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A B S T R A C T :  A closed, trans-scale formulation of damage evolution based on the statistical mi- 
crodamage mechanics is summarized in this paper. The dynamic function of damage bridges the 
mesoscopic and macroscopic evolution of damage. The spallation in an aluminium plate is studied with 
this formulation. It is found that the damage evolution is governed by several dimensionless parameters, 
i.e., imposed Deborah numbers De* and De, Mach number M and damage number S. In particular, 
the most critical mode of the macroscopic damage evolution, i.e., the damage localization, is deter- 
mined by Deborah number De*. Deborah number De* reflects the coupling and competition between 
the macroscopic loading and the microdamage growth. Therefore, our results reveal the multi-scale 
nature of spallation. In fact, the damage localization results from the nonlinearity of the microdamage 
growth. In addition, the dependence of the damage rate on imposed Deborah numbers De* and De, 
Mach number M and damage number S is discussed. 

K E Y  W O R D S :  spallation, statistical microdamage mechanics, damage evolution, damage localiza- 
tion, closed trans-scale formulation 

1 I N T R O D U C T I O N  

Spallation is a dynamic process. Therefore, to 

understand spallation one must understand both  the 
threshold conditions that  trigger the process and the 

kinetics of the process. However, some distinct fea- 
tures of spallation complicate and hinder the under- 

standing of it. Firstly, the spallation process is of mul- 
tiple scales, including microscopic, mesoscopic and 

macroscopic scales. SpMlation usually results from 

an ccumulation of microdamages and is governed by 
the collective effects of numerous microdamages[ 1'2]. 

Roughly speaking, the nucleation of microdamages 
usually is in a size of particulates or grains of mi- 

crometers, and the typical density of such micro- 

damages on the surface of metals is in the range of 
100~10000 /mm 2[a'41. However, the specimen under 

spallation generally has a size of millimeters or even 

larger. Secondly, the spallation process is in a state far 

from equilibrium. The phenomena at various scales 
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can be excited and their physics may be different. In 

addition, there may be strong or sensitive coupling be- 

tween different scales. Therefore, it is impossible to 

deal with the phenomena at each scale separately. It  

means that  a trans-scale (from meso- to macro-scopic) 

understanding of the damage evolution in spallation 

is badly needed. 

There have been various efforts to formulate 
this multi-scMe process, such as an integral criterion, 

a continuum measure of spallation, microstatistical 
fracture mechanics, etc.[1,s,6]. These studies provide 

progressively helpful means to reveal the essence of 
spalling. For instance, Davison and StevensF] indi- 

cated the importance of the compound damage in 

spallation, though no microscopic physical basis for 

the compound damage was indicated. In recent ten 

years, some new and informative studies relevant to 

spallation were carried out for deeper understand- 
ing of the process [7~n]. All these studies intended 
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to link the macroscopic spallation and the micro- 

damage evolution inside materials. However, as re- 

viewed by Meyers[2], there is still an acute lack of 

quanti tat ive/predict ive models based on the dynam- 

ics of nucleation-and-growth of microdamages and 

their continuum measure in the study of spallation. 

In this paper,  a closed trans-scale formulation of 

damage evolution based on the statistical microdam- 

age mechanics is presented. The trans-scale formula- 

tion consists of equations of continuum, momentum,  

and microdamage evolution, with several t ime scales 
and length scales on meso- and macroscopic levels. 

With this formulation, the damage evolution process 

in an A1 alloy subjected to normal plate impact  is an- 

alyzed numerically. Effects of several dimensionless 

parameters  on the damage evolution are discussed. 

401 

~.  gl(~)  0 if ~ < 1 (2) 

co g0k_ 1 go = c-: h(~o) = .exp ( -- ~0 ~) (3) 

where Co is the size of microdamages at nucleation 
and c* = 4.27 # m  is a characteristic size of the ma- 

terial, roughly the size of the second-phase in the al- 

loy; k is the fitted Weibull modulus and k = 2.33; 

cr is the stress and or* = 450MPa is the thresh- 

old of nucleation of microdamages. The character- 

istic nucleation rate of microdamage density n~ is 
5.22 • 104/(ram 3 . # m .  #s). n~ is one of the most 

important  parameters  of the microdamage evolution 

in the material.  

