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ABSTRACT: A two-dimensional axisymmetric numerical model is presented to study the influence of local magnetic
fields on P-doped Si floating zone melting crystal growth in microgravity. The model is developed based on the
finite difference method in a boundary-fitted curvilinear coordinate system. Extensive numerical simulations are
carried out, and parameters studied include the curved growth interface shape and the magnetic field configurations.
Computed results show that the local magnetic field is more effective in reducing the impurity concentration
nonuniformity at the growth interface in comparison with the longitudinal magnetic field. Moreover, the curved
growth interface causes more serious impurity concentration nonuniformity at the growth interface than the case
with a planar growth interface.

1. Introduction

The floating zone method is a crucible free process
used for the melting growth of high quality single
crystals. The microgravity environment is beneficial to
the large size crystal growth by the floating zone method
because the melt zone is confined by the melt surface
tension. In microgravity, the thermocapillary convection
induced by the melt surface tension gradient is domi-
nant in the melt zone while the buoyancy driven
convection is greatly reduced. The thermocapillary
convection may be unsteady and thus induces the
impurity striations in the grown crystal. Usually an
externally applied longitudinal magnetic field is used
to dampen the unsteady thermocapillary convection.1-4

With a strong magnetic field, the thermocapillary
convection in the central region of the melt zone is
suppressed and the impurity striations in the according
part of the grown crystal are eliminated.4 However, the
longitudinal magnetic field has no direct influence on
the flow along the magnetic field lines such as the flow
along the nondeformed free surface; thus, the relatively
strong thermocapillary convection still occupies the
region near the free surface. Such a flow field pattern
induces large radial impurity macrosegregation in the
grown crystal.4 So it is necessary to improve the flow
field pattern in the melt zone to reduce the impurity
concentration nonuniformity at the growth interface by
an optimal configuration of the applied magnetic field.3,5

Recently, numerical studies6,7 were conducted to
evaluate the influence of the local magnetic fields on
the P-doped Si floating zone melting crystal growth in
microgravity. Two-dimensional (2D) axisymmetric crys-
tal growth models with the planar phase change inter-
face simplification were used in the above studies. The
local magnetic fields produced by the electrical coils
located near the melt zone were specially designed to
damp the thermocapillary convection in the regions near
the free surface, and the melt flow in the central region

of the melt zone was reduced as a result. The computed
results illustrate that with the more uniform damped
flow field pattern, the approach of the local magnetic
field can reduce the impurity concentration nonunifor-
mity at the growth interface significantly. However, the
planar interface shape is the simplification of the real
crystal growth process. To improve the numerical model
to relate the practice more closely, the phase change
interfaces coupled with heat and mass transfer in the
melt zone are calculated in the present study. The
numerical model was developed based on the finite
difference method in a boundary-fitted curvilinear
coordinate system. The problem statement is presented
in the next section, the numerical method is given in
Section 3, and the numerical results and discussion are
given in Section 4. The last section is the conclusion.

2. Problem Statement

Figure 1 schematically illustrates the 2D axisymmet-
ric model of the P-doped Si floating zone melting crystal
growth in microgravity. The melt zone is floating
between the melting interface z1(r) and the growth
interface z2(r), respectively. The radius of the computa-
tion domain is R0 because the free surface deformation
in microgravity is neglected here.6,7 The dependence of
the melting temperature on the impurity concentration
is not included because the considered impurity is
dilute. The ambient temperature distribution is as-
sumed to be a Gaussian distribution5 as follows

The length of the computation domain is chosen to be
long enough to ensure that the far end temperature T∞
can be assumed to be a constant.

