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A generalized soft-sphere model for Monte Carlo simulation
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A new collision model, called the generalized soft-sph@&3S model, is introduced. It has the
same total cross section as the generalized hard-sphere fiRited. Fluids A5, 738 (1993],
whereas the deflection angle is calculated by the soft-sphere scattering [iRbgel Fluids A3,
2459(1991)]. In virtue of a two-term formula given to fit the numerical solutions of the collision
integrals for the Lennard-Joné€8-12) potential and for the Stockmayer potential, the parameters
involved in the GSS model are determined explicitly that may fully reproduce the transport
coefficients under these potentials. Coefficients of viscosity, self-diffusion and diffusion for both
polar and nonpolar molecules given by the GSS model and experiment are in excellent agreement
over a wide range of temperature from low to high. 2002 American Institute of Physics.
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I. INTRODUCTION used in kinetic studies of transport propertiéApplication

, ) ) , of this procedure to DSMC, though straightforward in prin-
The direct simulation Monte Carl®SMC) method is @ jpje, is too computationally intensive in engineering context

general numerical technique to analyze rarefied gas fowS\yhere millions and even billions of molecular collisions
The strategy of DSMC is to Frgck the mo[ecular trajectorypave to be considered. Many effér& have been paid to
and status based on the collision mechanics of model molygiapjish a collision model appropriate to the DSMC method,
ecules, and then obtain physical quantities of interest through ;i as the variable hard-spheéHS) model of Bird*S

statistical average. A physically realistic collision model is\ 4 iaple soft-sphere (VSS model of Koura and

therefore critical for DSMC to predict various gas flows re- \15tsumotd’® and generalized hard-sphei®@HS) model of

liably and gccurately. In actual gases the force between tW@i;ssan and HashBesides the computational efficiency,
moIeches is repuIswe at small d.|stances,_ an_d more V\{eak%ese models aimed at phenomenological reproduction of
attrac_tlve at larger distances. This behawpr |3$ most S'mp|¥ransport coefficients under the inverse-power-HRL) or
described by the Lennard-Jonk&s12) potentiaf Lennard-Jones potential. They were to some extent success-
o\12 [ o\6 ful, whereas certain important issues such as molecular po-
r (?) . (1)  larization remain to be settled. Moreover, the parameters in-
volved in the GHS and VSS models for the Lennard-Jones
The parameters and o (which have dimensions of energy potential were not expressed explicitly, and had to be nu-
and length, respectivelyare constants characteristic of the merically solved through the least-square fitting of experi-
chemical species of the colliding molecules, ands the  mental datd® This is of course inconvenient for practical
inter-molecular separation. Systematic stutifeshowed that ~ simulation.
the potential1) was adequate for a number of nonpolar mol- This paper is organized as follows. First, previous mod-
ecules such as air. els are reviewed. Then, a universal collision model, named as
For polar molecules like ammonia and water vapor,generalized soft-spher@3SS model, is introduced that is
however, strong electrostatic interaction leads to anomalousuitable to both polar and nonpolar molecules over a wide
behavior with respect to the potentid).?> This electrostatic ~temperature range. By virtue of a fitting formula of the nu-
contribution is proven proportional to the inverse third powermerical solutions of the collision integrals for the potentials
of the intermolecular separation. Stockmayer combined suchl) and (2), the parameters involved in the GSS model are
a term with the Lennard-Jones potential to describe the inexpressed explicitly. Next, transport coefficients given by
teraction between polar molecufés GSS previous models are compared with experimental data.
1 5 Finally, some conclusions are given.
(o g g
o4
r r r

where§is a dimensionless constant that measures the polat PREVIOUS MODELS
ization of a substance. The potentia), known as the Stock-
mayer potential, was successfully applied to many polar

