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Abstract  Multi-scale modeling of materials properties and chemical processes has drawn great attention from sci-
ence and engineering. For these multi-scale and rate-dependent processes, how to characterize their trans-scale for-
mulation is a key point. Three questions should be addressed: 

   How do multi-sizes affect the problems? 
   How are length scales coupled with time scales? 
   How to identify emergence of new structure in process and its effect? 

For this sake, the macroscopic equations of mechanics and the kinetic equations of the microstructural transforma-
tions should form a unified set that be solved simultaneously.   

As a case study of coupling length and time scales, the trans-scale formulation of wave-induced damage evolution 
due to mesoscopic nucleation and growth is discussed. In this problem, the trans-scaling could be reduced to two inde-
pendent dimensionless numbers: the imposed Deborah number De*=(ac*)/(LV*) and the intrinsic Deborah num-
ber 5

N* ( * * ) *D n c V= , where a, L, c*, V* and nN
* are wave speed, sample size, microcrack size, the rate of micro-

crack growth and the rate of microcrack nucleation density, respectively. Clearly, the dimensionless number 
De*=(ac*)/(LV*) includes length and time scales on both meso- and macro- levels and governs the progressive process. 
Whereas, the intrinsic Deborah number D* indicates the characteristic transition of microdamage to macroscopic rup-
ture since D* is related to the criterion of damage localization, which is a precursor of macroscopic rupture. This case 
study may highlight the scaling in multi-scale and rate-dependent problems.  

Then, more generally, we compare some historical examples to see how trans-scale formulations were achieved and 
what are still open now. The comparison of various mechanisms governing the enhancement of meso-size effects re-
minds us of the importance of analyzing multi-scale and rate-dependent processes case by case. 

For multi-scale and rate-dependent processes with chemical reactions and diffusions, there seems to be a need of 
trans-scale formulation of coupling effect of multi-scales and corresponding rates. Perhaps, two trans-scale effects may 
need special attention. One is to clarify what dimensionless group is a proper trans-scale formulation in coupled multi-
scale and rate-dependent processes with reactions and diffusion. The second is the effect of emergent structures and 
its  length scale effect.  
Keywords  multi-scale, rate-dependent, Deborah number 

Introduction 
Recently, multi-scale modeling of materials properties 

and chemical processes has drawn great attention from 
science and engineering. For example, Kwauk & Li (2000) 
pointed out the significance of “three transfers plus one 
reaction” on multi-scales in process engineering and pro-
posed an energy-minimization multi-scale model. Accord-
ing to them, there are three levels in process engineering: 
microscopic phenomena in individual particle and its sur-
face; mesoscopic in particle clusters and macroscopic in 
reactors.  The Center for Simulation of Dynamic Response 
of Materials and Materials and Process Simulation Center 
(MSC) at California Institute of Technology are carrying 
out full physics full chemistry multi-scale modeling in two 
closely relevant key applications: solid dynamics such as 
plastic deformation and failure in metals and high explo-
sives such as chemical response to shock loading in high-
energy material. These are two closely related multi-scale 
problems, for example see Goddard et al. (2000). 

For chemical engineering, “chemical engineers have 
had years of experience in scaling up chemical reactors 
from laboratory to pilot to full-production scale. One such 
methodology involves the use of dimensionless numbers 
or groups that describe the system’s behavior.  These 
numbers show the relative importance of one physical 
phenomenon versus another and appear naturally when 
the governing equations that describe the conservation of 
momentum, energy and mass and their respective bound-
ary conditions are nondimensionalized.  Dimensionless 
groups can be used as a guide for scale-up even when 
direct numerical simulation is possible” (Economou et al., 
1998). However, for multi-scale and rate-dependent proc-
esses,  nondimesionalization is not so trivial as traditional 
processes, owing to their multi-scale nature in both space 
and time. Additionally, the differences in scales are usually 
more than one order, for instance, mesoscopic grains 
(noted by l) are in the order of micron whereas the sample 
size (noted by L) is usually greater than centimeter.  No-
ticeably, the size ratio R=l/L is very small, about 10−3 or 
10−4.  Provided the effects on small scales can be aver-
aged and represented by a parameter on a larger scale, 
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oblems. 

the multi-scale problem can be decoupled and then 
treated by embedded calculations, etc. This is relatively 
easy. Otherwise, the coupling effect of length scales be-
comes a key point in the problem, for instance, how the 
small size ratio R affect the macroscopic process. 

