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Abstract

In order to investigate the characteristics of water wave induced liquefaction in highly
saturated sand in vertical direction, a one-dimensional model of highly saturated sand to
water pressure oscillation is presented based on the two-phase continuous media theory. The
development of the effective stresses and the liquefaction thickness are analyzed. It is shown
that water pressure oscillating loading affects liquefaction severely and the developing rate of
liquefaction increases with the decreasing of the sand strength or the increasing of the load-
ing strength. It is shown also that there is obvious phase lag in the sand column. If the sand
permeability is non-uniform, the pore pressure and the strain rise sharply at which the smal-
lest permeability occurs. This solution may explain why the fracture occurs in the sand col-
umn in some conditions.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In order to study the development of liquefaction either to prevent the liquefac-
tion hazard or to consolidate sand foundations, it is necessary to understand the
mechanism of liquefaction. When a wave loading is applied to the sand foun-
dation, liquefaction may occur under some conditions. Liquefied foundation has
small strength and so can slide or flow even with a very small slope. Much atten-
tion and efforts have been put on shear responses of saturated sand and a series of
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Nomenclature
Oers stress at the first points of loading parts
Oefs stress at the first points of unloading parts
&g strain at the first points of loading parts
&f strain at the first points of unloading parts
E,q tangent modulus at the first point of loading parts
Ey tangent modulus at the first point of unloading parts
&g limit strain of loading parts
&/ls limit strain of unloading parts
Ey initial tangent modulus of loading part
150 initial limit strain of loading part
a) ~ a4 experimental constants
Oers stress at the beginning point of loading part of No. s
g strain at the beginning point of loading part of No. S
Oec pre-consolidation stress equal to 1.0 KPa
by ~ by experimental constants
n porosity
Vi velocity of water
V velocity of grains
Oy density of water
04 density of grains
p pore pressure
O, effective stress
B compressibility coefficient of water
g gravity acceleration
H drag between water and grains
K drag coefficient between water and grains
u viscosity of water
k permeability
& strain ratio
Ky initial drag coefficient
1y initial porosity of sand
fi(x)  distribution function of initial porosity
A, amplitude of loading on the boundary
f frequency of loading on the boundary
L thickness of the sand

results has been obtained since liquefaction caused by earthquakes is considered to
be the result of shear (Finn et al., 1977; Liou and Streeter, 1977). Some work has
been done about wave propagating and development of pore pressure in saturated
sand by considering the coupling of shear loading and vertical loading (Zienkiewicz
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Fig. 1. The sketch of the problem.

and Shiomi, 1984; Provest, 1982). Although these works are helpful in the study of
liquefaction, the sustaining pore pressure is thought to be caused by shear only.
Recently, some results on liquefaction of seabed under laterally-confined con-
ditions have been obtained (Zen and Yamazaki, 1990; Nogo and Maeno, 1987
Hideo et al., 1995). Nevertheless, the skeleton of sands is often taken to be elastic
and the discussion is much about the development of pore pressure or effective
stress.

In the present paper, we discuss the characteristics of the development of the
effective stresses and the liquefaction thickness and the nonuniform displacements
of a highly saturated sand layer under water pressure oscillation by a one-dimen-
sional model (Fig. 1).

2. The basic equations
2.1. The constitutive relation

The side-constrained constitutive relation is adopted (Lu, 1999) which is con-
sisted of loading part and unloading part and the data are obtained from experi-
ments.

The expression of constitutive relation is shown as follows

E.(e—
The loading part : 6, — G, = % (1)
R
Erls
Eq (e — ¢
The unloading part : o, — e = M (2)
&fls

in which 6.y, 0o, & &5 are respectively the stresses and the strains at the first
points of loading parts and unloading parts, E., Eg, &4, &5 are, respectively, the
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tangent modulus and limit strains of loading parts and unloading parts. They are
decided by the following equations.
The change roles of parameters of loading parts are

0.5
3 g,
E. = 1+—=—(1 i 3
® r()( * ai +a28rs> ( * Uec) ( )

0.5
& Oer
1o (142 4
Er 8;10( a3+a4g,.)( +J€C> (4)

in which Ej, ¢, are, respectively, the initial tangent modulus and limit strain of
loading part, a; ~ a4 are experimental constants, &, o, are respectively the stress
and the strain of the beginning point of loading part of No. s, g,. is the pre-con-
solidation stress and is equal to 1.0 KPa.

