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Can stress—strain relationships be obtained from indentation
curves using conical and pyramidal indenters?
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Applying the scaling relationships developed recently for conical indentation in
elastic—plastic solids with work-hardening, we examine the question of whether
stress—strain relationships of such solids can be uniquely determined by matching the
calculated loading and unloading curves with that measured experimentally. We show
that there can be multiple stress—strain curves for a given set of loading and unloading
curves. Consequently, stress—strain relationships may not be uniquely determined from
loading and unloading curves alone using a conical or pyramidal indenter.

For nearly 100 years, indentation experiments have We consider a three dimensional, frictionless, rigid
been performed to obtain the hardness of mateti®e:  conical indenter of a given half angle, indenting nor-
cent years have seen significant improvements in indermally into an elastic—plastic solid with work-hardening.
tation equipment and a growing need for measuring th& he stress—strains¢) curves of the solids under uni-
mechanical properties of materials on small scéfes. axial tension are assumed to be given by
With these improvements, it is now possible to monitor,
with high precision and accuracy, both the load and dis-

- Ty ) ) c=Ee , fore=—- |,
placement of an indenter during indentation experiments. E
From the loading—unloading curves, the hardness and % @
elastic modulus of materials can be obtained using the oc=Kg" , fore= E

methods proposed by Doerner and Niliver and

Pharr? or Cheng and ChenfyRecently, a number of \whereE is Young's modulusy is initial yield stresskK
papers have also suggested the possibility of extracting strength coefficient, and is work-hardening expo-
the mechanical properties of materials by matching th¢\ent!2 To ensure continuity, we not& = Y[E/Y]".
loading and unloading curves calculated using finite el-ConsequentlyE, Y, n,and Poisson’s ratioy, are suffi-
ement methods with that measured experimentafly. cient to describe the stress—strain relationship. Winen
However, the question remains as to whether the stresss zero, Eq. (1) becomes the model for elastic—perfectly
strain relationships can be uniquely determined from th)astic solids. For most metals has a value between
loading—unloading curves alone. 0.1 and 0.53

In this paper, we first examine the essential features of From geometric self-similarity, the equations describ-

indentation loading and unloading curves using the scalng the relationships between forde, and indenter dis-
ing relationships for conical indentation in elastic—plasticplacementh, can be written as

solids!®**Using these features, we show that essentially
the same loading—unloading curves can be constructed
form different stress—strain relationships. Consequently,
stress—strain relationships may not be uniquely deter-

mined from loading and unloading curves alone using a F = EFAI (Xﬂ on 9) for unloading
'Y 1 L 1 1

Y
F= EhZHu(E,v,n,e) , for loading, 2

conical or pyramidal indenter. E'h,,’
(2)
aAddress all correspondence to this author. wh(_ereHu and_Hy are two dlme_nsmnless functloqs, and_
e-mail: Yang_T._Cheng@notes.gmr.com h,, is the maximum depth the indenter reaches immedi-
Pe-mail: zhengzm@LNM.imech.ar.cn ately before unloading.
J. Mater. Res., Vol. 14, No. 9, Sep 1999 © 1999 Materials Research Society 3493

http://journals.cambridge.org Downloaded: 13 Nov 2013 IP address: 159.226.200.35



../../../welcome.pdf
http://www.mrs.org/publications/jmr/comments.html
../../../help/help.pdf
http://journals.cambridge.org

Rapid Communications

From these equations, the essential features of loadingsing Eq. (4), the integral in Eq. (6) is independent of
unloading curves can be obtained. For example, the initidisplacement. Consequently, the ratio g, — W,)/W,.,

unloading slopedF/dh,_, , is given by is independent oh,,,
1 dF (Y ) (Y ) W — W, %
_— =Il'{=,2v,n0 | +2[I,|=,1v,n0 _tot “u_ _
Ehm dh h=hy, "\E Y\E Vvtot Hw(E,V,n,O) ’ (7)
= H8<E’V-n!9) , (©) i.e., a dimensionless function &fE, v, n, and 6.

The dimensionless functionHl,(Y/E,v,n9)(i =
wherelly is a dimensionless function ofE,v, n,andd. a3,$,w) have been calculated using ABAQUSiinite
The final depth,h;, at which the force on the indenterelement analysis. The finite element model has been dis-
reaches zero during unloading is a solution of E4) {@& cussed in detail previously.***>*The rate-independent,

F = 0 and can, therefore, be written as incremental theory of plasticity in ABAQUS was used
for the finite element calculations. In particular, the plas-
ﬁ _— (Iv ne) 4 ticity theory uses the Mises yield surface model with

h, P\E"T ’ associated plastic flow rule. The hardening rule used was

, ) ) ) that of isotropic hardening and the hardening curves were
wherell,, is a dimensionless function. given by Eq. (1). The frequently used half angle of 68°

From Eq. (2), the total work done by the indenté,,  for the rigid indenter and a typical Poisson’s ratio of 0.3
to cause elastic and plastic deformation when the indenigy; the solid are chosen to illustrate the essential physics
reaches the maximum depthy,, is given by of conical indentation in elastic—plastic solids with work-

3 hardening. To simplify notatiod];(Y/E,n) (i = a8,b,w)
W = fhm Fdh = Eh, I (X »n 9> (5) is used instead dff;(Y/ED.3n,68°) ( = a,9,b,). These
tot ol oVl . . . . .
0 3 E scaling functions are shown in Figs. 1(a) to 1(d).

