear modulus also affects wave induced

internal tresses. But, unlike the case with variable
Fig. 8. Distribution of non-linear wave-induced pore pressure, normal stresses and shear stress along the surface of pipeline with various thickness

of the pipeline.
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permeability, wave induced pore pressure, inter-
nal normal stresses and shear stress are affected
significantly by variable shear modulus at any
angle around the pipe. The depth function of
shear modulus with same value of Gb=Go sig-
nificantly affects the internal normal stresses near
the surface of pipe.

4. As shown in Figs. 6 and 7, the wave induced pore

pressure in the seabed with variable soil perme-
ability or shear modulus is higher than that in
uniform seabed. The non-linear effects are
obvious at the upper side of pipeline.

5. The distribution of stresses within pipeline,

especially the angular normal stress �s�=pað Þ, is
affected by soil characteristics, as shown in
Fig. 7.

6. Various thickness of pipe wall influences wave-

induced internal stresses too. It is observed that
even a slight decrease of thickness may dramati-
cally induce an increase of internal normal stress
in angular direction and shear stress within
pipeline.
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Appendix. List of coefficient matrices

The coefficients Bi (i=1–5) in (18), (19) and (22) are
listed as follows:

B1 ¼ bi1 bi2 � � � bine
� 

; ðA1Þ

b1i ¼

@Ni

@x
0

0
@Ni

@x
@Ni

@z
0

0
@Ni

@z

2
666666664

3
777777775

¼ bT3i; ðA2Þ

b2i ¼
Ni 0
0 Ni

� �
; ðA3Þ
b4i ¼

@Ni

@x
0 0 0

0
@Ni

@x
0 0

0 0
@Ni

@z
0

0 0 0
@Ni

@z
@Ni

@z
0

@Ni

@x
0

0
@Ni

@z
0

@Ni

@x

2
6666666666666664

3
7777777777777775

; ðA4Þ

b5i ¼ Ni

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775: ðA5Þ

The coefficient matrices Di in (18), (19) and (22) are
given as

D1 ¼
�w
K

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775: ðA6Þ

D2 ¼
0 �n�!
n�! 0

� �
; ðA7Þ

D3 ¼ !
�1 0
0 1

� �
; ðA8Þ

D4 ¼
2G

1� 2�

�

1� � 0 � 0 0 0
0 1� � 0 � 0 0
0 0 1� � 0 0 0
0 0 0 1� � 0 0
0 0 0 0 1�2�

2 0

0 0 0 0 0 1�2�
2

2
6666664

3
7777775
;

ðA9Þ

D5 ¼
2Gp
1� 2�

�

1� � 0 � 0 0 0
0 1� � 0 � 0 0
0 0 1� � 0 0 0
0 0 0 1� � 0 0
0 0 0 0 1�2�

2 0
0 0 0 0 0 1�2�

2

2
6666664

3
7777775
:

ðA10Þ
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