The changed roles of parameters of unloading parts are

0.5
Efs Oefs
Ex=E |l 1+——"——|(1
‘fs r0< + bl T b28f5> ( + O_ﬂ) (5)

0.5

&fs Ocfs
ey =&l 1 ————— [ 1+ 6
s 10< ba b4sﬁ) ( Gec) (6)

in which b; ~ b4 are experimental constants. The sketch of the constitutive relation
and the variables and the examples of experiments are shown in Fig. 2.

2.2. The equilibrium equations and the initial and boundary conditions

The governing equations of saturated sand were first established for dynamic
phenomenon by Biot (1956) and some analytical results were given (Biot, 1962)
afterwards. At a later date, governing equations based on mixture theory were pro-
posed (Green and Naghdi, 1965; Green, 1970), but the rederivation of the equa-
tions was achieved with no substantial or rational changes from Biot’s equations.
Owing to increasing interest in nonlinear applications, a generalized incremental
form was derived by Zienkiewicz et al. (1980) and Provest (1980, 1982). In our dis-
cussion, one-dimensional controlling equations of highly saturated sand assuming
water is compressible is adopted based on two phase mixture theory (Yu, 1988):

19)4 on v, on op
’;ﬁ 0 TP 5; "o o e Fmbae =0
n Vg n
=gt g =0 o)
n -8VW +n@— —H+n
pw 6l aax - gwg a
Vg 4 O _
(I=n)-p, EJF(l—”) ax " ox =H+(1-n)pg

in which n is the porosity, v,,, vy are respectively the velocities of water and grains,
p,, 1s the density of water, p, is the density of.grains, p is the pore pressure, g, is
the effective stress, f is the compressibility coefficient of water, g is the gravity
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Fig. 2. The sketch of the constitutive relation and examples of experiments. (a) Comparing of experi-
mental data and fitted data of sample no. 1; (b) Comparison of experimental data and fitted data of
sample no. 2; (c) The sketch of the constitutive relation and the variables.

acceleration, H is the drag between water and grains and is assumed as
H =n*(v, — vy) /K (8)

in which K is the drag coefficient between water and grains and K = k/u, u is the
viscosity of water, k is the permeability and

=22 ©)

n\>/1— ny 2
K=(— K 10
() (=) % w
in which K, is the initial drag coefficient when the initial porosity of sand is ng
(Huang, 1983).
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The initial conditions are
1207 nzfl(X), P =P8 X (i(;—(l—l’lo)(p pn)g X, VW:VS:O (11)

in which f; (x) is the distribution function of initial porosity.
The boundary conditions are

{x:O, p = Asin(2nft), g, =0

x=L vy=v=0 (12)

in which A4, f are the amplitude and the frequency of loading on the boundary, L
is the thickness of the sand layer.

Now, a one-order difference scheme is adopted to obtain the numerical solution.
The difference scheme adopted is as follows:

of _fl-f or _f-sl )
ot At dx  Ax
Then, the difference schemes of the equilibrium functions are as follows
WB(p - ) + ola(m = W)+ ol (v - w,‘ztl) -
S €I e (R o
(m m)( O )i " . ;’Erg” ' f’;)ﬁx .
Vi1 Ax i\ — i =1

St 1 Ax

At ;i Ar i1
J j e Sl :
(p + KiAt ) wi KAtnllel + A pj A)Epi—l ) pwvlwz —i_(pwg )
2] N2 Arf(1—d) o Ai(1l—nf)
— L A 4 - =
|:1 n; +K<n§) :|V/” KA[(”Z) V{” + Ax pi Ax p/l—l D
(14)
in which i, j are, respectively, the space step and the time step, and
Géi—l — O{,)i i
D= K(1 =)+ 2 (1)) (15)

p]m = (P/ Pl) + Pwo

The difference schemes of the geometry relationship between velocity v, and
strain ratio & is

g = (Vi V) A (16)

b‘é = a{_] + At (17)
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The difference schemes of the relationship of the drag coefficient K and porosity

n is
N 2
i n’ 1—110
K =|—+ | K 18
=) (=) "

The difference scheme of loading part:

o — o :M (19)

ei ersi : :
J J
(E’i T Opsi )

“risi

The difference scheme of unloading part:

E}si (‘olz - S}Yi)

