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Abstract A theoretical expression for vertical profile of horizontal velocity in terms of its depth-average is derived
based on oscillatory boundary layer theory and estuarine flow characteristics. The derived theoretical profile is then n-
corporated into a vertical quasi-two-dimensional model, which 1s proved advantageous in more physical implications and
less CPU time demand. To validate the proposed model, the calculated results are compared to the field data in the
Yangtze River Estuary, exhibiting good agreement with observations. The proposed quasi-two-dimensional veriics! model
is used to study mixing process, especially dependence of salinity distribution and salt front strength on canoti ard tides in

estudries .
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Recently, people paid mose attention to the mixing process in estuaries, where a river enters into
open sea and fresk waier mixes with salt water. In estuaries, suspended sediment particles flocculate
more casliy in the sall water environment, thus leading to much larger sediment settling velocity and
affecting sedinient transport in these areas'!!. It partly accounts for the formation of submerged sand
bar, a severe natural obstacle to navigation as well. In addition, intrusion of salt water is an important
factor for crop growth, soil improvement and water supply.

There are generally three types of mixing processes corresponding to different estuaries: sharply
stratified estuaries or salt-wedge estuaries, partially stratified estuaries and well-mixed estuaries. In a
sharply- stratified estuary, tidal range is so small and runoff discharge is so large that fresh water runs
seaward along the upper layer and salt water intrudes upstream from the lower layer. Mixing only takes
place nearby the interface between two layers by entrainment. There have been many researchers who
studied this type of mixing, mainly on the dependence of location and geometry of the arrested salt

[2=4] 1 a well-mixed es-

wedge on runoff and tidal discharge, and the interfacial mixing mechanism
tuary where tidal range is large and runoff discharge is small, tidal force causes strong turbulence,
and hence results in a vertically uniform salinity profile. The dynamic process can be modeled by one-
dimensional hydrodynamic analysis. Han et al. 5] modeled the salt water intrusion in the
Qiantangjiang Estuary by using conservative equations of mass, momentum and salinity. As for the
partially stratified estuary, such as the Yangtze River Estuary in China, the salinity distribution has
displayed distinct three-dimensional characteristics .

Theoretically, a good description for estuarine flow features and transport processes of passive
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scalars, such as sediment and salinity, can only be obtained by 3D mathematical models. For exam-
ple, Zhou'®! and Kuangm applied the 3D models to the Yangize River Estuary, giving reasonable ex-
planations for variations of salinity and sediment concentration. However, it is not very easy to get a
good insight into the mechanism of passive scalar transport by three-dimensional models with so many
physical factors involved. Moreover, the accuracy of three-dimensional analysis is limited by capabili-
ty of computers available. Therefore, two-dimensional'® or quasi-3D mathematical models are more
practical . For instance, to compute circulation in shallow waters, Jin et al. (] developed a quasi-3D
numerical model composed of two modules, one of which computes the depth-averaged flow, and the
other determines the vertical distribution of the flow velocity. Irene et al 10! proposed a quasi-3D
model for suspended sediment transport based on an asymptotic solution of the convection-diffusion
equation, in which a flow velocity profile is assumed to have a logarithmic shape. These studies
lessen CPU time by simplifying computational method, but lack in physical meaning. At least, it is
not reasonable to apply a logarithmic profile to the velocity of oscillatory flow in estuaries at the rever-
sal moment, when upper and botiom fluid flow oppositely. Collins et al.*""! concluded, by analyzing
192 current velocity data sets collected from the intertidal flats of the Loughor Estvery and Swansea
Bay (South Wales) , that less than 40% of the data sets are logarithmic in characier. Hence, the log-
arithmic velocity profile is not a good assumption for oscillating flow in estuaries.

With an emphasis on the physical processe: of estaarine flow, we have analyzed the vertical
structure of the flow via oscillatory boundary layer theory and runoff-tide decomposition approach.
Then, we propose a monei which is capabie of zredicting salinity advection-diffusion processes rather
well and is validated by field measurement in the Yangtze River Estuary. Finally, the proposed model

is vsed to investigete tundamental laws of salt-and-fresh water mixing in estuaries.
1 Vertical structure and estuarine flows