It is well known that size-independence, i.e. geometrical 
similarity, will be violated provided gravity, rate-effect or 
intrinsic length scale play significant role in concerned 
problems. For instance, the linearly enlarged bones but 
with constant strength σs (the supporting force ∼ σsL2) can 
only support the enlarged body weight (∼ρgL3) up to a 
limiting size Lc ∼ σs/(ρg). This is the effect of gravity, with 
no business of multi-scale or rate-effect. However, in 
multi-scale problems, scaling of interest is the combination 
of macroscopic size L and intrinsic mesoscopic sizes l and 
its effect on macroscopical behavior. Apart from these 
prescribed characteristic length scales, some new struc-
tures, like band-like structure, may emerge during the 
course of a process. This may greatly enhance the com-
plexity of process engineering pr

Not only the geometrical similarity, but dynamic and 
chemical similarity should be taken into account too, for 
instance, the rate-dependent effect. As the great ancient 
Greek thinker Heraclitus said “τα παντα ρει”, meaning 
“everything flows”.  More than that, there might be various 
time-scales involved simultaneously in a concerned prob-
lem in process engineering. Even early in the Bible, the 
prophetess Deborah sang, “The mountains flowed before 
the Lord”. It implies that the mountains moved on their 
own time scales rather than the Lord’s time scale.  Accord-
ingly, the relevant time scales in mesoscopic processes 
would lead to unexpected constitutive rate-effects. In other 
words, there might be several length and time scales on 
various levels in process engineering we need to deal with, 
which may critically govern the scaling in these multi-scale 
and rate-dependent problems.   

Therefore, for these multi-scale and rate-dependent 
processes, how to characterize their trans-scale formula-
tion is a key point.  For this, Barenblatt (1992) made a very 
significant statement in his closing plenary lecture at the 
18th International Congress of Theoretical and Applied 
Mechanics.  He said that in the mathematical models of 
the governing influence of the variations of the material 
structure on the macroscopic behavior of bodies, the mac-
roscopic equations of mechanics and the kinetic equations 
of the microstructural transformations should form a uni-
fied set that be solved simultaneously.   

Furthermore, since the fifties of the last century, a num-
ber of scientists in various trades, including Barenblatt, 
supposed that Deborah number De be the proper measure 
of the coupling effect of macroscopic parameter and mi-
crostructual transformation. Deborah number is a dimen-
sionless number defined as follows 

r

i

(meso-relaxation)
(macro-imposed)

tDe
t

= ,                             (1) 

where tr is the relaxation time scale of mesoscopic kinetics 

and ti is the macroscopically imposed time scale. Certainly, 
this independent dimensionless number gives an indica-
tion of the relevant importance of the two time scales. 
However, one can immediately notice that Deborah num-
ber alone can not characterize the multi-scale phenomena, 
because of the absence of the size ratio.   

Now, there are three key questions in these multi-scale 
and rate-dependent processes: 

 How do the multi-sizes (like R=l/L << 1) affect the 
problems? 

 How are the length scales coupled with time scales 
(like tr and ti)? 

 How to identify emergence of new structure in 
process and its effect? 

In this paper, as a case study of coupling length and 
time scales, the trans-scale formulation of damage evolu-
tion due to mesoscopic nucleation and growth is dis-
cussed. In this problem, the trans-scaling could be re-
duced to two independent dimensionless numbers: the 
imposed Deborah number and the intrinsic Deborah num-
ber.  Both of them govern the progressive trans-scale 
process and its characteristic transition to macroscopic 
rupture. This case study may highlight the scaling in multi-
scale and rate-dependent problems in process engineer-
ing. Then, more generally, we compare some historical 
examples to see how the trans-scale or rate-dependent 
formulations were achieved and what are still open now.   