p(r)=4e

3

p(r)=4e ; (2

The VHS modét® assumes that the total cross section

molecule<3 varies like
An accurate procedure to calculate collision cross sec- 5
. . . —Zw
tions and scatter for the potentidll or (2) has been widely or*C, 7, 3
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while the deflection angle in a collision follows the hard For the IPL potential, the analytical expressionsogf and
sphere scattering law, i.e., an isotropic scattering in therp are availablé;®from which o1 and« are easily derived:
center-of-mass frame of reference ot has the same relation v as the VHS model, and is a
constant dependent upon the molecular species. The values
x =2 arccosb/d), ) of a for a nlE)mber of grz)ases were given in Tr?able | of Ref. 7,
wherec, is the relative speed of the colliding molecules, andand in Tables | and Il of Ref. 8 for air species. As commented
b is the miss-distance impact parameter. The total cross seby Hassan and Hash;For attractive—repulsive potentials,
tion (3) bears the same relation of coefficient of viscosity too, and op do not have analytical expressions. As a result,
temperature as the IPL potentiél the implementation of such a method without introducing
w12 simplifying assumptions is not very practical.” For instance,
peeT ' (5) for the Lennard-Jones potential, the relationgrgfand « to
wherew=2/(»—1), andy is the power of IPL. the relative energy derived from the numerical solutions of
It is well known that the IPL potential considers the re- o, andop were plotted in Fig. 3 of Ref. 7. Indeed, it is not
pulsive force between molecules only and becomes poor A€ry practical to utilize these profiles in DSMC calculations.
low temperatures where the attractive force dominates.
Therefore, it is desirable to establish a model based on po-

tentials with both attraction and repulsion likg. Under the ;| 5ss MODEL
hard-sphere scattering, the potential has the relation of
coefficient of viscosity to temperature as follows: In the GSS model, the total cross section and the deflec-
TVE+ 12 tion angle are given by Eq§7) and(8), respectively. T_here—
WO s (6)  fore, the GSS model may be reggrded as an ex'tenS|on of the
1+c,T GHS model for attractive—repulsive potentials, like the VSS

wherec, is a constant. Clearly, the relatio(s) and (6) are model based on the _IPL pote_ntial is an extension of VHS
inconsistent. This led to the introduction by Hassan andnodel. However, the introduction of the soft-sphere scatter-

HasH of the GHS model, in which the deflection angle obeysiNd law results in a difficulty to determine explicitly the pa-
the hard-sphere scattering la@), while the total collision rameters involved in GSS. This issue, essentially important

cross section is described by more than one term for practical convenience, will be addressed in the following.
It is known that the coefficients of viscosity and self-
oT E¢| 4 7 diffusion of a simple gas, to the first approximation, may be
o? el ™ \written ag?
whereEtz%mrcf, m, is the reduced mass of two colliding 5 ( JamkT
molecules, angs; and ¢; are constants that are determined ;= _(W—*) (11
through a numerically least-square fit of experimental data of 16| 7g20 22

viscosity coefficient for simple gases, and binary diffusion
coefficient for gas mixtures. This is not only inconvenient,
b.Ut S_Omet'mes_ ?Ven infeasible because the coefficients %BLE I. Force constants for the Lennard-Jori€s12 potential (Ref. 3,
diffusion are difficult to observe and experimental data arerables 8.4-1 and I-A

often not availablé:'!

Koura and his co-workefs showed that the hard-sphere Gas elk (°K) oXx107m
scattering law employed in the VHS and GHS models led to He 10.22 2.576
an unreal ratio of the momentum to viscosity cross-section. Ne 35.7 2.789
They suggested a soft-sphere scattering model to calculate ﬁr igg 3;‘;118

H r .
the deflection angle o 520 2055
=2 arccofb(b/d)*], 8 Hg 851 2.898

X 8(brd)™] ® H, 33.3 2.968
whereb is the miss-distance impact parametgis the col- D, 39.3 2.948
lision diameter. The deflection angl®) gives rise to the AN" 271-(; 2-2;71

) . ) } ) . .
viscosity and momentum cross sections as folldws: o, 113 3433
25 Fa 112 3.653

o

=—F5, - , 9 Cly 357 4115
TuTTg 0T o0t © Br, 520 4.268
, [ 550 4.982
with S, =6a/[(a+1)(a+2)] andSp=2/(a+1). co 110 3.59

In the VSS model, the total cross section and are Cco, 190 3.996
chosen in such a way to reproduce the actual viscosity and NO 119 3.47
diffusion cross sections for a given interaction potential N0 s 648

CH, 137 3.882
30 ccl, 327 5.881
a=(oplo,—0.571, £ (10) SO, 252 4.290

O'TZZ—SM.
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. * o FIG. 2. Comparison of)2?" versusT, . The lines(dashed, dotted, and

(2,2) * , B
FIG. 1. Comparison of)'™™ versusT, . The solid line is given by the o0 o siven by the fitting formulal?) at & of 0.25, 1.00, and 1.75,
fitting formulas(17); the circles are the accurate data for the Lennard—.]onesfes ectively: the symbokriangle, square, and cirdlare the accurate data
potential (6-12) given in Table I-M, Ref. 3. P y; the sy gie, square,

for the Stockmayer potential.