. — OJL =N (20)
ei of 5i (Si B S}Si)
1 - -
o
The difference schemes of the changing rules of parameters of loading part
. NE
, ‘ g a .
E =FE |14+ —2 |12 21
rsi rOz( ay + a28i'3-,‘> ( O-e(,*> ( )
j j S{‘Si gjs;rsi
G = Enoi (1 + m) <1 + 0_a> (22)
The difference schemes of the changing rules of parameters of unloading part
; i\ 0.5
, , e o .
Ej, =Eqy| 1+ — P 1+ (23)
by + b23};y,~ Oec
: ¢ a
8]rsuli = Eruls0 <1 + [73,—}—7248]> (1 + %) (24)
Vi ec

The difference schemes of the initial conditions are

j = 0, I/li :fli[(x)a pi = Pw8 - Xi, Oei = (1 - nO)(ps - pw)g * Xi,

V{vi = V/si =0 (25)
The difference schemes of the boundary conditions are
i=0, p=Apsinnf-j-At), o, =0 (26)

i—L V,=0 Vv, =0 (27)

wi
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3. The comparison of development of pore pressure

Nogo and Maeno (1987) have designed a one-dimensional side-constrained
experiment to study liquefaction of the seabed under waves. Vertical vibration is
applied on the top of the sand layer through water. The bottom is fixed. The inner
diameter of the column is 8.9 cm, while the height is 2.1 m. The parameters of
material and loading are the density of grains p,, the porosity n, the permeability k,
the thickness of sand D, the mean water pressure overhead / (hydrostatic pressure
head), the amplitude of pressure variation in the head a, the frequency of pressure
variation f. Their values are respectively: n9=0.4 p, =2.65x 10° kg/m?,
f =137 Hz, ay =40 cm, hy = 100 cm, k = 1.5 x 107" m?, D = 100 cm.

We computed this problem by using our model and adopting their parameters.
The computing data and the experimental results are shown in Fig. 3. There is gen-
erally good agreement between them when the skeleton is also taken as elastic.

4. The development of effective stress

The development of effective stress is summarized in this section. The parameters
adopted are as follows: the initial tangent modulus E,y = 0.51 ~ 5.1 MPa, the
initial limit strain & = 0.1 ~ 0.7, the initial permeability 5 x 107! ~ 5 x 10712 m?,
the initial porosity ny = 0.35 ~ 0.55, the amplitude of loading 4; = 0.2 ~ 1.2 Mpa,
the frequency of loading /' = 1 ~ 20 Hz.

It is shown in Figs. 4-9 that the dropping velocity of effective stress increases
with the rising of the initial limit strain or the amplitude or the frequency of load-
ing or the porosity or with the decreasing of the modulus or the permeability. As
we all know, if the modulus is small or the initial limit strain or porosity is large or
amplitude and frequency of loading is large, the compressible tendency of the

1 Computing Data at y/D=0.0

2 Computing Data at y/D=0.1

3 Computing Data at y/D=0.3

40 ®  Experimental Data y/D=0.0
© Experimental Data y/D=0.1

X Experimental Data y/D=0.3

T T T T 1

0 0.5 £t 1.0

Fig. 3. Comparison of our numerical results and Nogo’s results.
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0.05+ , fokz
S 0.041
E 1 2
& 0.03- 1k=1E-12 m", n =0.38
© ] 2 k=2E-12 m’, n =0.42
o 0.024 , 0
o ] 3 k=5E-12 m?, n =0.48
0.01-
0.00-
-0.01 —
0 200 400 600 800
t (0.001s)

Fig. 4. The influence of the permeability to the effective stress.

skeleton is large, while the permeability is small, the pore water will be difficult to
drain and the pore pressure will rise and the effective stress will then drop. There-
fore, in order to prevent liquefaction, it is necessary to make sand density or the
amplitude and the frequency of loading small.