Dimensionless Trans-Scale Formulation 
of Damage Evolution 

Because of the similarity between materials failure and 
process engineering, in this section we briefly examine 
damage evolution as a case study of multi-scale and rate-
dependent process. Generally speaking, a unified set of 
macroscopic equations of continuum mechanics and 
mesoscopic kinetic equations (similar to reaction) could be 
written (Bai et al., 2002b): 

0
t
ρ ρ ρ∂ ∂ ∂

+ ⋅ + ⋅ =
∂ ∂ ∂

vv
x x

,                                          (2) 
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.                                    (5) 

The first three equations (2-4) are mass, momentum and 
energy balances on macroscopic level respectively. As 
usual, the symbols in the three equations, t, x, ρ, v, σ, e, q 
and h are time, macroscopic coordinates, density, flow 
velocity vector, stress tensor, energy density, heat, and 
heat flux respectively. The last equation (5) addresses the 
balance of the number density of microdamage n in phase 
space {c, x}, where c is the size of microdamage, equiva-
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lent to the above-mentioned mesoscopic length scale l.  In 
this equation there are two mesoscopic kinetics: nuclea-
tion rate of microdamage number density Nn and average 
growth rate of microdamage A, respectively.  

In order to understand the role of dimensionless number 
in this multi-scale and rate-dependent process easily, we 
turn to its one-dimensional version (ignoring energy equa-
tion for the time being):  

v
t x
ε∂ ∂

=
∂ ∂

 ,                                         (6) 

0
v
t x

σρ ∂ ∂
=

∂ ∂
,                                        (7) 

1
D D v f
t xε

∂ ∂
+

∂ + ∂
= ,                              (8) 

where t and x are temporal and spatial independent vari-
ables respectively; v, ε, σ and D are velocity, strain, stress 
and continuum damage of representative element respec-
tively.  Noticeably, f  is dynamic function of damage (DFD), 
which is the agent bridging macroscopic mechanical field 
and mesoscopic kinetics of damage (Bai et al., 2002a), 
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where τ is the failure volume of an individual microdamage 
with current size c, c0 is the nucleation size of microdam-
age and cf  is the moving front of microdamage population 

f

0 0

 
( , ; )

c

c

dct
V c c σ

= ∫  ,                               (10)  

where V is mesoscopic growth rate of microdamage num-
ber density in phase space {c, c0}.  

Table 1 lists all eight parameters and independent vari-
ables involved in the problem, with their corresponding 
dimensions.  L, T and M are the notations of the dimen-
sions of length, time and mass, respectively. 

Table 1   Parameters and their dimensions in damage evolution 

 Entity Notation Dimension
sample size L L 
material density ρ M.L−3 
sound speed a L.T−1 
constitutive stress 
(like yield strength) σY M.L−1.T−2 

Macro-
Parameters 

impact velocity vf L.T−1 
nucleation rate of 
microcrack density N *n  L−4.T−1 

growth rate of 
microcrack V* L.T−1 

Meso-
Parameters 

microcrack size c* L 

  

In light of π theorem in dimensional analysis, the eight 
meso- and macroscopic parameters could form five inde-
pendent dimensionless numbers, see Table 2. Then, the 
dimensionless equations are 

vM
t x
ε∂ ∂

= ⋅
∂ ∂

  ,                                       (11) 

v S
t x

σ∂ ∂
= ⋅

∂ ∂
  ,                                        (12) 

1

1
D D v De f
t xε

−∂ ∂
+ = ⋅

∂ + ∂
,                        (13) 

where the dimensionless variables are:  
independent variables:  

        ( )t at L= ,                        (14) 
                                              x x L= ;                           (15) 
dependent variables:  

fv v v= ,                           (16) 
                                       Yσ σ σ= ,                         (17) 

                                  4
N( * * )f f n c= .               (18) 

Table 2   Macro-, meso- and trans-scale dimensionless numbers in 
damage evolution 