In the present study, the pseudo-steady state model
(PSSM)8 is adopted. The feed rod is fed into the melt
zone, and the grown crystal is withdrawn from the above
at the speed that conserves the mass of the system.
Because the magnetic Reynolds number is very small
for semiconductors, the induced magnetic field can be
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Ta(z) ) T∞ + (Tp - T∞) exp[-(z - 0.5L)2/a2] (2.1)
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neglected and the induced electric current is adopted
as zero in this case. The thermocapillary convection in
the melt zone is assumed steady and axisymmetric, and
only heat transfer is considered in solid phase. In the
present study, the streamfunction ψ and vorticity ω are
defined as follows5,9

Thus, the nondimensional governing equations are
written in the general form:

The related parameter definitions in eq 2.3 are listed
in Table 1. In deriving the above equations, scales are
used as follows: R0 for length, U0 ) |σT|∆T/Fν for
velocity, ω0 ) (U0/R0) for vorticity, ψ0 ) (ψ/F0U0R0

2) for
streamfunction, p0 ) F0U0

2 for pressure, C0 for concen-
tration, B0 ) µrµ0I0/πR0 for magnetic field, and ∆T )

(Tp - T0) for temperature while the definition of the
nondimensional temperature is (T - T0)/∆T. The non-
dimensional quantities and parameters are defined as
follows

The boundary conditions for the configuration con-
sidered are determined by the physical constraints and
are detailed below.

(a) Melt Zone Region. (i) Along the growth axis,
r ) 0:

ψ ) 0 is adopted here as the reference.
(ii) Along the free surface, r ) 1:

(iii) Along the melting interface, z ) z1(r):

(iv) Along the growth interface, z ) z2(r):

(b) Solid Regions. (i) Along the growth axis, r ) 0:

(ii) Along the surface, r ) 1:

(iii) Far ends

In addition, the Stefan condition is applied at the phase
change interfaces

where T0
/ ) (T0/∆T), ks

/ ) (ks/k), Cps
/ ) (Cps/Cp).

The local magnetic field is simulated by the combina-
tion of the magnetic field produced by each electrical
coil. The coil located at adjusted positions near the free
surface circles the computation domain. The diameter
of the coil is small and assumed to be zero for simpli-

Figure 1. Schematic diagram of a floating zone melting
crystal growth model in microgravity.

Table 1. Related Coefficients ai, bi, ci, and di

φi ai bi ci di

ψ (i ) 1) 0 1/r 1 ω
ω (i ) 2) Pe/r Pr/r r

Ha2 Pr[ ∂

∂z
(jθBz) + ∂

∂r
(jθBr)]

T (i ) 3) Pe(CpsPe) r(ksr) 1 0
C (i ) 4) Pes r 1 0

u ) - 1
Fr

∂ψ
∂z

, v ) 1
Fr

∂ψ
∂r

, ω ) ∂u
∂z

- ∂v
∂r

(2.2)

∂

∂r(aiφi
∂ψ
∂z ) - ∂

∂z(aiφi
∂ψ
∂r ) + ∂

∂r[bi

∂ciφi

∂r ] + ∂

∂z[bi

∂ciφi

∂z ] +

di ) 0 (2.3)

Pr ) ν
κ
, Pe )

U0R0

κ
, Pes )

U0R0

D
, Ma )

σTR0∆T

Fν2
,

Ra )
σεR0(∆T)3

k
, Ras )

FεsR0(∆T)3

k
,

Ha ) B0R0 xσe/Fν, Ste ) ∆H
Cp∆T

(2.4)

ψ ) 0, ω ) 0, ∂T
∂r

) 0, ∂C
∂r

) 0 (2.5)

ψ ) 0.5Vp, ω ) - MaPr
Pe

∂T
∂z

, ∂C
∂r

) 0,

-(n ‚ ∇T) ) Ra{[T + T0
/]4 - [Ta(z) + T0

/]4} (2.6)

ψ ) 0.5Vpr
2, ω ) ∂u

∂z
- ∂v

∂r
, T ) 0,

n ‚ ∇C ) PesVP(C - 1)(n ‚ ez) (2.7)

ψ ) 0.5Vpr
2, ω ) ∂u

∂z
- ∂v

∂r
, T ) 0,

n ‚ ∇C ) PesVP(1 - k0)C(n ‚ ez) (2.8)

∂T
∂r

) 0 (2.9)

