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Analytical Interaction of the Acoustic Wave and Turbulent Flame
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A modified resonance model of a weakly turbulent flame in a high-frequency acoustic wave is derived analytically.
Under the mechanism of Darrieus—Landau instability, the amplitude of flame wrinkles, which is as functions of
the expansion coefficient and the perturbation wave number, increases greatly independent of the ‘stationary’
turbulence. The high perturbation wave number makes the resonance easier to be triggered but weakened with
respect to the extra acoustic wave. In a closed burning chamber with the acoustic wave induced by the flame
itself, the high perturbation wave number is to restrain the resonance for a realistic flame.
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The dynamics of the premixed turbulent flame is
one of the most interesting and important problems
in the combustion science. It has wide backgrounds
in many fields, such as gas engines, future hypersonic
propulsion systems and supernova explosion. The in-
herent hydrodynamic instability of a premixed flame
front, known as Darrieus—Landau instability,[!! is vital
in the flame dynamics and has been studied widely. It
wrinkles, corrugates and accelerates the flame front,
which will induce acoustic waves or pressure waves.
Then the wave retroaction influences the combustion
and instability, making the combustion flow field more
complicated. Although the interaction between the
laminar flame and acoustic waves have been inves-
tigated widely,[23] only recently the turbulent flame
and acoustic wave interaction has been studied ana-
lytically, with the assumption of infinite thin flame.*
In this Letter, previous analytical results on the acous-
tic wave and turbulent flame will be generalized into
the regime of a thin but finite flamelets[®! and the per-
turbation effect with different wave numbers are dis-
cussed.

Following Bychkov’s method,* the analysis of the
flame response to the acoustic wave starts from the lin-
ear dynamic equation for a flame front with small per-
turbation amplitude. Assuming the corrugated flame
is induced by a turbulent flow with velocity compo-
nent u, along the z axis, imposed at a planar flame
front with an arbitrary gravitational field perpendic-
ular to the planar flame front. Since the problem is
linear, then the small perturbations may be presented
in the form f(z,t) = f(t) cos(kz). With the assump-
tion of the thin flame front and weak turbulence, the
linear equation for the perturbation amplitude may be

written asl6l
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where Uy is the laminar planar flame velocity, and g is
the effective gravitational acceleration. The detailed

dimensionless coefficients expressions are shown and
discussed. In the simple case of the unit Lewis num-
ber and unit Prandtl number, and adopting the widely
used hypothesis that thermal conductivity of an ideal
gas varies as a square root of temperature, i.e. the
simplified coefficients of Eq. (1) become
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where © is the expansion coefficient of the fuel, and
Ly is the flame thickness.

To handle the right-hand side turbulence terms,
Taylor hypothesis of “stationary” turbulence is
adopted, which demonstrates that temporal pulsa-
tions of the turbulent flow are negligible in comparison
with time variations caused by flame propagation.”]
When turbulence is isotropic, one turbulent mode ve-
locity at the average flame position reads

up, = Ur cos(Uskt), (7
where Ur is the mode amplitude. Following the pre-
vious results,® action of the sound wave on the flame

is equivalent to an effective oscillating gravitational
field:

g = wU, cos(wt + ¢,). (8)
Substituting Egs. (7) and (8) into Eq. (1), the dynamic
equation may be written as
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Bychkov¥ has demonstrated that in the case of
high-frequency acoustic waves with w > Uk, there
exits a solution in the form of superposition of a
slow component fi(¢) and a fast oscillating compo-
nent f; cos(wt + ¢), i.e

f=fi(t) + facos(wt + ), (10)

where fi(t) changes with typical time (Usk)™', and
f1 cos(wt + ) changes with typical time w™!. Due to
the high-frequency acoustic waves, we have
ﬁocuﬂf >>Ukﬁ>>Uk2f (11)
dt? ) 1z
Substituting Eq. (10) into Eq. (9), the linear dynamic
equation becomes

d’f df1
dt; +BUsk— - CUZK?f, — (w?fo — DwUakfy)
-cos(wt + ) + D%Uakﬁ[l + cos(2wt + 2¢)]
=V2EU kU, cos(Ujkt). (12)