1.1 Estuarine flow characteristics

In an estuarine region, tides force the fluid to oscillale back-and-forth, resulting in periodic
variations in flow velocity with tide. In one tidal cyvcle, there are four particular phases or moments:
namely, low water rapid (LWR) with maximal ebb speed, high water rapid (HWR) with maximal
tide speed, low water slack (LWS) at which the flow turns from ebb to flood, and high water slack
(HWS), the transition instant from flood to ebb. For convenience, we define u$, and U, as the
top velocity and the depth-integrated one at LWR, respectively, and u%,, and U,,, as the top and
depth-integrated speeds at HWR, respectively. Around the rapid water instants, the current runs in
the way very much similar to a unidirectional flow in a river, owing to the long tidal period, usually
12 or 24 h. While around the slack water instants, flow reversal occurs. The flow is evidently charac-
terized by the upper currents opposite to the lower currents. Runoff, another hydrodynamic factor, su-

perposing on tides, results in a seaward net flux of flow. Therefore, we have ub, > - ub,, and

min

Uiax > = Upin+ To facilitate analysis, it is necessary to decompose the effect of runoff and tides as
follows:

U=U +U,, (1)

ulz) = u.(z) + u,(z), (2)

where U is the depth-averaged velocity, u(z) the dominant longitudinal, and the along-river current
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component at vertical coordinates z; U, , U, denote the tide and runoff components of U respective-
ly, and u,(z), u.(z) the tide and runoff components of u(z). u,(z) can be deduced from u},
the tide component of the speed at the free surface, via oscillatory boundary layer theory, and u.(z)
can be expressed in terms of 1%, the runoff component of the speed at the free surface, by using loga-
rithmic law for unidirectional flow velocity, which is accurate enough for engineering purpose, we de-
fine

1 1 -
UE = _2—[ u?—nax + u%’nin] ’ uiv = ?[ ufnax - ugrrlm]cos(}S ’
in which ¢ is a phase.

According to the logarithmic law of velocity profile, we have

n g

Khl/ﬁ

max

n\/é)’

’chl/ﬁ

min

urcnax = Umax(l + ) ’ ugnm = Umin(l +

where g is the gravitational acceleration, « is the von Karman’s constant, n is the Manning s rough-

ness coefficient, and h h win are the depths respectively corresponding to U,,, and U,, .

max ? min

1.2 Vertical profile of flow velocity

Only based on understanding vertical structure of flow can salinity advection-diffusion processes
be described precisely, although horizontal velocity of shallow water fiow 15 nearly uniform. The verti-
cal two-dimensional structure can be delineatzd Ly oscillatory bouraary layer theory and runoff-tide
decomposition, since the characieristic of estuarine flow is similar to that of oscillatory boundary layer
as stated above. I this way, uw(z), the vertical distribution of horizental velocity, can be deduced
from the time series of 1/, ihe depth-averaged velocity. Furthermore, w(z), the distribution of verti-

cal velocity. can be obtained with the help of continuum equation.

1.2.1 Relationship between u,(z) and u}. Integrating logarithmic formula
u(z)
AL llnz + ¢ (3)
Uy, K

along vertical coordinates yields
U,

Uy,

:ilnh—i+c, (4)
K K

in which u , , is the friction velocity of the runoff component of estuarine flow, ¢ is a constant, and A

is the water depth. Substitution of h for z into eq. (3) leads to

¢

© = Lk v (s)
K

Uy,

u

Subtracting (3) from (5), we have

P - h
u = ulz) 1, h (6)
Uy, K z
Subtracting (5) from (4), we have
ul = U, + h. (7)
K
By the Manning formula we can deduce
Uy, = ngU/h"®, (8)
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Solving the simultaneous eqs. (6)—(8), we obtain the following relationship

1 h
u(z) = ut l—wlnT (9)
I+
n Vg
1.2.2 Relationship between u, (z) and u} . As the reference frame is fixed on the bottom, os-

cillating water with its top speed as simple harmonic as uf = 7[ ut, - ub Jcos$ = Acosd will

cause every layer of fluid in z direction to move back and forth due to the fluid viscosity according to

Nielsen' 2! Its velocity distribution can be written as

2 \P S \P .
u,(z) = Acos$ - Aexp(- (?) )cos((g‘) - 55), (10)
in which & = i)—y is the so-called Stokes length, v is the kinematic viscosity, w is the oscillating

circular frequency, A is the amplitude, p is a constant which may be 1/3 for turbulent flows, and the

. . L X
phase ¢ is an unknown but should satisfy U, = ZJ u,(z)dz, where U, = U - 1/,, and U, can be
0

obtained by solving (7) and (8) simultaneously. Substituticn of ¢ 10) ard integration lead to

. . U, (11)
¢ = arcsin - ¢,
V(A + )+ B?
in which ¢ = arctan A; a ,

e = gt~ (5 NG < DU - r)eo §) = ()« 1)snl3) T 1}
2= st = (GG )+ QUG w r)eo )+ ((5) - 1)l 511