-(n ‚ ∇T) ) Ras{[T + T0
/]4 - [Ta(z) + T0

/]4} (2.10)

z ) 0 and z ) 35: T ) T∞ (2.11)

ks
/(n ‚ ∇Ts) - (n ‚ ∇T) + PeSteVp(n ‚ ez) ) 0 (2.12)
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fication. The calculation of the magnetic field produced
by the electrical coil is based on Biot-Savart’s law.10

3. Numerical Method

The computation domain in the cylindrical coordinate
system (r,z) is transformed into the boundary-fitted
curvilinear coordinate system11 (η,ú). The boundary-
fitted curvilinear coordinate system is beneficial to track
the phase change interface and the application of the
boundary conditions. The transformed form of eq 2.3 is

where

The according transformed boundary conditions in the
melt zone are as follows.

(i) Along the growth axis:

(ii) Along the free surface:

(iii) Along the melting interface:

(iv) Along the growth interface:

The thermal boundary conditions for the solid phase can
be transformed in the same way.

The transformed governing equations are solved on
the uniform meshes in the transformed computation
domain by the finite control-volume difference method.12

The “pseudo-time-dependent” method13 is used to track
the phase change interface. Tests were conducted to
ensure that the numerical results were mesh-indepen-
dent to within a tolerance of less than 1% (relative error)

between two consecutively refined (node points doubled)
meshes. The grid meshes of 41 × 81, 41 × 61, and 41 ×
81 were used in feed rod, melt zone, and crystal rod,
respectively. Both the field variables and the interface
position have converged within a preset relative toler-
ance of 1 × 10-4. Numerical simulations were carried
out for a wide range of conditions, and a selection of
the computed results is presented below. The physical
properties of P-doped Si14 used in the numerical simula-
tion are listed in the Appendix.

4. Results and Discussion

To serve the comparison, the numerical results of the
streamfunction and impurity concentration distribu-
tions for the case without the applied magnetic field are
shown in Figure 2. It can be seen that without the
applied magnetic field, the thermocapillary convection
induced by the free surface tension gradient is relatively
strong. The flow circulation nearly occupies the whole
melt zone. The large streamfunction gradient appears
in the region near the free surface because the driven
force originates at the free surface. The flow field
pattern induces the significant impurity concentration
gradient at the curved growth interface. It will result
in the detrimental lateral macrosegregation in the
grown crystal. On the other hand, the heat transfer in
the melt zone is dominated by heat conduction because
of the small Pr number of Si melt. Thus, the flow field
pattern changes will not alter the temperature distribu-
tion significantly and the temperature distribution
study is neglected here. Figure 3 illustrates the stream-
function and concentration distributions for the cases
with the longitudinal magnetic field5 (Figure 3a) and
the local magnetic fields produced by two electrical coils
located at selected positions z ) 16.5 and z ) 1.71
(Figure 3b) and z ) 18.4 (Figure 3c), respectively, and
the damped flow velocities at the free surface are shown
in Figure 4. The configurations of the local magnetic
fields are shown in the previous studies.6,7 The com-
puted results show that although the mechanisms are
different, both the longitudinal magnetic fields and the
local magnetic fields can suppress the flow velocities at
the free surface. For the configuration with free surface
considered, the longitudinal magnetic field can directly
damp the lateral flow velocity and then confine the
thermocapillary convection developing area. Thus, the

∂

∂η(aiφi
∂ψ
∂ú) - ∂

∂ú(aiφi
∂ψ
∂η) + ∂

∂η[bi

J(g22

∂ciφi

∂η
- g12

∂ciφi

∂ú )] +

∂

∂ú[bi

J(g11

∂ciφi

∂ú
- g12

∂ciφi

∂η )] + diJ ) 0 (3.1)

rú ) 0, g11 ) (∂r
∂η)2

+ (∂z
∂η)2

, g22 ) (∂r
∂ú)2

+ (∂z
∂ú)2

,

g12 ) (∂r
∂η)(∂r

∂ú) + (∂z
∂η)(∂z

∂ú), J ) (∂r
∂η)(∂z

∂ú) - (∂z
∂η)(∂r

∂ú) (3.2)

ψ ) 0, ω ) 0, g22Tη - g12Tú ) 0, g22Cη - g12Cú ) 0
(3.3)