2 E X P E R I M E N T A L  O B S E R V A T I O N S  OF 

M I C R O D A M A G E  E V O L U T I O N  

For experimental  observation of microdamage 

evolution in spallation, we use one stage light gas 

gun to establish a uniaxial strain state in the speci- 

men. The testing material  used is an a luminum al- 

loy similar to 2219-T6 A1 (with 6% Cu, etc.), for 
more details see Refs.[9,12]. A short stress pulse 

of about 0.1#s duration was used to investigate the 

nucleation [3] and a multi-stress pulse technique to 

study the successive nucleation, growth and coales- 
cence of microdamages [41 . In all these experiments,  

the transient recording of stresses and the counting of 

microdamages in specimens after recovery are com- 

bined. 

In order to investigate the evolution of micro- 
damages, the proper counting of microdamages in 

tested specimens is a key step. After impact,  spec- 

imens should be carefully recovered by a specially 

designed catcher in the gun to prevent a secondary 

damage. Then the tested specimens were sectioned 

and polished carefully. Microscopic observations and 

counting of microdamages were conducted with an 

S-570 scanning electron microscope and a Q-520 im- 
age analysis system with Polyvar-Met Microscope [3'4]. 

Figure 1 shows a typical microscopic picture of micro- 

damges on a section of an impacted specimen. Based 

on the experimental  observations of microcracks and 

stereology principles, the nucleation rate and growth 

rate of microdamages in the impacted A1 alloy were 
obtained[3,4]. 

The nucleation rate of microdamages nN can be 

approximately fitted to a function as 

7tN(C0, (7) = f t~g 1 ((7)h(r (1) 

Fig.1 Microcracks on a section of an impacted 
aluminium alloy specimen 

Apart  from the nucleation rate, all other meso- 

scopic dynamic information involved in the experi- 
mental  da ta  (such as the growth and coalescence of 

microcracks) are included in the growth rate of mi- 
crodamages V - ~, when data  fitting is carried out 

by means of the statistical equation of microdamage 

evolution. The fitting gives the following formula 

V(c, Co; or) = V*-g2(~) (c  - Co)" (4) 

where ~ = c/c*, u = 0.775 and V * - g 2 ( a )  = Vo = 

8.1 m / s  at 1470MPa.  

3 T R A N S - S C A L E  F O R M U L A T I O N  OF D A -  

M A G E  E V O L U T I O N  

Based on the observations of the microcrack evo- 

lution outlined in the last section, we developed a the- 

ory of the statistical microdamage mechanics. Since 
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the framework of the theory has been well docu- 
mented in our previous papers [12~15], in this paper,  

a brief summary  of the theory will be given. 

According to the statistical microdamage me- 

chanics, the evolution of number  density of microdam- 
ages n is governed by the equation [12'1a] 

On O(n. A) O(n . v) 
O t  + O c  + - -  n N  (5) 

where t is time, x the macroscopic coordinate, 

c the current size of microdamages, A the av- 

erage growth rate of microdamages with size c, 

f0 //0 A = V(c, co)no(c, co, t)dc0 no(c, co, t)dco (no 

is the microdamage number  density in the phase space 

of {c, Co}), v is the particle velocity of the macro- 
scopic element, nN the nucleation rate of the micro- 

damage density. 

The continuum damage D is defined as an inte- 

gral 

/7 D(t, x)  = n(t, x,  c)rdc (6) 

where r is the failure volume of an individual micro- 

damage with size c. For a spherical microdamage, 
T ~-, rrc3/6. 

Integrating Eq.(5) under proper boundary  con- 

ditions converts the statistical evolution equation of 

microdamage number  density to the continuum dam- 
age field equation [14'15] 

Eq.(9) into the integral Eq.(S) leads to a trans-scale 

DFD without microdamage number  density but  still 

with mesoscopic kinetics. The DFD is directly ex- 

pressed by two mesoscopic kinetic laws of nucleation 
and growth rates of microdamages [14,1q 

f0 ~ f = f l  -}- f 2  = nN(C0; (7). r .  dco+ 

fo ~176 - ro)nN(co; (7)dco (10) 

f0 f0 where f l  = nN(c0; o) �9 r .  dc0, f2 = (rf - 

ro)nN(co;a)dco, rf = 7rc3/6, and ef i s  defined as 
f ce dc' 

t =  o V(c',c0;(7)" 

OD 
0-7 + v . (Dv) = f (7) 

/7 f = nN(co;cr) �9 r - d c 0 +  

foo ~  c ) . A ( c ; c r ) . r ' . d c  (8) X, 

f is the dynamic function of damage (DFD), which 

represents the statistical average effects of nucleation 
and growth of microdamages and r '  = dr/dc.  Obvi- 

ously, the DFD defined in Eq.(8) is an agent bridging 
microdamages n and continuum damage D. 

