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Abstract
The phenomena of the `piling up’ and s̀inking-in’ of surface pro® les in conical

indentation in elastic-plastic solids with work hardening are studied using
dimensional and ® nite-element analysis. The degree of sinking in and piling up
is shown to depend on the ratio of the initial yield strength Y to Young’ s modulus
E and on the work-hardening exponent n. The widely used procedure proposed
by Oliver and Pharr for estimating contact depth is then evaluated systematically.
By comparing the contact depth obtained directly from ® nite-element calculations
with that obtained from the initial unloading slope using the Oliver± Pharr
procedure, the applicability of the procedure is discussed.

§ 1. Introduction

Indentation experiments have been performed to obtain the hardness of mate-
rials for nearly 100 years (Tabor 1996). Recently, there have been signi® cant
improvements in indentation equipment and a growing need for measuring the
mechanical properties of materials on small scales. It is now possible to monitor,
with high precision and accuracy, both the load and the displacement of an
indenter during indentation experiments in the respective micro-Newton and nan-
ometer range (Pethica et al. 1983, Bhushan et al. 1996). In addition to the hard-
ness, the basic mechanical properties of materials, such as Young’ s modulus, the
yield strength and the work-hardening exponent, may be deduced from curves of
indentation load against displacement for loading and unloading. For example,
the methods proposed by Oliver and Pharr (1992) and by Doerner and Nix
(1986) have been broadly used to determine the hardness and Young’s modulus
from the peak load and the initial slope of unloading curves. However, the
validity of their procedures for estimating the contact area under load has
recently been questioned in the literature (for example, Laursen and Simo
(1992) and Bolshakov and Pharr (1998)).

In this letter, we use a scaling approach to study the s̀inking in’ and `piling up’ of
the surface pro® les caused by indentation in elastic± plastic solids with work hard-
ening. The procedure proposed by Oliver and Pharr (1992) for estimating the
contact depth is then evaluated systematically. By comparing the contact depth
obtained directly from ® nite-element calculations with that obtained from the initial
unloading slope using the Oliver± Pharr procedure, the applicability of the procedure
is discussed.
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§ 2. Dimensional analysis

We consider a three-dimensional frictionless, ideally sharp rigid conical indenter
of a given half-angle µ indenting normally into an isotropic elastic± plastic solid with
work hardening. The stress± strain ( s - e ) curves of the solids under uniaxial tension
are assumed to be given by

s =
E e , f or e £ Y

E
,

Ke
n, f or e ³ Y

E ,

ìïï
íïïî

(1)

where E is Young’s modulus, Y is the initial yield stress, K is the strength coe� cient
and n is the work-hardening exponent (Lubliner 1990). To ensure continuity, we note
that K = Y (E /Y )n. Consequently, either E, Y and K, or E, Y and n, are su� cient to
describe the stress± strain relationship. We use the latter set of parameters extensively
in the following discussions. When n is zero, equation (1) becomes the model for
elastic± perfectly plastic solids. For most metals, n has a value between 0.1 and 0.5
(Dieter 1976).

The contact depth hc under load during loading (® gure 1), is a function g, of all
the independent governing parameters, namely Young’s modulus E, Poisson’ s ratio
t , the initial yield strength Y , the work-hardening exponent n, the indenter displace-
ment h and the indenter half-angle µ:

hc = g(E, t , Y ,n,h,µ) . (2)

Dimensional analysis (Barenblatt 1996) shows that

hc =hP
Y
E , t ,n,µ( ) , (3)

where P =hc /h is a dimensionless function of Y/E, t , n and µ.
We note that, based on dimensional analysis, the contact depth hc is proportional

to the indenter displacement h, that is the ratio hc /h is independent of the indenter
displacement h. This ratio is a function of Y/E, t and n, for a given µ. When this ratio
is greater than one, `piling up’ of the surface pro® le occurs. When it is smaller than
one, `sinking in’ occurs.

116 Y.-T. Cheng and C.-M. Cheng

Figure 1. Illustration of conical indentation.
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§ 3. Finite-element analysis

Finite-element calculations using ABAQUS (Hibbitt, Karlsson & Sorensen, Inc.
1996) have been carried out to evaluate the dimensionless function P (Y /E, t ,n,µ) in
equation (3). The frequently used half-angle of 68ë for the rigid indenter and a
typical Poisson’ s ratio of 0.3 for the solid are chosen to illustrate the essential
features of sinking-in and piling-up phenomena. This angle approximates the
volume-to-depth relationship for the Vickers and the Berkovich indenters. Our pre-
vious results for conical indentation in elastic± perfectly plastic solids show that
Poisson’ s ratio has little e� ect on the value of hc /h when 0.2 < t < 0.4 (Cheng
and Cheng 1998a). To simplify the notation, P (Y /E,n) is used instead of
P (Y /E,0.3,n,68ë ) in the following discussion.

The rate-independent incremental theory of plasticity in ABAQUS was used for
the ® nite-element calculations. In particular, the plasticity theory uses the von Mises
yield surface model with associated plastic ¯ ow rule. The hardening rule used was
that of isotropic hardening and the hardening curves were given by equation (1). In
each calculation using E, Y and n as input parameters, the loading and unloading
curves were obtained together with the contact depth as a function of indenter
displacement. The ® nite-element model has been discussed in detail previously
(Cheng and Cheng 1998a,b).