ψ ) 0.5Vp, ω ) -(MaPr
Pe

∂T
∂ú )/

g22
1/2, g22Cη - g12Cú ) 0 -

g22Tη - g12Tú

Jg22
1/2

)

Ra[(T + T0
/)4 - (Ta + T0

/)4] (3.4)

ψ ) 0.5Vpr
2 ) ω ) -

g11

rJ2
∂

2ψ
∂ú2

, T ) 0,
g11Cú - g12Cη

Jg11
1/2

)

PesVp(C - 1)
rη

g11
1/2

(3.5)

ψ ) 0.5Vpr
2, ω ) -

g11

rJ2
∂

2ψ
∂ú2

, T ) 0,

g11Cú - g12Cη

Jg11
1/2

) PesVp(1 - k0)C
rη

g11
1/2

(3.6)

Figure 2. (a) Streamfunction and (b) impurity concentration
distributions in the melt zone for the case without the applied
magnetic field.
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melt flow at the free surface is suppressed. However,
the residual thermocapillary convection is still relatively
strong in the region near the free surface as compared
to the flow in the central region of the melt zone. Such
a flow pattern results in the large impurity concentra-
tion nonuniformity at the growth interface (Figure 5).
The local magnetic fields are designed to directly
dampen the thermocapillary flow in the regions near
the lower part and upper part of the free surface,
respectively. By the effective reduction of the driving
force origin, the thermocapillary convection in the whole
melt zone is reduced as a result (Figure 3b,c). Thus, the

residual flow field pattern is more uniform and benefi-
cial to reduce the impurity concentration nonuniformity
at the growth interface.

To quantitatively evaluate the influences of the
magnetic field configurations on the impurity concen-
tration distribution at the growth interface, the defini-
tion of the impurity concentration nonuniformity at the
growth interface is introduced as follows

where subscripts max, min, and avg denote the maxi-
mum, minimum, and average values at the growth
interface, respectively. The corresponding ú values in
Figure 5 are 24.5, 19.8, 7.0, and 4.9% for the cases
without magnetic field, with the longitudinal magnetic
field, and with the local magnetic fields, respectively.
It can be seen that the flow field pattern of the case
with the longitudinal magnetic field induces the large
impurity concentration nonuniformity at the growth
interface, and the local magnetic fields can reduce the
impurity concentration nonuniformity at the growth
interface significantly in comparison with the case of
longitudinal magnetic field.

The influence of the local magnetic fields on the
crystal growth in a floating zone with planar phase
change interfaces has been discussed in the previous
study.7 The impurity concentration distributions at the
planar growth interface are shown in Figure 6 for cases
without the applied magnetic field, with the longitudinal
magnetic field, and with the local magnetic field pro-
duced by two electrical coils located at z ) 1.4 and 2.0.
The related ú values are 8.3, 6.7, and 0.7%, respectively.
As compared with the computed results in Figure 5, it
can be seen that the impurity concentration nonunifor-
mity at the growth interface in the case with a curved

Figure 3. Streamfunction (upper) and impurity concentration
(lower) distributions for the cases (a) with a longitudinal
magnetic field and with the local magnetic fields produced by
two electrical coils located at (b) z ) 16.5, z )17.1 and (c) z )
18.0, z ) 18.4.

Figure 4. Flow velocity along the free surface in cases (a)
without the magnetic field and (b) with the longitudinal
magnetic field and with the local magnetic fields produced by
two electrical coils located at (c) z ) 16.5, z ) 17.1 and (d) z )
18.0, z ) 18.4.

Figure 5. Impurity concentration distributions at the growth
interface in cases (a) without the magnetic field and (b) with
the longitudinal magnetic field and with the local magnetic
fields produced by two electrical coils located at (c) z ) 16.5,
z ) 17.1 and (d) z ) 18.0, z ) 18.4. The ú values are,
respectively, 24.5, 19.8, 7.0, and 4.9%.

