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Strain Regularity and Stiffness Tensor of Reinforcers in

Dense Particle Reinforced Composites
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Abstract:　Based on the study of strain distribution in composites reinfo rced with high-volume-fraction ,

randomly distributed par ticles , the quantitative relation betw een the average strains of matrix / rein-

forcers and micro structure parameters of the composite is investigated.I t is revealed that besides the av-

erage strains , strain fluctuation is also an impor tant factor affecting the stiffness modulus of the compos-

ites.The relation between the strain fluctuation and microstructure parameters of the composite is also

obtained to derive the stiffness tensor.The theoretical prediction is favorably compared with experimen-

tal results.
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稠密颗粒增强复合材料应变分布规律和刚度张量.王治国 , 李敏 , 吴炜 , 梁乃刚.中国航空学报

(英文版), 2001 , 14(4):217-221.

摘　要:针对高体积份数 、随机分布 、等轴状颗粒增强复合材料 ,研究了材料的应变分布规律 , 给出

了基体和增强体应变平均值与材料微观结构参数之间的定量关系。 结果表明 ,除应变平均值外 ,

应变涨落是影响刚度张量的另一个重要因素 , 研究了应变涨落与材料微观结构参数之间的关系 ,

并推导出了复合材料的刚度张量。 与实验结果和以往的理论比较 , 预测结果与实验结果吻合良

好。
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　　Hill
[ 1]

pointed out that the prediction of elastic

moduli of composi tes can be carried out if the rela-

tion of the local st rain and macro st rain are ob-

tained.If the reinforcers are spherical/ellipsoidal ,

and their volume fraction is less than 10%, the e-

lastic moduli of the composites can be predicted ac-

curately by Eshelby equivalent inclusion method
[ 2]
,

the self-consistent method
[ 3]

and so on.

However , in actual engineering composites ,

the shape of the reinforcers is usually far much

more complicated than a sphere o r ellipsoid , the

volume fraction of reinforcers is as high as 10%-

40%, and they are irregularly distributed.It

seems impossible to cut out a unit cell in w hich only

a unique reinforcer is included , as done in previous

theories.For composite in engineering , accurate

prediction of ef fective elastic moduli is still an open

problem unt il now.

In fact , macro mechanical properties of com-

posites , particularly their elast ic propert ies , are not

sensitive to the details of the local st ress and strain

fields at the ends of the reinforcers.A good predic-

tion of macro mechanical properties of composites

can be obtained w ithout the so-called exact micro-

mechanical calculation.

Liu[ 4～ 6] studied short f iber/whisker rein-

foreced composites w hose aspect ratio is larger than

3 by the netw ork model.The effect of orientat ion

of fiber/whisker on macro properties is considered ,

while the space location distributive randomicity of

short fiber/whisker and the strain distribut ive de-

tail in the end of reinforcers w ere neglected.The

strain regularity of the matrix and reinforcers and

the stiffness tenor are given.The st if fness tensor of

the composite in engineering can be predicted in the

condition of arbit rarily t ropism dist ributing rein-
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forcers and arbi trarily deformed condition.

In the present paper , the t ransverse stif fness

of composites reinforced wi th high-volume-frac-

tion , randomly dist ributed , one-way fibers by the

netwo rk model is studied.The precision of simu-

lating composites reinforced wi th high-volume-frac-

tion , randomly distributed particles by a two-di-

mensional model is discussed.

The quantitative relation between the average

strain and f luctuat ion of matrix/ reinforcers and mi-

crost ructure parameters of the composite is investi-

gated.Then an explicit st if fness tensor is derived ,

which is compared with the experimental measure-

ment and previous theoretical results.

1　St rain Regularity

1.1　Average strain

The strain dist ribution regulation of particle

reinforced composites is investigated with a two-di-

mensional netw ork model
[ 7]
;a typical example is

show n in Fig.1.The reinfo rcers w ith the special

volume fraction are distributed into the matrix.

The stiffness of elements is decided according to the

property rat io of the matrix to the reinforcers.

Macro st rain fields are given by controlling bound-

ary displacement.According to the displacement of

the vertex of t riangles A , B and C , show n in Fig.

1(c), the st rain εij inside t riangles can be calculat-

ed.The statistic regulation of the strain dist ribu-

tion is derived by a statistic analysis on the strain.