Consider cases when the stress keeps constant or 

varies much slower than  the damage. In either case, 
the basic solution of n(t, c; (7) is obtained as 

c nN(co; (7) 
= fo v(c, co; ) dc~ c < cf,o 

nN(co; ) (9) 
o~ V(c, co; ~) dc0 c _> cf,0 

where cf,0 = cf(t, c o = 0 )  is the front of microdamages 
with infinitesimal initial size (Fig.2). Substi tution of 

Fig.2 The solution region of microdamage 
number density no(t, c, co). The shaded 
area indicates where a non-zero solution 
locates, c = cf(co, t) or co = c0f(c, t) are 
the microdamage fronts moving upward 

4 N U M E R I C A L  A N A L Y S I S  OF S P A L L A -  

T I O N  

Consider a problem of damage evolution owing 

to the normal impact  of a flying plate of thickness L 

with velocity v/  striking on a target  plate, i.e. the 

spallation. For the t ime-dependent damage process, 
associated equations of continuum, momentum and 

damage evolution should be used. In one-dimensional 

strain state, they are 

06 Ov 
O-T = OX (11) 

Ov Oc~ 
- ( 1 2 )  po OT OX 

OD D Ov 
O~ + 1 + c O X  - f (13) 
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where P0 is the density of the intact material and 
f is the dynamic function of damage (DFD). It is 
noticeable that  the damage evolution equation (7) is 
written in the Eulerian coordinate system (t, x), while 
Eq.(13) in the Lagrangian coordinate system (T ,X) .  

0 Ov 0 
The two systems are related by ~ + v ~  - OT 

0 1 0 
and - For simplicity, the A1 alloy is 

Ox 1 + e OX 
assumed to be an elastic material in the simulation. 
The constitutive equation is 

da = E(1 - D)de - E e d D  (14) 

Since the magnitude of the stress pulse is almost con- 

stant, we employ the DFD in Eq.(10) for constant 

stress loading in the simulation. 

In section 2, the nucleation and growth laws of 

microdamages are expressed as Eq.(1) and Eq.(4). 

Substituting these equations into Eq.(10), and assum- 

ing r = rcca/6, we have 

f i  - -  7rnl~c*4"*" hagi 
6 

(15) 

7on*e*4 for C( ( ) 1 )  8 ) f2 6 g l  1 + (1 - ~)V*t  G 1 - 1 e0ahde0 (16) 
- -  c* 92 C7 

1 +  

~0 1 + -c~ g2 ~00 - 1 e~hdeo 

ha 
gl (lr) f -- 7t'~i'~C'4:h3 

6 

where ha is the third order moment of h(eo), ha = 

0 ~ h(e0), eade0. Equation (17) is the dynamic func- 

tion of damage for spallation analysis. 

With the trans-scale nature of spallation in mind 
the variables in Eq . ( l l )  to Eq.(13) may be non- 
dimensionalized. Then the dimensionless equations 

are 

Oe 09 
~ z  M - -  

OT 02  

O~ _ S O~ 
O2 

E 
dO- : ~ - [ ( 1  - D)do.  - d D ]  

(18) 

(19) 

(20) 

OD D 09 rrh3gi 
- + M  

OT 1 q- a ON 6 

1 
1 +  

De 

1)3) 
( _1 + (1 - r,)g2~je, co 

ha 
(21) 

where the dimensionless variables are: 

independent variables 

aT X 
: r = - -  2 : = - -  

L L 
(22) 

where a is the acoustic speed in the target plate, and 

dependent variables 

V G 
9 = - -  O. = - -  (23) Vf O-* 

The dimensionless numbers are defined as fol- 

lows: 
Mach number 

M --vf (24) g 
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Damage number 
0"* 

s - ( 2 s )  
poavf 

and imposed Deborah numbers 
a 

De = Ln~c,~. (26) 

a c  * 

De* - LV* (27) 

The four dimensionless numbers (M, S, De and De*) 
govern the damage evolution process in the target 
plate. Any critical measures should be functions of 
these dimensionless numbers. 