Egs. (9)—(11) establish the relationship between u(z) and U, by which the two-dimensional flow

field can be obtained based on one-dimensional velocity field rather than solving the two-dimensional

momentum equations directly .
2 Vertical two-dimensional model and its validation

2.1 Governing equations

One-dimensional continuum equation in shallow water is

I Uk
91 + EP = 0. ( 12)
And the momentum equation looks like
U U ¢ ghdp  JUIU
_ U - = - - = - ) 13
dt * dx £ dx 0 dx £ C°h (13)

The state equation is written as

p = po+ 7s. (14)
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In addition, the vertical two-dimensional continuum equation takes the form of

du dw
£+(7~: =0, (15)

and the vertical two-dimensional advection-diffusion equation of salinity is

ds dus dws 3 ds aJ ds
7" 9. tas =ax(DIax)+az(D~'az)' (16)

In the above equations, ¢ is the time, x,z are the horizontal (seaward) and vertical (upward)

coordinates, respectively, { is the water level, h is the depth, U is the vertically mean velocity, g
is the gravitational acceleration, C is the Chezy coefficient, p, p, are densities of salty and fresh wa-
ter respectively, g) is the depth-averaged density, s is the salinity, 7 is a constant which approxi-
mates 0.000 7 provided s is measured in %o, u,w respectively denote x- component and z-compo-

nent of the flow velocity, and D, and D, are horizontal and vertical turbulent diffusivity.

2.2 Solving steps and methods

The steps to solve the above equations are as follows. First, solving eqs. (12)—/14) simulta-
neously yields the time series of mean speed U and water level ¢ in a tidal cvele. Secendly, u(z) is
obtained via eqs. (9)—(11). Thirdly, w(z) is dedvced from eontinuum eq. (15). Aud finally,
the salinity advection-diffusion eq. (16) is solvable. Ry the above steps salinity distnbuting in the ver-
tical plane is obtainable. However, iterations are needed dus to the uaknown s in the state equation.

Numerical method must bz used to sclve ecs (123 and (13) for the nonlinearity. Here, we
adopt Preissmann iniplicil. finite difference scheme, commonly used for its advantages of good stability
and less CPU time. Fqg. (16) is discretized by up-wind difference scheme and ADI method. TDMA

approach: is introduced to solve the discrete equation system.

2.3  Validation of the model

Measurements in the North Channel waterway of the Yangize River Estuary are used for valida-
tion. The measurements include hourly tide levels on September 3,4 and 5, 1989 at the gauging sta-
tions of Hengsha, Middle of North Channel, 18 km downstream from Hengsha, and Jiuduandong, 40
km downstream from Hengsha, and salinity data at SN2, SN3 and SN4, respectively situated at 8, 12
and 16 km downstream from Hengsha station. The simulated domain is meshed with horizontal space
step Ax =2 km, 20 grid points, and vertical divisions of 10 layers, 11 grid points (including those at
the bottom and the free surface). The time step is A¢ =

o Measured 60 s and the roughness coefficient n = 0.01. Taking
—~Calculated

6

Hengsha station as the upstream boundary and Jiuduan-
dong as the downstream boundary, with a 24-h time series
of tide levels during 6:00 September 4—6:00 September
- 5 as the boundary conditions and £(x,0) =0 and U(x,

z,0) = 0 as the initial conditions, we simulate the time

[ %) -~ (¥
T

Water level elevation/m

' . ' series of water level at Middle of North Channel station,
0 4 8 12 16 20 24 . , o
t/h which is compared with the measurement in fig. 1, show-

ing good agreement. Fig. 2 depicts the calculated flow

Fig. 1. Time senes of water level at Middle of fie]q in vertical plane around HWR and LWR. Vectors in

North Ch 1. . .
¢ anne the figures demonstrate that horizontal component of the
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velocity 1s much greater than the vertical component. These patterns is implied by dimensional analy-
sis. If the scales of horizontal and vertical components of the flow velocity are characterized by U and
W, respectively, and the length scales in horizontal and vertical directions are denoted by L and H ,
respecively. W = UH/L holds from the continuity equation (15). In the present case, H =10 m,
L =40 000 m, and hence W =2.5x10"* U, suggesting that the calculated flow field reveals the
real flow patterns approximately .

As for salinity validation, the downstream boundary is placed at the site of SN4 owing to the lack
of salinity data at Jiuduandong station, where water levels, as boundary conditions, are obtained from
the water level validation. Salinity at Hengsha as the upstream boundary can be taken as zero because
Hengsha station is situated approximately at the limit section which divides salt and fresh water'*" .

