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Abstract  By comparing the dynamic responses of saturated soil to Biot’s and Yamamoto’s 
models, the properties of the two models have be pointed out. First of all, an analysis has been 
made for energy loss of each model from the basic equations. Then the damping of elastic waves 
in coarse sand and fine sand with loading frequency and soil’s parameters have been calculated 
and the representation of viscous friction and Coulomb friction in the two models has been con-
cluded. Finally, the variations of loading wave damping and stress phase angles with water depth 
and soil’s parameters have been obtained as loading waves range in ocean waves. 
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The dynamic response of marine sediment to 
ocean surface waves is treated extremely by marine 
geotechnical and coastal engineers. In the area of 
conventional hydrodynamics, the assumption of im-
permeable rigid seabed has been used as the boundary 
of water waves theories and the waves parameters de-
duced from the theory have not referred to the interac-
tion of water waves and seabed. In the area of soil 
mechanics, many engineers regard the response as 
slow loading according to the Zienkewicz’s[1] criteria 
and dynamic analysis is unnecessary. But in the field, 
some structures have been damaged by the wave-  
induced seabed instability, rather than their construc-
tion causes[2,3]. It is also found that some field meas-
urements and laboratory data do not agree with the 

static or quasi-static theories[4— 6]. Thus, more and 
more people pay attention to such studies recently[7,8]. 
Up to now, Biot’s model[9] and Yamamoto’s model are 
often used[10]. In this paper, the properties of the two 
models will be considered for the uses of valid consti-
tuting relation in ocean engineering. 

1  Comparing the basic equations of two models 

Marine sediment is a mixture of three phases: a 
solid phase (skeletal frame), a liquid phase (pore fluid) 
and a gas phase (occupying a small portion of pore 
space). As water waves propagate over a seabed, the 
pressure gradient induces a flow of pore fluid relative 
to the skeleton and also causes the skeleton deforma-
tion. That is to say, the energy loss of acoustic wave in 
marine sediment is due to the viscosity friction be-
tween fluid and solid and Coulomb friction between 
grains. So it is a basic problem to study the interaction 
of them.  

Biot’s model, assuming a deformable and com-
pressible skeleton for isotropic elastic medium and 
flow of the compressible pore fluid governed by 
Darcy’s law, is coupled with fluid-grains inertia and 
viscosity. All of these have basically covered the pri-
mary characteristics of soil in static or dynamic situa-
tion. The equation of motion of the skeletal frame and 
pore fluid can be written as 
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where, (1 ) r fρ β ρ βρ= − + is the bulk density of 

saturated soil, ρr and ρf are the density of grain and 
pore fluid, respectively, β is the porosity of the soil; 

( )ζ β= − ∇ ⋅ −U u  is the relative dilatability ratio of 

the fluid, U and u are the displacements of pore fluid 
and skeleton, respectively; e = ∇ ⋅ u  is the bulk strain 

of skeletal frame; ( )β= −w U u  is the fluid dis-

placement relative to skeleton; 1 /s rK Kε = −  desig-

nates the compressibility of soil, Kr and Ks are the bulk 
modules of grain and skeleton, respectively; M = 

2 [1 ( / 1)]r r r f sK K K K Kβ + − −   designates the 

compressibility of the pore fluid, Kf is the bulk 
modulus of the pore fluid; 2 /(1 2 )Gλ ν ν= −  is the 

Lame’s constant, G is shear modulus; ηf and ks are the 
coefficient of viscosity of the pore fluid and perme-
ability of the soil, respectively; m = ρf/β is the pa-
rameter relating to skeleton. 

Obviously, eq. (1) is so cumbersome that some 
simplified models are often used, such as the 
quasi-static model[11] for no inertia effects of grain and 
fluid; the quasi-dynamic model[12] for only the inertia 
of soil grain or only the compressibility of fluid. In 
this study, for the sake of understanding the action of  

the each term and comparing with Yamamoto’s model 
expediently, the original form has been accepted. 