5 R E S U L T S  
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Fig.4 Effect of v I on the maximum damage 
evolution in the target plate (De = 
65.9, De* = 0.415) 

In order to validate the presented trans-scale 
damage evolution model and the numerical program, 
we compare the numerical results front the Eq.(17) 
and the phenomenologicM model proposed by Davi- 
son and Stevens [6]. The results of damage evolution 
obtained from these two models agree very well with 
each other D61. Hence, both  the trans-scale model and 

the numerical program are verified. In addition, as 
most successful models, this model dear ly  shows the 
variations of pull-back signals on rear free surface with 
the residual strength of the spallation area, as shown 
in Fig.3. Besides, this model can also show that  meso- 
scopic kinetics governs the most critical mode of dam- 
age evolution, i.e. the damage localization. 

1.1 residual strength 0 

0.9 i 2oo 

I > 0.7 400iVlPa 

"~'~ 0.5~.o 0,3 ] ~i ~176 

> 0.1 ~; j ~ no damage 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 
time 

Fig.3 Variation of the free surface velocity with 
the residual strength of spallation area 
(M = 0.0305, S = 0.153, De = 6.59, 
De* = 0.073 2) 

Effects of Mach number M and damage number 
S are studied by varying the velocity of flying plate 
v/.  Figure 4 demonstrates the effects of v/  on the 
maximum damage evolution in the target plate. It is 
evident that  with v~ increasing (or, with M increas- 
ing and S decreasing), the maximum damage in the 
target plate increases. 

The effect of imposed Deborah number De on 
the evolution of the maximum damage in the target 
plate is shown in Fig.5. In these calculations, Mach 
number M, Damage number S and the imposed Deb- 
orah number De* remain unchanged for all curves in 
Fig.5. Obviously, the maximum damage in the target 
plate increases with decreasing De . Therefore, the 
decrease of De speeds up the process of microdamage 
growing. 

0.00021]18 ~ f De = 22'0 

4 ':) ~F D e  = 26.4 
~ 0.015 I f$,~{f 

0.0121 iii~ ~e~" 
D e  = 33.0 

10"0091  ~ ; y f f .  De=44.6 

0.0061 '~ 0.003 I , ~ j 5  De=659 
~ a ~  De =131.8 

0.000 
0.0 0.4 0.8 1.2 1.6 2.0 2.4 

time 

Fig.5 Effects of De on the evolution of max- 
imum damage in target plate (M = 
0.0305, S = 0.153, De* = 0.415) 

Figure 6 illustrates the effects of imposed Deb- 
orah number De* on the evolution of the maximum 
damage in the target plate. Similar to the effect of De, 
the maximum damage in the target plate increases 
with De* decreasing. Therefore, decreasing De* ac- 
celerates the damage evolution process too. 

Then, what is the difference between the effects 
of the two imposed Deborah numbers De and De*? 

Further simulations show that  De* affects the damage 
localization behaviour significantly. Figure 7 shows 
the normalized accumulated damage distribution at a 
fixed time. The damage is normalized by the maxi- 
mum damage in the target plate. It is evident that 
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Fig.6 Effect of De* on the maximum dam- 
age evolution in the target plate (M = 
0.030 5, S = 0.167, De = 65.9) 
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Fig.7 Effects of De* on damage localization 
(M = 0.0305, S 0.153, De = 65.9, 
2P = 2.33) 

the damage distributes not uniformly in the plate. In 

particular,  when the imposed Deborah number De* 

decreases, the damage gets more localized in the plate. 

6 D I S C U S S I O N S  

Physically speaking, there are three kinetic pro- 

cesses involved in spallation. They are: the macro- 

scopic impact loading, the nucleation of microdam- 

ages, and the growth of microdamages. The charac- 

teristic t ime scales of these processes are characteristic 

impact  t ime 
a 

tl Z (2s) 

characteristic nucleation time of microdamages 

1 
tN -- (29) 

7 t~C . 4  

and characteristic growth time of a typical microdam- 

age 
C* 

t v -  V* (30) 

Hence, ti characterizes the macroscopic process, while 

both  tN and tv  characterize mesoscopic processes. 