The work done by the solid to t.he ind(?nter during unIoaqwﬁnqlgzﬁt?t?gg}[i@g%l(:C) &r}g 2(nd3 Eig(\giéf%thjt the
ing, W,,, can be expressed, using Eq:)(2s (W, — W,)/W,,,, are strongly correlated within our range
her N v of calculations. An approximately linear dependence be-
W, = f Fdh= Eh, fhf x2HV<E,x,v,n,6>dx _ tween the two is shown in Fig. 2. In fact, Louledtal *©
i o was the first to suggest, based on experimental observa-
(6) tions, a linear relationship betweeW(, — W )/W,,; and
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FIG. 1. Scaling relationships for (&/EF?, (b) (LER)AF/dh, (c) h/h, and (d) Wi, — W)W,
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h:/h. The present extensive finite element results (Fig. 2) Because pyramidal indenters are also geometrically
corroborate their empirical observation. Consequentlyself-similar, scaling relationships such as those for coni-
Egs. (2), (3), and (4) [or (7)] and the respective Figs. 1(a)cal indenters exist' Furthermore, because previous nu-
1(b), and 1(c) [or 1(d)] can be used to describe thamerical work has shown that the loading and unloading
essential features of indentation loading and unloadeurves are the same for pyramidal and conical indenta-
ing curves. tion, provided that the volume-to-depth relationships are
For a given set of basic mechanical propertgs;, Y,  the same for the two types of indentéfsConsequently,
and n, the essential features such as the loading curvdpading and unloading curves from pyramidal indenta-
dF/dh,_y, , andh¢/h,, [or (Wi, — W,)/W,,] can be de- tion alone also cannot uniquely determine stress—strain
termined from Egs. (2), (3), and (4) [or (7)]. Conversely, relationships.
these scaling functions can be used to find the appropri- We have shown that the stress—strain relationships
ate values ok, v, Y, andn for a known set of essential may not be uniquely determined from indentation load-
features. However, this inverse problem is not unique. ing and unloading curves obtained using a conical or
The non-uniqueness is demonstrated as follows. For pyramidal indenter. Hardness and elastic modulus, how-
givenv, the Young’s modulusE, can be uniquely deter- ever, can be obtained from these curves afbrieAl-
mined from loading—unloading curves using, for ex-though the above conclusions were obtained for ideally
ample, the method of Cheng and Chénblow with  sharp conical and pyramidal indenters, they should be
knownE andv, we first find values ofY andn that result  applicable to those indenters with rounded tips, provided
in the same loading curves. This is accomplished byhat the indentation depth is sufficiently large and the
drawing a straight line in Fig. 1(a) parallel to the hori-
zontal axis (i.e., thé//E axis). Those values of andn
corresponding to the intersects of the horizontal line and 100
IT1_(Y/E,n lead to the same loading curves. Similarly, the & E=200, Y=19, n=0.0
values ofY andn that generate the same initial unloading 80 H o B=200 Y=18’ 0.1
slopes and final depths can be obtained from Figs. 1(b) ’ e
and 1(c). In fact, the range of values ¥fandn found 5 ¢o || ° E=200, Y=15,n=03| 4
o E=200, Y=12,n=0.5| ,

from Figs. 1(a)—1(c) overlaps with each other. Conse-
quently, the values of andn that satisfy all three con- ~ 40
ditions in Figs. 1(a)—1(c) can be found. Following this M=
procedure, two sets of essentially the same loading and
unloading curves calculated using ABAQUS are shown

in Figs. 3(a) and 3(b) for the cases of large and sivi],

respectively. It is evident that the loading and unloading 0
curves are indistinguishable if the essential features such 0.00 0.20 0.40 0.60
as the initial unloading slope, final depth, and maximum (5, h (um)

load are the same. Therefore, loading and unloading 40

curves from conical indentation alone cannot uniquely
determine stress—strain relationships. - E=200, Y=2.36, n=0.0
30 Fl o E=200, Y=2.00, n=0.1
7~ Af‘
o % o E=200, Y=1.24,n=0.3 | 4
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0.0 l . . . FIG. 3. Examples of overlapping loading and unloading curves for
’ (a) highly elastic solids (i.e., large Y/E) and for highly plastic solids
0.0 02 04 06 08 1.0 (b) (i.e., small Y/E). The Poisson’s ratio is 0.3 for these cases. The
h,lh calculated hardness values are (a) 31.7, 32.6, 31.4, and 32.1 GPa for

the respective four casea ([, ¢, andO) and (b) 6.0, 6.5, and 7.4
FIG. 2. A relationship betweel\(,, — W )/W,,; andh; /hfor 0 <h;/h< 1.0. GPa for the respective three casés {J, and ¢).
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loading and unloading curves approach those obtaine.

using the ideally sharp indenters. A discussion on the
effects of tip rounding on the shape of indentation load-

question of whether stress—strain relationships of solids

can be uniquely determined by matching the calculated®-

loading and unloading curves with the measured ones’ SV Myers, J.A. Knapp, D.M. Follstaedt. and M.T. Dugger,

remains to be investigated. The possibilities of using sevy
eral conical indenters of different angles to obtain stress—

strain relationships should also be investigated both1.
12. J. Lubliner Plasticity Theory(Macmillan, New York, 1990).
13.

experimentally and theoretically.
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