Yamamoto first proposed a model for the porous 
elastic medium to consider the Coulomb friction in the 
wave-seabed interaction problem. Considering the 
compressibility of skeleton and pore fluid, the dy-
namic equation of skeletal frame and pore fluid can be 
expressed as 
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The advantage of the model is to consider the 
weak nonlinear damping induced by the friction of 
grains and thus the behavior of such material is similar 
to a visco-elastic material. 

For convenience of comparing eq. (1) with eq. (2), 
the expressions of each parameter are listed in table 1, 
where (∆w/w)s and (∆w/w)c are the specific loss from 
cyclic shear and cyclic compression, respectively.  

It is found that the mathematical form of the two 
equations is the same but the physical meanings of the 

parameters are different. All of , , ,H C M µ%% % %  in Ya-

mamoto’s model are complex elastic modulus (in this 
paper, the complex is designated by tildes). These 
complex moduli imply the energy dissipated per cycle, 
in which the real part represents the elastic modulus 
and the image part is the linearized expression of the 
nonlinear Coulomb damping due to the grain-to-grain 
friction. 

 

Table 1  Comparing the parameters of two models 

          Biot’s model                Yamamoto’s model 
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 m = ρf /β ( )1 / ,fm α ρ β= +

 

α is the added mass of the skeleton 
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In the early study, many investigators assumed 
that the energy loss was mainly due to the viscosity 
frictions[13]. But later some filed measurements[14,15] 
indicated that there were relative motions between 
grains except for the motion of fluid-grain. It can be 
concluded that there are two reasons to cause energy 
loss: one is due to the viscous friction of fluid-grain 
and the other due to the solid-to-solid friction at the 
point of contact between grains. Therefore, we con-
sider that the viscous dissipation is embodied in the 
Biot’s model and damping of viscous friction and that 
of Coulomb friction are embodied in the Yamamoto’s 
model. In the next section, the properties of the two 
models will be discussed starting from the elastic 
waves propagation. 

2  Comparison of the damping of elastic waves 

There are three types of elastic waves in the po-
rous medium: (i) fast compressional waves induced by 
the simultaneous motion of pore fluid and skeleton 
(called f wave); (ii) slow compressional waves due to 
the relative motion of pore fluid to skeleton (called s 
wave); (iii) shear waves represented by the shear vi-
bration (called T wave). Assuming loading waves to 

be harmonic motion ( ) ,i t kxe ω − %
 the dispersion equation 

for three elastic waves of Biot’s model is derived 
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in which / .f sm m i kη ω′ = −  Similarly, the dispersion 

equation of Yamamoto’s model can be obtained[16]  

by the substitution of , , ,H H C C M M→ → →%% %  

.G µ→ %  

Define the damping of the elastic waves as 

, , , ,8.686 Im( / )f s T f s Td kω ω= % , where the subscripts f, s, 

T mean fast compressional waves, slow compressional 
waves and shear waves, respectively. The calculated 
parameters are listed in table 2. 

2.1  The variations of waves damping with loading 
frequency 

Assuming the value of loading frequency range is 
from 10−2 Hz to 104 Hz (fig. 1). In the low frequency 
range of 10−2 < ω < 10 Hz, for the coarse sand (fig. 
1(a)) and the fine sand (fig. 1(b)), the damping of f 
waves and that of s waves for the two models are al-
most the same. It implies that both models are analo-
gous for transmit of compressional waves. However, 
the damping of T waves for Yamamoto’s model is 
much larger than that of Biot’s. As we know, the 
mechanism of shear energy dissipation in soil is due to 
a Coulomb friction, other than viscous friction[14]. 
Consequently, the Coulomb friction should be consid-
ered not only in fine sand seabed but also in coarse 
sand seabed. Some field measurements have indicated 
the conclusion[17]. 