The ratios between these characteristic times denote 

the competi t ion and coupling between the three pro- 
cesses. Two independent ratios are imposed Deborah 

numbers 

a t N 
D e -  n ~ c . 4 ~  -- ti (31) 

ac* ~V 
De* - -  -- (32) 

LV*  ti 

Therefore, we may emphasize that  imposed Deborah 

numbers D e  and De* essentially are at the bo t t om of 

the multi-scale nature of spallation. Moreover, they 

are related to the competi t ion and coupling between 

damage evolution processes at different scales. 

As shown in Eq.(31), D e  is related to the com- 

petit ion and coupling between the process of macro- 

scopic loading and the process of microdamage nucle- 

ation. For a given impact  loading time, a smaller D e  

means a higher microdamage nucleation rate. There- 

fore, a smaller D e  results in more damage in the p h t e  

owning to nucleation. This is qualitatively consistent 
with the numerical results (Fig.5). 

Similarly, Eq.(32) directly relates the imposed 

Deborah number  De* to the competi t ion and cou- 

pling between the process of macroscopic loading and 

the process of microdamage growth. A smaller De* 

physically means faster microdamage growth. There- 

fore, a smaller De* causes more damage in the plate 
too, but  owing to the microdamage growth. This is 

consistent with the numerical results (Fig.6). 

However, the damage localization behaviour 

should be a t t r ibuted to the imposed Deborah num- 

ber De* only. For a given real stress, the two terms 

in the right hand in the damage evolution Eq.(21) 

are controlled by De and De*, respectively. Based 

on the above discussion on De and De*, those two 
terms correspond to the contribution of microdamage 

nucleation and growth, respectively. We name the 

accumulated damage contributed by nucleation and 
growth of microdamage as the nucleated damage and 

the grown damage. This is in accord with the con- 

cept of simple and compound damage proposed by 
Davison and Stevens [61. Therefore, it shows that  the 

microscopic basis of simple and compound damage is 

the nucleated damage and the grown damage, respec- 
tively. 

Figures 8(a) and 8(b) illustrate the nucleated 

damage and the grown damage in the target  plate, re- 

spectively. Figure 8(a) shows that  tile microdamage 
nucleation results in an inhomogeneous distribution 
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of damage, which is caused by the non-uniform distri- 

bution of stress in the target  plate. Since D << 1, the 

history of the stress distribution is almost the same for 

all cases with the same Mach number  M and damage 
number S. Therefore, the nucleated damage is the 

same for cases with the same De and different De* 

(Fig.8(a)). However, the grown damage varies sig- 
nificantly for cases with different De*, as shown in 

Fig.8(b). Generally, when De* decreases, the grown 

damage increases and becomes more localized in the 

target  plate. Comparing Fig.S(a) and Fig.8(b), we 
can see that  for cases with smaller De*, the grown 

damage is much more localized than the nucleated 

damage. Actually, the te rm of the grown damage 

in Eq.(21) serves as a positive feedback. The non- 

uniformity of the nucleated damage will be amplified 

by the microdamage growing. The amplification gets 

stronger with De* decreasing. Therefore, it can be 

seen that  the damage localization is caused by the 

growth of microdamage.  Since the growth of micro- 
damage is controlled by De*, De* is closely related to 

the damage localization and the damage is prone to 

localize in materials with smaller De*. 
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(b) Grown damage v.s. De* 

Fig.8 Variation of nucleated damage, grown 
damage and flowed damage with De* 
(M = 0.0305, S = 0.153, De = 65.9, 
~r = 2.33) 

7 S U M M A R Y  

A trans-scale formulation of damage evolution is 
presented based on the statistical microdamage me- 

chanics. With  the presented model, the spallation in 

an A1 plate is studied numerically. The study shows 
tha t  the model provides realistic simulation results of 

damage evolution in materials  under spallation. 

Mach number M, damage number  S, imposed 
Deborah numbers De* and De govern the damage 

evolution process in the target  plate. Wi th  increas- 

ing M or decreasing S, the max imum damage in the 

target  plate increases. The decrease of De* or De 

accelerates the damage evolution in the target  plate. 

Both  imposed Deborah numbers, De and De*, 

are at the bo t tom of the nmlti-scale nature  of spalla- 
tion. More importantly, De*, characterizing the mi- 

crodamage growth, is closely related to the damage 

localization and the accelerated damage. The dam- 

age is prone to localize in materials with smaller De*. 
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