Separating the terms oscillating with frequency w from
Eq. (12), we can obtain the amplitudes f; and f to
read

fo = DY (13)

Then slowly changing terms of Eq. (12) constitute the
following equation:

d2f1 fl 2 1 2 2
T3+ BUsk—= — CUK* f1 + 5 D (Uak)® i
=V2EU kU, cos(Uykt). (14)

Solution of Eq.(14) for the slow component of the
flame front perturbation has the form

fi(t) = Fcos(Uskt + ¢y). (15)
Substituting Eq. (15) into Eq. (14), we have
D2 (U, \? 2 o
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With Fy representing the amplitude without acoustic
wave U, = 0, the scaled amplitude can be written as

F? (1+C)*+ B?
= .
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Equation (17) and its coefficient Egs. (2)—(6) give the
amplitude increase F?/F2 as functions of the expan-
sion coefficient © and the scaled perturbation wave
number kL¢. If Ly is set to be zero, this relation can
be reduced to the results with the infinite thin flame
front.[* The resonance amplitude F2 /FZ characteriz-
ing influence of external turbulence on the flame ve-
locity may increase by a large factor of 10-20 because
of the resonance. The detailed discussion on this reso-
nance’s properties in the case of infinite thin front has
been carried out.l*] It is deduced that the resonance

may be one of the reasons for considerable scatter-
ing in experimental results on turbulent flame veloc-
ity. Also, the resonance effect may be responsible to
sudden strong turbulization of a flame front observed
in experiments. In the following context, we mainly
focus on the influence of the perturbation.

To evaluate the perturbation effect, the critical
wave number k. must be decided first. It is the maxi-
mum value of the perturbation wave number, and DL
instability will be prevented by diffusive effects when
k > k.. The previous resultsl®’ have demonstrated
that DL stability is limited when the coefficient C' of
Eq. (1) is zero. Therefore, from Eq. (4) the scaled per-
turbation wave number is derived:
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Usually the realistic flame has the expansion coeffi-
cient ©® = 5-7. Giving © = 6 in Eq. (18), we can ob-
tain k. Ly = 0.228. Then the resonance amplitude ver-
sus the scaled oscillating velocity of an acoustic wave
is shown in Fig.1, for different perturbation scaled
wave numbers ak.L; with o = 0, 0.01, 0.1, 0.5. It is
shown that perturbation wave may influence the res-
onance characteristics greatly. First the perturbation
weakens the resonance amplitude. Increasing the wave
number to the critical one, the amplitude decreases
and the resonance gradually disappears. This can be
attributed to Darrieus—Landau instability, which will
be prevented for larger wave number due to diffusive
effects. However, it can also be found out the acous-
tic velocity corresponding to the resonance point for
each wave number decreases slowly meanwhile. That
is to say, the resonance has a different characteristic
acoustic velocity, which introduces the largest ampli-
tude, for different perturbation wave numbers. Be-
cause the characteristic acoustic velocity decreases,
the resonance is easier to be triggered. Interestingly,
we find that the perturbation influence is similar to
the influence by the various expansion ratio, which
is discussed previously.[*| Because the expansion ratio
indicates Darrieus—Landau instability effect, so it can
be concluded that the perturbation weakens the in-
stability effect. This resonance is from the instability
and the turbulence interaction essentially, so the high
perturbation wave number has the negative effect on
the resonance. In a word, the high perturbation wave
number can weaken the Darrieus—Landau instability
effect, and the resonance is easier to be triggered with
the cost of be weakened.