0.06+ A,=0.26 MPa
=10 Hz
= 3 k=2E-12m’
& 0.04-
s 2
o
g 1 16,,=0.19 MPa
o 0.02- 20,,1.9MPa
©° 30,,=19.0 MPa
0.00+
0 200 400 600 800
t (1E-3 s)

Fig. 5. The influence of initial tangent modulus to the effective stress.
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Fig. 6. The influence of initial limit strain of loading to the effective stress.
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Fig. 7. The influence of the initial porosity to the effective stress.
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Fig. 8. The influence of the amplitude of loading to the effective stress.
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Fig. 9. The influence of the frequency to the effective stress.
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5. The responses of stresses in vertical direction

When the permeability at z= 1.0 m is 30% smaller than that of other points
(ng), the super pore pressure and the strain will rise sharply and be concentrated on
the point with the smallest permeability (Fig. 10, Fig. 11). (The super pore pressure
here equals the pore pressure at time ¢ minus the initial pore pressure.) Since pore
pressure and the strain rise the fastest, this point will come to the failure state ear-
liest and the fracture in the sand column may occur. It is agree with the main char-
acteristics of the experiments (Peng et al., 2000; Zhang et al., 1999; Fiegel and
Kutter, 1994; Kobusho, 1999) and the theoretical analysis (Cheng et al.,, 2000).

Fig. 12 gives the difference of the increment of total stress at any point in the
sand layer and that at the upper side (the loading end) with time (total stress at
time ¢ minus that at time 7 = 0: a.|z + p|z — d.|o + plo)- It is shown that the ampli-
tude increment of total stress changes are obvious, and at the same time, the phase
lag is obvious. Fig. 13 gives the relationship between the increment of total stress

0.84
0.6
0.4+

0.2

Strain (100 p)

0.0

-0.2-

0.4+ T T T T T

Fig. 10. The changes of strain along depth.

|

= &1 | | —t=0.03s
o —— t=0.06s
X

D 304

g

3

7

n

o o0

a

o

O -30{

o

0 10 20 30

Fig. 11. The changes of pore pressure along depth: the pore pressure here is p(z) — po.
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40-
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Fig. 12. The minus of total stress of points with that at boundary at different amplitude of loading.
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2h=06m

=10 Hz
K=2E-12 3h=1.5m
104 - 4h=30m

=]
I

50 (2.6E+1 Pa)

-20 T r T T T ]
-50 0 50 100 150 200 250
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Fig. 13. The minus of total stress at any point in sand with that at the boundary.

with time and the amplitude of loading. It is shown that the larger the amplitude
of loading, the larger the changes of total stress in saturated sand. Therefore, only
when loading is so small that the inertial of sand may be neglected, can the chan-
ges of total stress with depth be neglected.

6. The influences of factors to expanding of liquefaction thickness

The influences of factors to the expanding of liquefaction thickness are discussed
in this section. These conclusions may be obtained from Figs. 14-19: the smaller
the permeability or initial tangent modulus or the larger the initial limit strain or
the amplitude or frequency of vibration, the faster the development of liquefaction
thickness.

7. Analysis of affection of factors on liquefaction

The computing results show that liquefaction appears first near the end of load-
ing, then develops along the depth of sand. Nevertheless, the damping in saturated
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Fig. 14. The influence of permeability.
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Fig. 15. The influence of initial tangent modulus.
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Fig. 17. The influence of initial porosity strain.
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g. 18. The influence of amplitude of loading.
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Fig. 19. The influence of frequency of loading.
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sand leads the loading becomes weaker and weaker along the depth so that the
developing velocity of liquefaction thickness decreasing gradually till to zero. At
this time, the liquefaction thickness is at a maximum.

As we all know, the smaller the permeability, the stronger the force between
water and grains, and the pore water is difficult to drain at the same time, so the
faster the development of liquefaction thickness is. The smaller the initial tangent
modulus or the larger the initial limit strain and the initial porosity, the looser the
structure and the smaller the strength of skeleton, so it is easy to liquefy. The lar-
ger the amplitude and the frequency of load, the larger the force that saturated
sand has to bear and so the faster the development of liquefaction thickness.

8. Conclusions

From the above results, we may conclude:

1. The characteristics of the development of effective stress and the liquefaction
thickness are as follows: The highly saturated sand may liquefy under water
pressure oscillation. The dropping velocity of effective stress rises with the
decreasing of permeability or initial tangent modulus or with the rising of ampli-
tude or frequency of loading or initial porosity. The expanding of liquefaction
thickness will stop gradually with the increasing of the liquefaction thickness.

2. The total stress and pore pressure are decayed and have phase lag along the
depth of sands because of the damping of saturated sand.

3. If the permeability is non-uniform, the pore pressure and the strain will rise
sharply and be concentrated on where the smallest permeability is. This is the
reason that the fracture occurs in the sand column.
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