 Dimensionless number Expression 
Mach number M fM v a=  Macroscopic 

dimensionless 
numbers Damage number S Y f( )S aσ ρ= v  
Mesoscopic 
dimensionless 
numbers 

Intrinsic Deborah number D* 5
N* ( * * ) *D n c V=  

Imposed Deborah number 
De* 

4
N( * *De a Ln c= )  or  

* ( *) ( *)De ac LV=  
Trans-scale 
dimensionless 
numbers Ratio of length scale  R *R c L=  

 
Three significant aspects in the formulation should be 

noted here. The first is that the five dimensionless num-
bers can be cataloged into three groups: Mach number M 
and damage number S are macroscopic ones; the intrinsic 
Deborah number D* is mesoscopic and Deborah number 
De and length ratio R are trans-scaled. But contrary to 
common sense, the straightforward length ratio R=c*/L 
does not appear in the associated dimensionless equa-
tions. We will interpret this latter. Second, all dimen-
sionless variables are not only dimensionless but also 
normalized, namely they are all in O(1), except for strain ε 
and damage D, which are dimensionless themselves and 
usually small. So, in principle, the magnitude of the terms 
in the equations can be estimated according to the dimen-
sionless numbers preceding them in the equations.  Apart 
form the two familiar macroscopic dimensionless number 
M and S, the trans-scale dimensionless number, Deborah 
number De, plays a key role in the trans-scale and rate-
dependent formulation. Finally, the transition of micro-
damage evolution to macroscopic rupture can be charac-
terized by damage localization as follows, 

( )D D D D
t x x t

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂

.                         (19) ≥≥

It has been derived that the critical damage DL of the lo-
calization transition can be represented by the intrinsic 
Deborah number D* (Bai et al., 2002a; Bai et al., 2002b). 

In summary, in the multi-scale and rate-dependent 
process, Deborah number D
Deborah number D* (mesosc
e (trans-scaled) and intrinsic 
opic), rather than length ratio 
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R, play governing roles. Thus, what is the underlying 
mechanism? 

As a matter of fact, in this case study there are three 
time scales: the macroscopically imposed time scale ti=L/a, 
mesoscopic nucleation time scale t n 4 1

N N( * * )c −=  and 
mesoscopic growth time scale tV=c*/V*. More importantly, 
the competitions among the three rate-processes, repre-
sented by the ratios of the time scales, govern the whole 
multi-scale and rate-dependent process. Actually, the ra-
tios of the three time scales ARE the three dimensionless 

numbers: two Deborah numbers De and De* and intrinsic 
Deborah number D*, see Table 3.  The size effect, namely 
the effect of size ratio R, should be included in the time 
ratios, either Deborah number De or De*.   

In one word, physically, this damage evolution is a rate-
governed process and the competition among the rates of 
various processes governs the whole process. The effect 
of mesoscopic size on macroscopic damage is mainly due 
to the enhancement of meso-size effect by rate-processes.  

Table 3   Characteristic time scales and dimensionless numbers in three processes in damage evolution 
Characteristic time scales 

Imposed time scale Nucleation time scale Growth time scale  ti = L/a tN = (nN*c*4) −1 tV= c*/V* 
Deborah numbers indicating relative importance of three processes 

Meso- vs. Macro-processes  4
N i N( * *De t t a Ln c= = )  V i* ( *) (De t t ac LV= = *)  

Two meso-processes   5
V N N* ( * * )D t t n c V= = *  

Table 4   Comparison of some mechanisms of enhancement of meso-size effects 
Examples Meso-scale parameter Mechanism of enhancement Trans-scale expression 

Dislocation-Plasticity Burgers vector   b Total of dislocations N=ρL2 (bρu) γ̇ ≈O (1) 
Boundary Layer BL thickness δ Viscosity ν ( ) (Re L Oδ ≈ 1)  

Damage Evolution Microdamage size  c* Competition of rate-processes * ( *) ( *) (1)De ac LV O= ≈  
Note: in the Table L, b, ρ, N, u and γ̇  (second row); δ, ν  and Re (third row) are macroscopic size, Burgers vector, dislocation 
density, total dislocation, dislocation velocity, shear strain rate, boundary layer thickness, viscosity and Reynolds number, 
respectively. 