The above-discussed case is the resonance response
to extra acoustic waves. However the acoustic wave
can be generated by the flame itself in a closed burning
chamber, in which the estimate characteristic acoustic
velocity reads

heLy=(0—1)[6%(0 +1)

U, = (6 — 1)U;. (19)
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Combining Egs. (17) and (19), the resonance ampli-
tude can be derived in the closed burning chamber
case. Figure 2 shows the relation of the resonance am-
plitude and the expansion factor for different scaled
It is
found out that there is a characteristic expansion ra-

wave numbers in a closed burning chamber.

tio, which corresponds to the maximum amplitude.
Figure 2 also shows that an extremum can be achieved
in the case of « = 0 and © = 5.6, which is con-
sistent with the previous results. This characteris-
tic expansion ratio demonstrates that the resonance
is not monotonously related to the Darrieus—Landau
instability, which is indicated implicitly by the expan-
sion ratio. Similarly to the resonance shown in Fig. 1,
the perturbation wave may also weaken the resonance
amplitude in the closed chamber, and the expansion
coefficient corresponding to the resonance point also
decreases gradually, from © = 5.6, « =0 to & = 3.8,
a = 0.5. In realistic burning chamber, the usual flame
expansion coefficient usually ranges 5 to 7, so the high
perturbation wave number makes the resonance diffi-
cult to be triggered. Therefore it can be concluded
that the high perturbation wave number is against
the resonance in the closed burning chamber.

Fig. 1.
ing velocity of an acoustic wave for different scaled wave
numbers with the expansion coefficient 6.0.

Resonance amplitude versus the scaled oscillat-

Experimental validation of this analytical result is
difficult to derive owing to two factors. First, the per-
turbation will weaken the resonance either in the open
or closed chamber. Duo to the interaction between the
turbulent and combustion expansion, the perturbation
cannot be avoided, therefore the resonance is difficult
to be observed. Second, the weak isotropic ‘station-
ary’ turbulence is hard to achieve. Although Taylor’s
hypothesis of ‘stationary’ turbulence is verified in the
turbulent premixed flames in a time-dependent exter-
nal flow,l) the integral effects of various realistic tur-
bulent flow on the resonance are still unknown, for
they usually concerns the complicated multi-scale en-
ergy transfer.'% Recent experiment!'!! on acoustically

forced lean premixed turbulent bluff-body stabilized
flames found out that with higher inlet velocity am-
plitudes, the heat release response becomes nonlinear.
Furthermore, the second nonlinearity was observed,
whose origin is not yet clarified. It occurs at high am-
plitudes and at some narrow equivalence ratios, which
induce a significant leakage of energy to higher har-
monics. This phenomenon is similar to our model, and
in our opinion the resonance is responsible to the sec-
ond nonlinearity, although in experiments much more
other interactions should be concerned.
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Fig. 2.
tor for different scaled wave numbers in a closed burning
chamber.

Resonance amplitude versus the expansion fac-

In conclusion, we have analytically derived a mod-
ified resonance model of a weakly turbulent flame in a
high-frequency acoustic wave, in regime of the thin but
finite flame front flamelets. This resonance increases
the amplitude of flame wrinkles greatly independent
of the turbulence, and the influence of perturbation is
discussed. The analytical results show that the higher
perturbation wave number makes the resonance easier
to be triggered but weakened with respect to the extra
acoustic wave, while it is to restrain the resonance for
a realistic flame in a closed burning chamber.

References

[1] Landau L D and Lifshitz E M 1987 Fluid Mechanics (Ox-
ford: Pergamon)
[2] Clanet C and Searby G 1988 Phys. Rev. Lett. 80 3867
[3] Bychkov V 1999 Phys. Fluids 11, 3168
[4] Bychkov V 2002 Phys. Rev. Lett. 89 168302
[5] Williams F A 2000 Prog. Energ. Combust. 26 657
[6] Searby G and Clavin P 1986 Combust. Sci. Technol. 46
167
[7] Denet B 1997 Phys. Rev. E 55 6911
[8] Searby G and Rochwerger D 1991 J. Fluid Mech. 239 529
[9] Akkerman V B and Bychkov V 2005 Combust. Ezpl. Shock
Waves 41 363
[10] Fang L, Cui G X, Xu C X and Zhang Z S 2005 Chin. Phys.
Lett. 22 11
[11] Balachandran R, Ayoola B O, Kaminski C F, Dowling A P
and Mastorakos E 2005 Combust. Flame 143 37