- KI' ( y 277kT/mf> (12) Qgi%Z)* = alT;Cl'f' azT;Cz , 17
16p \ 7200 )’ . .
with a;=1.1,a,=0.4,¢,=0.133, anct,=1.25. Comparison
with between the formula(17) and the accurate solution of
1 (= Hirschfelderet al® shows remarkable agreemdfig. 1).
Q(l,l)*:_ZJ exp(— £ Popdl, (13) The fitting formula(17) is also suitable to the Stock-
mo Jo mayer potentialc; andc, remain unchanged, whereas
1 - and a, need an additional term to include the polarization
22" — JO exp(— {270 ,d¢, (14)  effect
a;=1.1-0.0445, (18
where/?= %mrcf/kT, o, andoyp are the viscosity and mo-
mentum cross sections, respectivgly,and T are the gas a;=0.4+0.765. (19
pressure and temperature,is the molecular mass, ardis A5 shown in Fig. 2, Eq(17), with a; anda, calculated by
the Boltzmann constant. (18) and (19), compares well with the accurate solution of

Substituting of Eq(9) into (13) and(14) yields the self-

Q22" for the potential(2) that tai Kri
diffusion and viscosity integrals for the GSS model or the potential(2) that was obtained by Krieger

and included in Table IX, Ref. 3.

* 1 o Equating the right-hand sides of Eqgl6) and (17)
1,1)% _ 4 .
06l —mg BIT(3—¢)T, 19 yields
and ¢f=c,=0.133, (20)
2 2)* (1* o*
i = * — * Y
QGSS w(a*+1)(a*+2)z ﬁl I'(4 €J )T* b 3r
(16) :
. 25k Eq. (15)
whereT, =kT/e, andI(...) denotes the gamma function. “t o Hirschfelder et al.
2r
IV. DETERMINATION OF THE PARAMETERS IN GSS i
A. a*, Bl* ﬂz,el,and 62 %15;
A simple means to determine the parameters of the GSS i
model is to compare the right-hand sides of E($) and i
(16) against those of13) and (14), if the latter may be sk

solved analytically. Such analytical solutions are available,
however, only at special conditions such as IPL or the hard- i
sphere scattering law. For the Lennard-Jo(®&42) poten- i3 10°
tial, Q22" was numerically solved by Hirschfelder, Curtiss,

; ; _ FIG. 3. Comparison of)*V versusT, . The solid line is given by the GSS
and Bird and tabulated as functionsTof =k T/e from 0.3 to model. i.c.. Eq(15) with the parameters determined by EG@0), (21), and

40_0 in Table I-M, Ref. 3. This paper employs a two-term 24)_(2¢); the circles are the accurate data for the Lennard-JéBes)
fitting formula potential given in Table I-MRef. 3.

L gl A EETT
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TABLE Il. Parameter for the Stockmayer potent{&ef. 3, Table 8.6-1

Gas elk (°K) ox10°m B
NO 112.4 3.508 0.003371
co 109.9 3.585 0.009 830
CHCl, 415.2 5.117 0.07177
H,S 221.1 3.733 0.2739
HCI 218.0 3.506 0.4123
SO, 191.4 4.341 0.5995
NOCI 205.2 4.332 0.7272
CH,CI 243.6 4.076 0.7606
CH;OH 194.9 4.082 0.7715
CH,COCH, 158.4 5.485 1.1253
NH, 146.8 3.441 1.2499
H,O 230.9 2.824 2.333
5 =c,=1.25, (21
*
XBrT(4—4¢*)=a,, 22
7T(a/*+1)(a*+2) Bl ( 1) 1 ( )
CY* * *
XB5(4—4€5)=a,, (23

m(a*+1)(a*+2)