Discussions on Mechanisms Governing 
Enhancement of Meso-Size Effects 

In fact, the mechanisms governing the enhancement of  
meso-size effects can vary from case to case, not only the 
above-mentioned competitions among macroscopically 
imposed and mesoscopically intrinsic rate-processes. Ta-
ble 4 lists a comparison of some examples of various 
mechanisms. The straightforward way for mesoscopic 
structures to affect macroscopic behavior is the sum of 
mesoscopic elements.  Plasticity resulting from dislocation 
motion, characterized by meso-scale Burgers vector b, is a 
most impressive example, see the second row of Table 4.  
In this case, continuum shear strain rate is proportional to 
the production of dislocation density, dislocation velocity 
as well as Burgers vector. Another classical example of 
size effect is boundary layer. Although boundary layer is 
still a macroscopic phenomenon, it is treated as a trans-
scale problem here, because its thickness is much less 
than sample size L and it is an emerging small-size struc-
ture, which enlightens other problems. In this case the 
reason why the thin boundary layer can appear and affect 
macroscopic flow is due to the high viscosity resistance in 
boundary layer, see the third row of Table 4. So, the com-
parison of various mechanisms governing the enhance-
ment of meso-size effects reminds us of the importance of 

analyzing multi-scale and rate-dependent processes in 
accordance with governing mechanisms. 

With reaction and diffusions (mass diffusion, viscosity, 
i.e. momentum diffusion, and energy or heat diffusion), 
multi-scale and rate-dependent processes become much 
more complicated. Apart from geometric and dynamic 
similarities, chemical similarity should be taken into ac-
count.  Chemical similarity alludes to maintaining the same 
mass transfer and chemical reaction characteristics as in 
the smaller system. The most important dimensionless 
numbers describing mass transport and chemistry are the 
Damköhler number Da and the Thiele modulus φ 
(Economou et al., 1998). 

For the similarity conditions of chemical reactions, Dam-
köhler introduced four dimensionless numbers. Essentially, 
The Damköhler number Da describes the relative impor-
tance of the rate of species production or loss relative to 
the rate of mass transfer away from the source.  For ex-
ample, Damköhler number I represents the ratio of num-
ber of moles transformed chemically over number of 
moles supplied by flow, or 

     A( ) ( )I UL wC≡ ,                                         (20) 
where U, L, w and CA are reaction rate, macroscopic 
length, flow velocity and concentration, respectively 
(Grassmann, 1971; Feng, 1989). In this formulation, only 
macroscopic length scale L appears and the effect of 
microscopic chemical reactions is condensed into the pa-
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rameter of reaction rate U.  Hence, the trans-scale feature 
in the multi-scale and rate-dependent processes is de-
coupled in this formulation, for instance, mesoscopic parti-
cle size of reactant r0 does not appear in the formulation.  
So far, we wonder whether or not there is a trans-scale 
dimensionless parameter, like the Deborah number in 
damage evolution, governing the multi-scale processes 
with reaction and diffusion. Also, it is not clear what di-
mensionless group is a proper trans-scale formulation (if it 
is really needed) in the multi-scale and rate-dependent 
processes in chemical engineering. 

But, one feature might be really significant in the proc-
esses with reaction and diffusions, either mass diffusion, 
viscosity or heat diffusion. That is the effect of emergent 
structures and its length scale. It is well known that a 
steady layer structure may emerge in the process, where 
both source and diffusion are in force (Holland, 1998).  In 
general, the governing equation of production-diffusion is  

2

i 2

Z ZD
t x

∂ ∂
= +

∂ ∂ 0S ,                                (21) 

where Z is a dimensionless variable, Di is diffusion coeffi-
cient and S0 is corresponding source term. When ap-
proaching a steady state, a band-like structure with char-
acteristic width le may emerge,  

e il D S≈ 0 .                                        (22) 

Shear bands in thermo-plastic deformation with heat dif-
fusion is a typical example (Bai & Dodd, 1992). The thick-
ness of the emergent band-like structure is 

( *) ( * *)δ λθ βτ γ≈ ,                               (23) 
where λ, θ* and * *βτ γ are heat conductivity, characteris-
tic temperature and heat source due to plastic work, in 
which β, τ* and γ̇* are the fraction of plastic work con-
verted into heat, shear stress and shear strain rate, re-
spectively.  Shear band emerging in metallic glass by void 
diffusion reported recently is the other example of this kind  
(Huang et al., 2002).  