Figure 2 displays the relationship between the calculated hc /h and Y/E for sev-
eral representative values of n. The value of hc /h can be either greater or smaller than
one, corresponding to the `piling up’ and s̀inking in’ respectively of the displaced
surface pro® les. For large Y/E, sinking in occurs for all values of n. For small Y/E,
both sinking in and piling up may occur depending on the degree of work hardening.
In the case of severe work-hardening (i.e. n = 0.5) , sinking in is expected even for
very small values of Y/E, whereas piling up is expected for elastic± perfectly plastic
solids and for solids with a small work-hardening exponent (e.g. n = 0.1) .

These results are expected from analytical theories of conical indentation in
elastic solids (Sneddon 1963), where `sinking in’ occurs, and in rigid± plastic solids
(Lockett 1963), where `piling up’ occurs. They are also consistent with experimental
observations of sinking-in and piling-up phenomena reported in the literature. For
example in metals, such as Cu and mild steel where Y/E is small, sinking in is usually

E� ects of s̀inking in’ and p̀iling up’ 117

Figure 2. Scaling relationships for hc /h =P(Y /E,n) . (. . . . . .), hc /h =1.0.
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observed in fully annealed specimens, whereas piling up is seen in heavily work-
hardened samples (Tabor 1970, Chaudhri and Winter 1988, Bec et al. 1996). In
general, therefore, piling-up and sinking-in phenomena are determined by Y/E
and the work-hardening exponent n.

§ 4. Discussion

We now consider the e� ects of piling up and sinking in on estimating the contact
area under load in indentation. In general, hardness may be de® ned as the load
divided by the contact area A = p a2 under load (® gure 1), that is

H =
F
A , (4)

and the elastic modulus can, in principle, be calculated from the initial unloading
slope dF /dh,using

E
1 - t 2 =

1
2

p
A( )

1 /2 dF
dh

. (5)

Although equation (5) was known to hold for elastic solids, we have recently shown
that it is also true for elastic± plastic solids with or without work hardening and
internal stress (Cheng and Cheng 1997). In order to determine both the hardness
and the modulus using equations (4) and (5), the contact area under load must be
evaluated. However, the sinking in and piling up of the surface pro® les can cause
di� culties in estimating the contact depth or area. To overcome such di� culties, the
procedure suggested by Oliver and Pharr (1992) for estimating the contact depth
from the initial unloading slope is frequently used in the literature. The above
dimensional and ® nite-element analysis provide an opportunity to evaluate system-
atically this procedure.

Based on the results of Sneddon (1963) on the shape of the surface outside the
area of elastic contacts for an indenter of conical and paraboloid of revolution,
Oliver and Pharr developed an expression for hc at the indenter displacement h
(same as hmax in the notation of Oliver and Pharr (1992)),

hc = h - x Fm

(dF /dh)m
, (6)

where Fm and (dF /dh)m are the respective load at the indenter displacement depth h
and the initial slope of the unloading curve. The numerical value of x is 0.72 for a
conical indenter, 0.75 for the paraboloid of revolution, and 1.0 for a ¯ at punch.

Applying the Oliver± Pharr procedure to the loading-unloading curves obtained
from ® nite-element calculations, we evaluate the contact depth using equation (6)
and plot it in terms of hc /h in ® gures 3 (a), (b), (c) and (d) for elastic± perfectly plastic
solids (n =0.0) and for elastic± plastic solids with increasing degree of work-hard-
ening (n = 0.1, 0.3 and 0.5) respectively. For comparison, the values of hc /h that
were directly obtained from ® nite-element calculations (shown in ® gure 2) are also
shown in ® gure 3.

It is apparent from ® gure 3 that the Oliver± Pharr procedure for estimating the
contact depth under load is valid when the ratio of Y/E is large (e.g. greater than 0.05
for 0.0 < n < 0.5) . This is expected since this procedure is based on Sneddon’ s
analysis of surface pro® les for elastic contacts. Thus, the procedure may be used

118 Y.-T. Cheng and C.-M. Cheng
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with con® dence for highly elastic materials, including hard coating materials such as
diamond-like carbon and titanium nitride.

For materials with a wide range of Y/E (e.g. 10- 4- 10- 2), such as metals, the
Oliver± Pharr procedure should be used with caution. For example, the procedure is
approximately correct for most Y/E values if the work-hardening exponent is
approximately 0.3 (® gure 3 (c)). However, the procedure underestimates the contact
area for elastic± perfectly plastic solids over most Y/E values (® gure 3 (a)). The error
is most signi® cant when piling up occurs, that is, hc /h > 1. In fact, hc /h estimated
using the Oliver± Pharr procedure is always less than unity. It should also be noted
that equation (6) could also overestimate the contact area for materials with a large
work-hardening exponent, for example n =0.5 (® gure 3 (d)).

§ 5. Summary

Using dimensional and ® nite-element analysis, the phenomena of the piling up
and sinking in of surface pro® les in conical indentation in elastic-plastic solids with
work-hardening has been studied in detail. The degree of sinking in and piling up is
shown to depend on the ratio of initial yield strength Y to Young’s modulus E and
on the work-hardening exponent n. The widely used procedure proposed by Oliver
and Pharr (1992) for estimating contact depth has been evaluated systematically. It is
shown that the procedure may be used with con® dence for highly elastic materials

E� ects of s̀inking in’ and p̀iling up’ 119

Figure 3. The values of hc /h obtained using the Oliver± Pharr procedure and those directly
from ® nite-element calculations for (a) elastic± perfectly plastic solids and (b)± (d)
elastic± plastic solids with increasing work-hardening exponent (b) n = 0.1, (c) 0.3
and (d) 0.5.
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(e.g. Y /E > 0.05 for 0.0 < n < 0.5) . For materials with a wide range of Y/E (e.g.
10- 4- 10- 2), however, the Oliver± Pharr procedure should be used with caution.
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