In the high frequency range of 100 < ω < 10000 
Hz, for the case of coarse sand (fig. 1(c)), it is clear 
that the wave damping for Yamamoto’s model in-
creases with loading frequency increasing, but for 
Biot’s model, as ω > 1780 Hz, the damping does not 
vary with the loading frequency. It is implied that the 
viscosity frictions stop as the loading frequency 
reaches some value (Biot’s model) and the Coulomb 
frictions increase with the frequency increasing (Ya-
mamoto’s model). The latter is greater than the former. 
For the case of fine sand (fig. 1(d)), the trend of com-
pressional waves damping is almost the same for the 
two models. The damping of T waves, similar to low  

 
Table 2  Calculated parameters 

β 0.4 ks (m
2) 1.0×10−9 (coarse sand ),7.3×10−12 (fine sand) 

ν 0.33 G (N/m2) 5.0×107 (coarse sand),1.6×106 (fine sand) 

α 0.25 δ 0.05 

ρr/kg·m−3 2.65×103 Kr 3.6×1010/N·m−1 
ρf/kg·m−3 1.0×103 Kf 1.92×109/N·m−1 

 

(3) 
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Fig. 1.  The variation of elastic waves damping with the frequency of loading waves. The solid line denotes the solution of Yamamoto’s model, and 
the dash line is the solution of Biot’s model. 
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frequency, for Yamamoto’s model, is large and in the 
order of 103 and for Biot’s model, is rather small and 
in the order of 10. 

To sum up, for coarse sand, in the range of low 
frequency, the energy loss is mainly due to the viscous 
friction and in the high frequency due to the Coulomb 
friction. Otherwise, it is noticeable that the numerical 
results of the two models are significantly different 
though the parameter δ related to Coulomb friction is 
rather small. Therefore, the Coulomb friction affects 
elastic waves within soil distinctly. 

2.2  The variations of waves damping with porosity, 
shear modulus, permeability and viscosity 

As seen in fig. 2(a), as the porosity increases, the 
variations of f waves and T waves for the two models 
are quite different. The damping of f wave is nonlinear 
for Biot’s model and reaches the maximum at β = 0.13, 
but the damping of T waves increases linearly. How-
ever, the damping for Yamamoto’s model of f waves 
increases monotonously, but T waves were reverse. 
Even so the discrepancy of the energy loss due to 
shear friction in the two models is much large. Thus, 
the enlarging porosity could not submerge the effect of 
Coulomb damping. 

Fig. 2(b) shows the damping of compressional 
waves and shear waves resulting from shear modulus 
increasing. It is observed that the variations of f waves 
damping for the two models are just reverse. As the 
shear modulus increases, the damping decreases for 
Biot’s model and the damping increases for Yama-
moto’s model. The curves reveal that the viscous fric-
tion decreases and Coulomb’s friction increases when 
adding an augment stiffness, and the latter is greater 
than the former. It is also seen from the figure that the 
damping of s waves and T waves decreases swiftly in 
the same way. As G > 5×107 N/m2, the energy loss 
due to viscose friction and Coulomb friction can be 
ignored. 

Given permeability range from 10−10 to 10−9 m2, 
though the damping of f waves and T waves increases 
linearly, the augment is rather small. It can be con-
cluded that the effect of permeability on f wave and T 
wave damping is rather small (fig. 2(c)). 

The waves damping versus viscosity is plotted in 
fig. 2(d). As the viscosity enlarges in one order, the 
damping of f waves and T waves for Yamamoto’s 
model almost remains, but for Biot’s model it nearly 
approaches zero. It is noticed that the Coulomb damp-
ing represented in Yamamoto’s model is much larger 
than viscosity damping and the viscosity damping in 
Biot’s model can be shown in the damping of s waves.  

Comparing the curves of 12 groups it is found 
that all the s waves damping for Yamamoto’s model 
varying with soil parameters is close to Biot’s, and T 
waves damping for Yamamoto’s model is three orders 
larger than that of Biot’s at least. It should be con-
cluded that the variations of viscosity friction with soil 
parameters in the two models are the same and the 
variations of Coulomb friction with soil parameters 
have been shown by the curves of T wave obtained 
from Yamamoto’s model. 