According to Kuangm , horizontal diffusivity D, = 500 m?/s, and vertical diffusivity has the form

Ku*:(l—;), ;<0.5,
D, = :
Z/cu,,h, h-;O.S.

Here u . is the friction velocity of the mean flow. Initial salinity tield s( ¥, <,0) = © leads to the sta-
ble results only after a few tidal eycles. Fig. 3 compares the calculated salimity vme zerics at the site
of SN3 with the measured ones at six different heighis of 6.0, 0.2, 0.4, 0.5, 0.8 and 1.0 h. The

agreements are rather well, i.e. they are within the permitted errors for engineering purpose.

4 YA ! 15
= —s-2 /s
4 INL NN lo-
\ ‘:::;::::--<,---<<---< 50 - d
]I— R s DR R . 00h
0 "4:‘:::_‘<‘---:::‘:: 0
Y R 10k
-2k ""::'<_<"-<"'-<-- Js >
s <:::‘..<-‘:-‘_,,-:-_:-_ o .® 02h
5| S )
g 3 (a) 2 5§ . s 04h
g 6 2 9 -
& 3t £
23] S —2m/s S lor .
1+ % > vee 0.6h
ok 0
-1r 10
2k Se > ®ae
0.8h
-3 0
- 10+
_5_ (h) 5 -
-6 S T T N SR SR SR N (,)w : .'I 1 10h
Z 5 2
5 0 5 10 15 20 25 30 35 40 45 0 6 12 18 24
Distance from Hengsha/km th
Fig. 2. Flow fields around instants of HWR (a) and Fig. 3. Time senes of salinity at the site of SN3.

LWR (b) in North Channel waterway .

3 Influences of runoff and tides on the salt-and-fresh water mixing

Usually, mixing processes in estuaries are very complicated due to the coupled interactions of
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different dynamic factors and irregular topography. For simplicity, a plane bottom is assumed to facili-
tate analyzing the influences of runoff and tides on the mixing processes. The adopted parameters are
referred to those of North Channel waterway of the Yangtze River Estuary. For example, the depth is
taken as 10 m below theoretical datum plane. The hydrological factors are given in table 1.

Table 1  Parameters for the studied cases

Conditions As/Ax/km™!
Case label N

te/m uc/mes”™! HWS LWS
a 2.0 0.1 0.13 0.48 0.73
b 1.0 0.1 0.18 0.61 0.86
c 0.5 0.1 0.22 0.69 1.03
d 0.5 0.2 0.40 1.09 2.11
e 0.5 0.3 0.57 1.50 3.10

In table 1, te denotes the amplitude of tide level, half of the tidal range, wuc stands for the
runoff component of velocity at the upsiream boundary, and N, called mixing index, is defined as the
ratio of runoff volume to the flood volume during tides, expressing the relative stren:gtiz of runoff and
tides.

3.1 Longitudinal distribution of mean salinity

Variations of salinity with runoff and tides can be obtained by case studies (see fig. 4). Com-
parisons between cases a—¢ and Dbetiveen cases ¢—€ reveal the variations of salinity with tides and
runoff respectively . Fig. 4 suggesis that lengitudinal mean salinity distribution is dependent on phase,
tidal range and runoff discharge. The gradient is the smallest for the most upstream salt water intrusion
at HWS, while it is tne greatest for the most downstream salt water intrusion at LWS. And it is be-
tween these two values at any other moments. At a given phase, the gradient decreases with increas-
ing tidal range or hydrodynamic tidal force, if runoff discharge remains unchanged. When te = 2.0
m, uc =0.1 m/s, the longitudinal salinity profile is approximately linear. If tidal range remains the
same, an increase of the runoff discharge causes large salinity gradient, the longitudinal profile devi-
ating from linear one. In fact, we may as well introduce one variable, the mixing index, to explain
the variation of longitudinal salinity distribution at a given phase with tides and runoff. For cases a—
e, the degree of mixing becomes weaker gradually, its index increases, and salinity gradient grows
correspondingly. When the index takes the value of 0.13, the longitudinal salinity profile approxi-

mates to a linear one.

3.2 Variations of salt front

The “front” concept was early used in meteorology, representing the interface between two air
masses with different temperatures. This concept has been introduced into oceanography to describe
the interface between two water masses with different temperatures or densities, where the gradient of
every hydrological quantity (such as salinity and density) is large. Nearby the front, salinity favors
the flocculation of sediment particles, and the circulation caused by density difference concentrates

the suspended sediment. All these effects result in the formation of “turbidity maximum” in an estu-
ary.