The Thiele modulus φ describes the relative importance 
of surface reaction relative to their ability to diffuse,  

i
1

Ai0 )( DkCr m−=φ ,                        (24) 

where  is the radius of a spherical particle, k is reaction 
rate constant, C

0r
Ai is surface concentration, Di is diffusion 

coefficient and m is the order of reaction. Clearly, in the 
Thiele modulus, there is a microscopic length scale, indi-
vidual particle radius , but not macroscopic size L or any 
mesoscopic length scales. So, contrary to macroscopic 
dimensionless number, the Damköhler number Da, the 
Thiele modulus is more or less a microscopic number.  

0r

More importantly, the Thiele modulus does provide 
some important information on emergent length-scale ef-
fect. As a matter of fact, the definition of the Thiele 
modulus φ indicates the competition of the microscopical 
particle size r0 and an emergent length scale l0,      

1
0 i Ai( ml D kC −= ) .                            (25) 

However, either the Damköhler number or the Thiele 
modulus does not touch the effect of particle clusters.  So, 
if there is a coupling effect of three levels, namely micro-
scopic individual particle; mesoscopic particles clusters 
and macroscopic reactors in process engineering, we 
should introduce the effect of particle clusters. Maybe, 
there is a trans-scale dimensionless group governing 
multi-scale phenomena in process engineering involving 
particles. 

In summary, for multi-scale and rate-dependent proc-
esses with chemical reactions and diffusions, at least two 
trans-scale effects may need special attention. One is to 
clarify what dimensionless group is a proper trans-scale 
formulation in the coupled multi-scale and rate-dependent 
processes with chemical reactions and diffusions. The 
second is that the effect of emergent structures and its 
length scale effect should be taken into the trans-scale 
formulation.  

Concluding Remarks 

From the above examples, the following remarks are 
pertinent. 

(1) For trans-scale formulation of damage evolution, there 
are several length scales and time scales on meso- 
and macroscopic levels. The length scales are micro-
crack size at meso-scale and the sample size on 
macro-level, whereas the time scales are nucleation 
and growth rates of microcracks on meso-level and the 
imposed loading duration on macro-level. The connec-
tion between the two levels is usually based on non-
linear coupling of stress field and the population of mi-
crocracks.  So, a proper approach to the problem is the 
associated equations of continuum, momentum and 
microdamage evolution. There is one trans-scale di-
mensionless number: the imposed Deborah number 

* ( *) ( *)De ac LV= , which characterizes the multi-scale 
and rate-dependent process.  

(2) In general, statistical mechanics and corresponding 
trans-scale closed formulation might be proper ap-
proaches to multi-scale and rate-dependent processes. 
When the time taken by a kinetic process on meso-
scales becomes comparable with the time taken by 
imposed process on macro-scale, such a mesoscopic 
kinetics becomes important on macroscopical level. 
Otherwise the meso-kinetics can be treated by adia-
batic approximation. 

(3) For multi-scale and rate-dependent processes with 
chemical reactions and diffusions, the Damköhler 
number and  the Thiele modulus represent some scale 
effects. However, there seems to be a need of trans-
scale formulation of coupling effect of multi-scales and 
corresponding rates.  Perhaps, two trans-scale effects 
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may need special attention.  One is to clarify what di-
mensionless group is a proper trans-scale formulation 
in the coupled multi-scale and rate-dependent proc-
esses with chemical reactions and diffusions. The sec-
ond is the effect of emergent structures and its length 
scale effect. 
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