Jing Fan

unlike molecules to those between like molecilésboth
unlike molecules are nonpolar or polar, the combining laws
are simply as

0'i+0'j
S (27)
8ij:\/;8jy (28

The interaction between a polar molecule and a nonpolar
molecule obeys the potential between two nonpolar mol-
ecules, i.e., the Lennard-Jongs12) potential, whereas the
combining laws to decide the force constants become a little
different

Onp= %(Un+ U'p)gillﬁy (30

€np™ \/Sngpg2 (31
and

£=1+0.5a,07,°8\ep /e, (32

whereo, &, are Lennard-Jones potential parameters for the
nonpolar moleculeg,,&, are Stockmayer potential param-

andgj =0 for j>2. This indicates that the first two terms of eters for the polar molecule, ang, is reduced polarizability
the general form7) is enough for either Lennard-Jones or of the nonpolar molecule. The values @f for many gases

Stockmayer potential.
Another relation to determine*, 87, and 5 may be

provided by matching&:d"

QY for the Lennard-Jone-12) potential also given in
Table I-M, Ref. 3. They agree with each other whéig. 3

a*=1.5. (24)

This value is reasonable sineg& generally lies between 1

and 2(cf. Ref. 1, p. 42 From Eqgs.(22)—(24), we have
BT =3.962-0.158 (25
and

% =4.558+ 8.6605. (26)

B. g, o,and 6
The parameters, o, and § in the potentialg1) and(2)

to the accurate solution of

were given in Table 13.2-3, Ref. 3, and those for common
gases included in Table Il

V. COMPARISON OF MODELS WITH EXPERIMENT

A number of experiments have been carried out to mea-
sure transport coefficients. The measured data obtained by
different authors covered a wide temperature range, and were
collected in Chapter 8, Ref. 3 and Table 6-177, Ref. 11.

In the GSS model, coefficients of viscosity, self-
diffusion and diffusion are given by Eq&ll), (12), (15), and
(16), while the parameters*, B4, B», €1, and{, involved
are calculated by Eg920), (21), and (24)—(26), and the
parameterg, o, and é for unlike molecules by the combin-
ing laws(27)—(29) or (30)—(32). The same procedure applies
to the GHS model, except for the value @f that becomes

for like molecules may be determined from experimentalunity rather than 1.5.

data of coefficient of viscosity. A procedure was described in

detail in Ref. 3 that also provided the valuesspfo, and 6

Coefficients of viscosity and self-diffusion for the VSS
and VHS models based on the IPL potential are related as

for many gases in Tables 8.4-1, 8.6-1, and I-A. Those foffollows:’

common gases are included héfables | and IJ.

Force constants between unlike molecules, in principle,
may be obtained from the binary diffusion coefficient at dif-
ferent temperatures. However, few measurements of this sort.
have been made practically. It is customary to make use o
the combining laws that relate the force constants between

Myss= Hvsh! S, (33

Dyvss=Dvsh/Sp, (34
vlylth

Mvhs= Mred T/ Tren), (35

TABLE IIl. Polarization of moleculegRef. 3, Table 13.28

Gas H N, 0O, Cl,

N,O CO

Co CH, ccl, SO

apyx10¥m®  0.79 1.76 1.60 461

3.00 1.95 2.65 2.60 10.5 3.72
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FIG. 6. Comparison of viscosity coefficient of water vagsteam given by

FIG. 4. Comparison of viscosity coefficient of argon given by GSS andGSS model and experiment.

experiment.
different by a factor ofa* /[ (a* + 1) (a* +2)]. This factor
2(3.5~w)p is equal to 1/6 for GHS ¢* =1), and 6/35 for GSS «*
Dvsu=—p 7 HvsH (36)  —1.5). Therefore, the GHS profiles, not shown in the fig-