The total number of triangles is 51543.

g represents reinforcement;t represents serial

number of reinforcement element.For the t-th re-

inforcement element , the volume is deno ted as

V t , g , the strain is denoted as εij , t , g , and then the

average strain of the reinfo rcer can be w ri tten as

 εij , g =
1
V g
∑
t

εij , t , g V t , g (1)

　　By controlling boundary defo rmation , the fi rst

principal st rain is unit value;the o ther principal

strain is zero.The included angles of the principal

strain and the X-axis are 0°, 5°, 10°, 15°, 20°and

25°, respect ively .For every direction , eleven sam-

ples wi th reinforcers randomly dist ributed are stud-

F ig.1　Par ticle reinforced composites

and netw ork model

(a)particle reinfo rced composites;

(b)network model local enlarging;

(c)triang le cell

ied;the strain is statistic by Eq.(1).The results

show that to any first principal strain direct ion

` i' , εij , g is much greater than o ther strain compo-

nents and almost keeps unchanged.It is denoted as

reinforcers st rain coef ficient λg .The relation be-

tween the average st rain of reinfo rcers and macro

strain εij is

 εij , g =λgεij (2)

　　λg is only dependent on the modulus rat io of

the matrix to the reinforcers E m/ Eg and the vol-

ume of the reinforcers V g .With fixed Em/E g and

V g , λg is a constant.So λg is an int rinsic parame-

ter of composites.It is expressed as

λg = f
E m

E g
, V g (3)

　　According to the parameter combination listed

in Table 1 , the modulus ratio of the matrix to the

particle E m/ Eg and the volume of the particle V g
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are changed.Based on the results , Eq.(3)can be

expressed as

λg =(0.85+0.9 V g)
Em

Eg

0.9

(4)

where　0<E m/ Eg <1/2 , 0<V g <50%.
Table 1　Material parameter combinations

Parameters Scales

E m/ E g 1/ 2 , 1/ 3 , 1/ 4 , 1/6 , 1/ 8 , 1/ 12 , 1/ 16 , 1/ 25

V m 10%, 20%, 30%, 40%, 50%

　　Numerical results and the reg ressive funct ion

are show n in Fig.2.

Fig.2　λg versus Em/ Eg and V g

Similar to reinforcers , g represents matrix ,

average strain in matrix is deno ted as

 εij ,m =
1
Vm
∑
t

εij , t , m V t , m (5)

　　Because the sum of deformation of the matrix

and reinfo rcers equals macro defo rmation , matrix

strain parameter λm and reinfo rcer st rain parameter

λg have a relation as

λg V g +λm V m =1 (6)

　　Numerical results prove Eq.(6)and

 εij ,m =λmεij (7)

1.2　Strain fluctuation

In sho rt-f iber reinforced composi tes , the

strain fluctuation is far less than that of the average

strain.It is neglected[ 4 ,5] .But in particle rein-

forced composites , the strain f luctuation is not li tt le

compared with the average strain because of the

shape.It is necessary to investigate strain fluctua-

tion.

For the t-th reinforcement element , the strain

difference is deno ted as

Δij , t , g =εij , t , g - εij , g (8)

　　For the t-th matrix element , the strain differ-

ence is deno ted as

Δij , t ,m =εij , t ,m - εij ,m (9)

　　According to the parameter combinations and

sample used in Section 1 , statistic results indicate

that though the st rain dif ference of every element is

distinct , the relation betw een the average value of

the square of strain difference and macro st rain can

be expressed w ith a strain f luctuation coefficient.

The st rain fluctuation coefficients of reinfo rcers and

matrix are expressed as Δg and Δm ;one can get

1
V g
∑
t

Δij , t , g Δrs , t , g V t , g =Δ
2
gεijεrs (10)

and

1
V m
∑
t

Δij , t ,m Δrs , t , m V t , m =Δ
2
mεijεrs (11)

　　Similar to a st rain coefficient , strain fluctua-

tion coefficients , Δg and Δm , are intrinsic parame-

ters of the composite.They almost keep unchanged

regardless of the loading direction and locat ion of

reinforcers.They are expressed asand

Δg = f
E m

E g
, V g 　and Δm =g

E m

E g
, V m

(12)

where V m =1-V g is the volume fraction of the

matrix.

Reg ressive funct ions of Δg and Δm are ex-

pressed as

Δg =(0.01+0.15 V g)exp -6.5
E m

E g

where

0 < V g <0.5 , 0 <
E m

E g
<0.5 (13)

and

Δm =(0.15 V m)exp -5
E m

E g

where

0 < Vm <0.5 , 0 <
E m

E g
<0.5 (14)

　　Numerical results and reg ressive functions of

Δg and Δm are show n in Fig.3 and Fig.4.