ú )
cmax - cmin

cavg
(4.1)
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phase change interface is much larger than the case
with a planar phase change interface no matter with
or without the presence of the applied magnetic fields.
The comparison reveals that a relative planar interface
is more beneficial to a uniform impurity concentration
distribution at the growth interface, and the relative
planar interface can be obtained by the proper heat
control.

5. Conclusion

The time-dependent thermocapillary convection will
induce the impurity concentration striations in the
grown crystal. The applied magnetic fields can delay the
onset of the oscillatory convection. However, the longi-
tudinal magnetic field produces the large concentration
nonuniformity at the growth interface. Applying the
local magnetic field near the free surface can control
the flow field and improve the impurity concentration
distributions at the solidification interface.6,7 The influ-
ence of the local magnetic fields on the floating zone
melting crystal growth is studied in the present paper.
The computed results show that applying the local
magnetic fields can significantly reduce the impurity
concentration nonuniformity at the growth interface in
comparison with the case of the longitudinal field.
Moreover, the impurity concentration nonuniformity at
the curved solidification interface is more serious than
the case with the planar interface when the magnetic
fields are applied. It illustrates that a planar growth
interface is beneficial to a relatively uniform impurity
concentration distribution at the growth interface in the
crystal growth. It is known that the heating process is
important in determining the solidification interface
shape, so except for the typical ambient temperature
distribution (2.1) for the modeling study of the floating
zone process, other ambient temperature distributions
are necessary to be further studied for searching a
relative planar solidification interface.
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Nomenclature

(r,z): cylindrical coordinate system
(Br,Bz): magnetic field components
L: computation domain length
R0: computation domain radius
u: r direction velocity component
v: z direction velocity component
T: melt temperature
Ts: solid temperature
Tp: ambient temperature maximum
T∞: far end temperature
T0: melting temperature of Si
Ta(z): ambient temperature
a: ambient temperature distribution width
Vp: crystal pulling speed
ν: kinematic viscosity
k: thermal conductivity
κ: thermal diffusivity
σe: electrical conductivity
ε: heat emissivity
σ: Stefan-Boltzmann constant
C0: feed rod impurity concentration
C: melt impurity concentration
εs: heat emissivity of solid phase
k: thermal conductivity of melt
ks: thermal conductivity of solid
Cp: heat capacity of melt
D: impurity diffusivity
∆H: latent heat of Si
σT: surface tension gradient
µr: relative magnetic permeability
µ0: magnetic permeability of vacuum
I0: electric current intensity in coil
F0: density of pure Si
k0: segregation coefficient
B0: magnetic field magnitude scale
U0: velocity scale
ω0: vorticity scale
ψ0: steamfunction scale
∆T: temperature scale
Pr: Prandtl number
Ste: Stefan number of melt
Ha: Hartmann number
Ra: radiation number of melt
Ras: radiation number of solid
Pe: Peclet number
Pes: impurity Peclet number
Ma: Marangoni number
ez: unit vector z direction
n: unit normal vector

Appendix

Physical properties of P-doped Si:
T0 ) 1688 K
T∞ ) 1643 K
∆T ) 10 K
∆H ) 1.803 × 106 J/kg
R0 ) 5.0 × 103 m
L ) 1.75 × 102 m
a ) 0.01 m
F0 ) 2.55 g/cm3

ν ) 0.0035 cm2/s
κ ) 0.255 cm2/s
k ) 0.64 W/cm K
ks ) 0.22 W/cm K
Cp ) 1.038 × 103 J/kg K
Cps ) 1.059 × 103 J/kg K

Figure 6. Impurity concentration distribution at the planar
growth interface in the cases (a) without the magnetic field,
(b) with the longitudinal field, and (c) with the local magnetic
field produced by two electrical coils located at z ) 1.4, z )
2.0. The related ú values are 8.3, 6.7, and 0.7%, respectively.
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σT ) -1.3 × 10-4 N/mK
D ) 2.7 × 10-8 m2/s
k0 ) 0.35
ε ) 0.3
µ0 ) 4π × 10-7 H/m
εs ) 0.7
σe ) 1.23 × 106 Ω-1 m-1

Vp ) 1.0 × 10-5 m/s
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