The salt {ront intensity can be quantified by the longitudinal salinity gradient, %i‘ . In the table
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(f) case c: te=0.5, uc=0.1.

of studied cases the mean salt front intensities at HWS and LWS are listed. The figures show that

increases with N, namely, the salt front becomes more
tidal range decreasing. Thus it can be inferred that the
than that in dry season. On the other hand, the salt
front intensity on ebb is greater than that on flood, ow-
ing to the seaward movement of the salt front forced by
runoff on ebb and the upstream movement of the salt
front forced by tide on flood. These statements are as

As .
~_ against

Ax

N, showing approximately linear increases of salt front

well demonstrated by fig. 4. Fig. 5 plots

intensities with mixing indices, with different slopes at
different phases (the slope tums from its minimum at
HWS to the maximum at, LWS) .

Field measurements indicate that a salt front with
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the greatest longitudinal salinity gradient exists in an estuary all the year round. Its intensity and posi-
tion are phase-, runoff- and tide-dependent. This is indicated in fig. 4. At HWS instant, the greatest
salinity gradients of cases a—e are 0.70, 0.94, 1.00, 1.37 and 1.78 km™', respectively. The
fronts are located at some 20, 25, 28, 32 and 36 km downstream from Hengsha station, with the po-

e

sition displacement approximate 16 km.

3.3 Salinity distributions in the vertical plane

Salinity contours in the vertical plane (see fig. 6) describe the patterns of salinity distribution
both in longitudinal and vertical directions, which show different characteristics related to different
combinations of hydrological factors, and periodic variations for a given combination of hydrological
factors. In fig. 6{a)—(d) are plotted the contours of case b (te = 1.0 m, uc =0.1 m/s) at slack
water and rapid water phases, which once again depict the characteristics of longitudinal mean salinity
distribution shown in fig. 4, e. g. the salt front intrudes most upstream at HWS for tide effects, and
is pushed to the most downstream end at LWS by runoff force. Meanwhile, a rudimentary salt-wedge
can be seen from the figures, which results from density flow. On the other hand, in the vicinity of
the upstream end, to which salt water cannot reach, and the downstream end, where there is little
fresh water, salinity distributed uniformly in vertical direction. Therefore, the vertical salinity gradi-
ent experiences a small-to-great-to-small variation, si:ggesting uniforin vertical calimity profiles at the
two ends and non-uniform ones in the middle area.

Figure 6(d)—(f) compare the salinity contours of diiterent tidal ranges, 0.5, 1.0 and 2.0 m,
with the same rmg'T disheirge. i can be szen that the salt front approaches more upstream with in-
creasing tidal force when runoff discharge remains unchanged, with a 5-km shift of front locations.
Likewise , s comparison of the salinity contours of different uc values, 0.1, 0.2 and 0.3 m/s, with
a given tidal range is made between fig. 6(f),(g) and (h), suggesting that an increase of runoff dis-
charge constrains the upstream intrusion of the salt water and makes the salt front move seaward, with
a 15-km shift of front positions. Therefore, effects of runoff and tides make the salt front oscillate

downstream and upstream respectively, the former effect being more apparent.
4 Concluding remarks

Based on the physics of estuarine flow, we have derived the vertical velocity profile of an oscilla-
tory flow via oscillatory boundary layer theory and runoff-tide decomposition approach. And we have
proposed a quasi-2D model for flow and salinity predictions, which is validated by the field measure-
ments in North Channel waterway of the Yangtze River Estuary.

The proposed model is used to study salt-and-fresh water mixing processes in estuaries. General
conclusions are drawn as follows: Longitudinal salinity distributions vary with the relative dominance
of runoff or tides. When the mixing index approaches to 0.1, they are linearly distributed. In addi-
tion, the distribution gradients are phase dependent, taking the smallest value at HWS and the great-
est one at LWS. As for the vertical salinity distributions, the gradients experience small-to-great-to-
small variations. A salt-wedge can be found at the downstream end. The salt front moves seaward with
increasing runoff discharge, and shifts upstream with increasing tide forces. The mean salt front inten-
sity approximately varies with the mixing index linearly.

The model sets a foundation for further studying sediment iransport in estuaries. As compared
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Fig. 6. Variations of salinity contours with time, runoff and tides.
with other simplified mathematical models, it is advantageous in more apparent physical implications
and less CPU time. However, the model is not kept valid in some local areas where topography
changes abruptly due to the deviations of flow from oscillatory boundary layer. Also, for the strongly

stratified estuaries, the model again leads to some errors, since the flow is no longer one-dimensional
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owing to the large vertical salinity gradient.
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