Acco rding to Eqs.(13)and (14), the stiff-

ness of the composite over that of the matrix is cal-

culated.The result is 2.38 wi thout considering

strain fluctuation , whereas the result is 3.12 , con-

sidering st rain fluctuation.The dif ference is 24%.

It is show n that strain fluctuation is an important
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F ig.3　Δm versus Vm and Em/ E g

Fig.4　Δg versus V g and Em/ Eg

factor to st if fness.

2　Stiffness Tensor

2.1　Stiffness of reinforcers

St if fness of reinfo rcers is deno ted as K ij rs , g ,

strain energy of the t-th reinforcement element is

W t , g =
1
2 K ijr s , gεi j , t , gεrs , t , g V t , g (15)

　　The sum of strain energy in reinforcers is

W g =
1
2
K ij rs , g∑

t

εij , t , gεrs , t , g V t , g (16)

Substituting Eqs.(8)and(9)into Eq.(16)yields

W g =
1
2
K ijr s , g ∑( εij , g +Δij , t , g)( εrs , g +Δrs , t , g)V t , g

=
1
2
K ijr s , g εi j , g εrs , g V g +

1
2
K ijrs , g ∑Δij , t , g Δrs , g V t , g

(17)

Substituting Eqs.(2) and (10) into Eq.(17)

y ields

W g =
1
2
K ijr s , gεijεrs +(λ

2
g +Δ

2
g)V g (18)

The second derivative of Eq.(18)yields the contri-

bution of reinforcers to the stif fness of the compos-

ite

G ijr s , g =(λ
2
g +Δ

2
g)V gK ijr s , g (19)

2.2　Stiffness of matrix

Similar to reinforcers , the contribution of the

matrix to the stif fness of the composite is

G ijr s ,m =(λ2m +Δ
2
m)Vm K ijr s ,m (20)

2.3　Stiffness of composite

The stiffness tensor of the composite is yielded

K ij rs = G ijr s ,m +G ijr s , g =

K ijr s , m(λ
2
m +Δ

2
m)V m +K ijr s , g(λ

2
g +Δ

2
g)V g

(21)

3　Comparison with Experiment

The numerical results are compared with ex-

periment of sho rt-f iber and particle composites.

With V g =10%, L / d =4.5 , the verse stiff-

ness moduli of SiCw/2024Al composite are calcu-

lated.The stif fness moduli of the w hisker and ma-

trix are equal to 480 GPa and 73 GPa , respective-

ly.With Eqs.(1),(2)and(6), λg=0.233 , λm =

1.125 ,with Eqs.(8),(9)and (10), Δg =0.031 ,

Δm =0.067.Combining Eq.(21), the verse mod-

uli of composite is 86.05GPa.The experiment re-

sult is 86.5Gpa in Ref.[ 5] .The numerical result

is favo rably compared w ith the experimental one.

To a particle reinforced composi te w ith E m/

Eg =1/25 , the experiment result is given in Ref.

[ 8] .The numerical result in the present paper is

show n in Fig.5.The solid circles are experimental

F ig.5　Comparison between calculation

and experiment

data;the broken line is self-consistent model;the

chain-dotted lines are bounds of Hashin and Shtrik-

man;the solid line is theory in Ref.[ 8] .The tri-

angle is the data calculated wi th the present

method;V g is 30%, 40%, 50%, respectively.It

is obvious that the calculation result is in ag reement
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w ith the experiment data.

4　Conclusions and Discussion

Based on the study of st rain dist ribution in

composi tes reinforced wi th high-volume-f raction ,

random ly dist ributed part icles , it is revealed that

the average st rain and st rain f luctuation are tw o

important facto rs affecting the stif fness modulus of

the composi te.The relation betw een the average

strain and strain f luctuation and microstructure pa-

rameters of the composite is obtained.

The present paper is aimed at the composite

w ith spherical , randomly dist ributed , same-sized

part icles.To other condit ions , it is necessary to

specifically calculate to derive other formulas.It is

necessary to further study the ef fect of the shape ,

array and size.

In the present paper , it is accurate to study

the transverse stiffness of composites reinforced

w ith one-way fibers;it is approximate to study

part icle reinforced composites.Three-dimensional

effect w ill be discussed in other papers.
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