) ) ) ures, almost overlay with the GSS profiles. The coefficients
whereue is the reference viscosity at a reference temperag viscosity given by VSS and VHS are close, since the
ture. The values ofurer, » anda depend upon the chemical 65 of S, "are equal to 1.023 for argon and 1.029 for
species, and are given in Tables Al and A4 of Ref. 1, angiogen. The VHS and VSS results agree well with the ex-
Table I of Ref. 7. Although the VSS model is generally ap-perimental data at a normal temperature range between 150
plicable to any potential in a mathematical sense, the paramynq 1000 K, but show an obvious difference at the low and
eters involved are provided only for the IPL.pptenfrﬁI. high temperatures. For example, the viscosity coefficients
T.here'fore, our discussion on the VSS model limits the 'PL(,uPaS) for argon given by VHS and VSS are 83.9 and 82.2
situation. at 1500 K, respectively, in comparison with the GSS value of
68.5 and the experimental d&wf 66.4. The difference up to
about 20% may attribute to the attractive portion of molecu-

The viscosity coefficients of argon and nitrogen given bylar interaction neglected in IPL and a constantxamployed

the GSS model and experiment are compared in Figs. 4 arid VHS and VSS. It is known that the attractive force be-

5, respectively. The experimental data are available ovegomes important at low temperature, and the real value of

temperature ranges of 80—-1500 K for argon, and 100—150markedly varies with the range of temperatufefs Ref. 2, p.

K for nitrogen. The GSS and experimental results are in231). For convenience of engineering simulation, however,

excellent agreement over the entire range of temperaturéhe VHS and VSS models employ a constantepthat is

The coefficients of viscosity between GHS and GSS are onlysually determined at a reference temperature of 273 K. This
value is suitable within the neighborhood, i.e., normal tem-
peratures, but it becomes inaccurate at distant temperatures.

107 Figure 6 compares the coefficients of viscosity of water

[ vapor given by GSS and experiméhids can be seen, there

is remarkable agreement. Because of a strong polar property

(6=2.333), water vapor behaves abnormally from common

gases such as argon and nitrogen. Therefore, IPL and

Lennard-Jones potentials are not suitable to this kind of

molecules;® so are the VHS, VSS, and GHS models based

on them.

A. Coefficient of viscosity

GSS
N Experiment® B. Coefficient of self-diffusion

o] Experiment™

Viscosity coefficient (uPa s)
3
1

Table IV compares self-diffusion coefficients for four
common gasefAr, H,, N,, and CQ) given by the models
and experiment.The GSS results agree quite nicely with the

10°

1 . L . R SRR
100 1000 1900 measured data, with a difference generally within 5%, except
Temperature (K) at an extremely low temperature of 20 K for hydrogen where
FIG. 5. Comparison of viscosity coefficient of nitrogen given by GSs andit 1S nearly 10%. The d|ffe_rence_betyve_en the VSS model
experiment. based on IPL and the experiment is within 10% at the normal

Downloaded 20 Nov 2009 to 159.226.231.78. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



4404 Phys. Fluids, Vol. 14, No. 12, December 2002 Jing Fan

TABLE IV. Comparison of self-diffusion coefficients (és™!) at 1 atm  TABLE VI. Coefficient of diffusion (cni s™*) for H,O and nonpolar gases

given by the GSS, GHS, VSS, VHS models, and experiment. at 1 atm.
Experiment Gas T (°K) GSS Experimen(Ref. 3
Gas T (°K) GSS VSS GHS VHS (Ref. 3
H,O-H, 307.4 1.00 1.02
Ar T 0.0130 0.0178 0.0104 0.0134 0.0%320002 328.5 1.13 1.12
2732 0161 0.173 0.129 0.131 0.156.002 352.2 1.28 1.20
353.2 0.258 0.276 0.206  0.207 0.240.003 H,O0-CO, 307.4 0.198 0.202
H, 204 0.0100 0.0165 0.008 0.0140 0.008-1B0002 328.5 0.225 0.211
85. 0.172 0.179 0.138 0.152 0.1%7P.008 352.2 0.258 0.241
273. 1.327 1.255 1.062 1.067 1.288.002 H,O0-He 307.4 1.00 0.90
N, 7.7 0.0160 0.0205 0.0128 0.0164 0.03680003 3285 1.12 1.01
273.2 0.181 0.183 0.145 0.146 0.186.006 352.2 1.26 1.12
353.2 0.287 0.286 0.230 0.228 0.280.009 H,O-N, 307.4 0.272 0.256
CO, 194.8 0.0478 0.0557 0.0382 0.0375 0.0516 328.5 0.309 0.303
273.2 0.0938 0.1069 0.0750 0.0720 0.0970 352.2 0.352 0.359
3128 0.1218 0.1389 0.0974 0.0935 0.1248
362.6 0.1614 0.1847 0.129 0.1244 0.1644