3  Comparing loading waves damping with varia-
tions of stress angles 

The response of loading wave and stress field 
within soil are very important to ocean engineering. It 
is obvious, by comparing the above basic equations, 
that forms of motion equation of both models are the 
same, so the relation derived by ref. [16] can be used 
to calculate the wave damping and the distribution of 
stress. 

3.1  Loading waves damping 

Fig. 3 shows the loading wave damping as water 
wave propagates over coarse sand seabed and fine 
sand seabed. The damping is almost the same for 
coarse sand seabed (fig. 3(a)), but for fine sand seabed 
the damping for Yamamoto model is two orders as 
great as that of Biot’s model (fig. 3(b)), and the results 
have been proved by the experiment[18], detecting that 
the motion of seabed makes Coulomb friction strong 
and enlarges the wave damping. If Coulomb friction 
has not been taken into consideration even if the sea-
bed motion is considered, the characteristic has not 
been made clear (Biot’s model). 

3.2  Comparing stress angles  

The angles distributions of pore pressure, shear 
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Fig. 2.  Elastic waves damping for various soil parameters. The solid line denotes the solution of Yamamoto’s model, and the dash line is the solution 
of Biot’s model. 
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Fig. 3.  Loading waves damping in different kinds of sand seabeds, 
The solid line denotes the solution of Yamamoto’s model, and the dash 
line is the solution of Biot’s model. 

stress and normal stress plotted in fig. 4(a)—(d) are 
porosity, shear modulus, permeability and viscosity. 

As shown in fig. 4(a)—(c), with the increasing 
porosity and permeability, the angles of pore pressure 

are almost identical for the two models and the angles 
of normal stress and shear stress trend uniformly. Al-
though the tendency of pore pressure angles is reverse 
for the two models as viscosity varies, the value is 
rather small, just around 2°. Therefore, we consider 
that the variations of stress angles with the soil pa-
rameters are considerably against the two models. In 
other words, at that time, the effect of Coulomb fric-
tion on stresses field is rather small and could be ne-
glected. 

However, more attention should be paid to the 
distribution of stress angles with shear modulus (fig. 

4(d)). As shear modulus G  <  5×105 N/m2, the 
wave-induced pore pressure by Yamamoto’s model 
was out of phase with that of Biot’s model extending 
to 10°. This result exhibits similarity to Sleath’s ex- 

 

 
Fig. 4.  The variation of stress angles with various values of soil parameters. The solid line denotes the solution of Yamamoto’s model, and the dash 
line is the solution of Biot’s model. 
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periments[19]. At the same time, the angles of normal 
stress and shear stress for the two models are reverse. 
As shear modulus G > 106 N/m2, both models are al-
most equivalent. It may be deduced that the stress an-
gles are most sensitive to shear modulus and Yama-
moto’s model is suitable for the case of G < 5×105 
N/m2. 

4  Conclusions 

The following conclusions can be drawn from the 
above analysis: 

(1) The mechanisms of energy loss embodied in 
the two models are different, the viscous friction is 
created by Biot’s model and both viscous friction and 
Coulomb friction are produced by Yamamoto’s model. 

(2) For low frequency, the viscous frictions play a 
main part in coarse sand seabed and the Coulomb fric-
tion in fine sand seabed. For high frequency, both vis-
cosity friction and Coulomb friction should be taken 
into consideration in coarse sand seabed and for low 
frequency, Coulomb friction should be considered in 
fine sand seabed. 

(3) The representations of viscosity friction in the 
two models correspond with each other, the viscosity 
friction for Biot’s model is reflected on damping of 
slow compressible waves and the Coulomb friction for 
Yamamot’s model on damping of shear waves. 

(4) As shear modulus G < 5×105 N/m2, Yama-
moto’s model is suitable. As shear modulus G > 106 
N/m2, both models are equivalent. 
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