VI. CONCLUSIONS

The GSS model provided a universal procedure to incor-
temperatures, but it increases Significantly at lower temperéborate the Lennard-Joné@-lZ) potentia| for nonp0|ar mol-
tures. The hard-sphere scattering law employed in the VH@cules and the Stockmayer potential for polar molecules into
and GHS models make their results generally more thathe DSMC method. The fitting formulél7) played an im-

20%-30% deviate from the experimental data. portant role in determining explicitly the parameters in-
o o volved in GSS. The parameters of the potent{dlsand(2)
C. Coefficients of diffusion for a number of gases achieved by kinetic studies for many

Table V compares the coefficients of diffusion of nonpo-Years; together with the combining laws used in kinetic
lar molecules given by GSS, VSS, and experinfemt.the  theory to obtain the potential parameters of unlike molecules

VSS model, the diffusion coefficients may be writtert as from those of like molecules, exactly applied to the GSS
model. Therefore, it was convenient to implement this model

w1 in an engineering simulation. Coefficients of viscosity, self-
1= Slargt 1)\/;(2kT/mr2)(w —05)- (37) diffusion and diffusion given by the GSS model agreed well
1‘5F(3-5_“’12)”(‘TT,ref)HCr,ref12 ' with experimental data for a number of nonpolar and polar
gases over a wide range of temperature. Judged by the accu-
The parameters ofr;, and wi, for No—H,, N,—CO;, racy and scope of application, the GSS model may be pref-

H,—CO, are given in Table | of Ref. 7, and the referenceerable to the previous models.

diameter @) 1> is assumed to be the mean value of those

for the pure substances 1 and 2 given in Table A3, Ref. 1

Generally, the three results agree with each other; in detaiIél,‘cKNOWLEDGMEI\ITS

the GSS results agree better with the measured data. This work was supported by the National Science Foun-
Table VI includes the coefficients of diffusion for polar dation of China, Grants No. 90205024 and No. 19889209.

molecule of water vapor and nonpolar molecules given byrhe author would like to acknowledge valuable discussions

the GSS model and experimehfgain, comparison shows with Professor Ching Shen.

satisfactory agreement.

APPENDIX: IMPLEMENTATION OF THE GSS MODEL
IN MONTE CARLO SIMULATION

TABLE V. Comparison of diffusion coefficients (éns™!) at 1 atm given

by GSS, VSS, and experiment. In the DSM_C _method the collision probaplhty of a pair
of molecules within the same cell or sub-cell is proportional
Gas T (°K) GSS VSS ExperimefiRef. 3 to the product of the total cross section and the relative
Ny—H, 273.2 0.696 0712 0.674 speec_i. In*the *GSS mo*dehT is Easny callculated using Eq.
288.2 0.764 0.783 0.743 (7), with €7, €5, a*, BT, andB5 determined by Eqg20),
293.2 0.787 0.808 0.76 (21), and(24)—(26), ande, o, and § given in Tables I-III.
N,—CO; 2732 0.134 0-122 O-igg According to collision dynamics, in a Cartesian coordi-
ggg'z 8'132 8'135 %16 nate system, the components of the post-collision relative
2082 0157  0.139 0.165 speedc; may be written as
H,—CO, 273.2 0.571 0.526 0.550 . . .
288.2 0.628 0.580 0.619 u; =cosyu,+siny sine \/vir +w7r, (A1)
293.2 0.648 0.599 0.60 , ) >
298.2 0667 0618 0.646 vy =COSyv, +Sinx(C,W, COSe —U,v, Sine)/\Juy +Wp,

(A2)
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W} = CcosyW, — sin x(c,v, COSe + U, W, Sins)/\/vzr +w2r,

(A3)

with
cosy=2-R}"—1, (A4)
e=2mRy,, (A5)

whereR; andR, are random numbers uniformly distributed

between 0 and 1, and, , v,, andw, are the components of
C.
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