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Abstract

The transient thermal stress problem of an inner-surface-coated hollow cylinder with multiple pre-existing surface
cracks contained in the coating is considered. The transient temperature, induced thermal stress, and the crack tip stress
intensity factor (SIF) are calculated for the cylinder via finite element method (FEM), which is exposed to convective cool-
ing from the inner surface. As an example, the material pair of a chromium coating and an underlying steel substrate
30CrNi2MoVA is particularly evaluated. Numerical results are obtained for the stress intensity factors as a function of
normalized quantities such as time, crack length, convection severity, material constants and crack spacing.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

It is commonly recognized that the thermal conditions, which arise during fast cooling of a solid surface,
can result in tensile thermal stresses near free surface. If the condition is severe enough, sudden fracture or
fatigue failure can occur. In general, two alternative failure criteria can be used to determine the severity of
thermal conditions that a material can sustain without cracking (i.e., its thermal shock resistance), one based
on strength (Cheng, 1951; Kingery, 1955) and the other on fracture toughness (Nied, 1983; Nied and Erdogan,
1983; Rizk and Erdogan, 1989; Hutchinson and Suo, 1992; Lu and Fleck, 1998; Zhao et al., 2000). Generally
the latter treats the cases more close to the practical situations in which pre-existing cracks are assumed to
exist in the solid. The single crack problems of finite-width or semi-infinite homogenous plates under convec-
tive thermal conditions were treated via the solution of singular integral equations (Nied, 1983, 1987; Rizk and
Radwan, 1992). Multiple crack problems in a plate under thermal loading were considered recently in litera-
ture (Bahr et al., 1988; Rizk, 2003).
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The single crack and multiple cracks problem of thermal shock fracture of homogenous thick-walled cyl-
inders has been widely investigated, due to its importance to the design and manufacturing of such structural
components as the pressure vessels, piping subjected to thermal transients (Oliveira and Wu, 1987; Perl and
Ashkenazi, 1992; Chen and Kuo, 1994). In many modern applications, coatings are intentionally deposited
on the underlying substrate to enhance some specific surface characteristics, e.g., strength, corrosion and wear
resistance. The surface cracks will form inevitably in the brittle coating due to structural mismatch or thermal
mismatch of coating/ substrate after the deposition process is completed. When such a system is subjected to a
thermal shock, surface cracks may further propagate towards the substrate. In the absence of additional exter-
nal loads and because of the self-equilibrating nature of the stress state, the cracking may not always lead to a
through-thickness or catastrophic fracture. However, once the surface cracks touch on interface, detrimental
effects can also be brought about. For example, during the firing process in a chromium coated gun barrel,
surface cracks touching on interface will serve as convenient tunnels for corrosive gases to flow in and hence
the substrate and interface will be severely attacked by erosion. Experimental results show it is a typical and
common failure mechanism for such a gun barrel (Cote and Richard, 2000; Underwood et al., 2003). There-
fore, it is of great significance to reduce the surface crack growth rate in an effort to prolong the total fatigue
life of components. This requires the calculations of the crack driving force for the given thermal loads as a
function of the crack depth and material constants. It should be pointed out that, in actual structures, the
cracking analyses are usually very complicated 3-D problems. Thus for simplicity the literature concerned
mainly the corresponding plane strain or plane stress problems to provide useful bounds for the actual
part-through crack problem. In early 1980s, the problem of a coated hollow cylinder with a single radial or
circumferential crack exposed to sudden cooling from inner surface has been treated based on numerical solu-
tion of singular integral equations (Nied and Erdogan, 1983; Tang and Erdogan, 1984, 1985). Nevertheless, it
seems multiple surface cracks situation could represent practical cases more accurately and reasonably. As far
as the authors know, the solution of a coated hollow cylinder with multiple surface cracks under thermal tran-
sients is not available in literature up to now. Therefore it is the main objective of the present analysis.

In this paper, the transient cracking problem of an inner-surface-coated hollow cylinder with multiple pre-
existing surface cracks contained in the coating is considered. It is exposed to convective cooling from the
inner surface. In solving the problem, it is assumed that both coating and substrate materials are homoge-
neous, isotropic and linear-elastic, the thermo-mechanical constants are independent of temperature, all
thermo-elastic coupling effects and inertia effects are negligible. Previous investigations on dynamic thermo-
elasticity indicated that the last assumption, which simplifies the analysis of the problem quite considerably,
would not cause any significant changes in the results (Sternberg and Chakravorty, 1959; Atarashi and
Minagawa, 1992). The solution of the crack problem under thermal stress may be obtained in two steps.
The first step would be the calculation of time-dependent temperature field and induced thermal stress. Then
the results in the first step would serve as input data to SIF evaluation. In fact, there exists a closed form solu-
tion for the temperature and thermal stress in the above cylinder, in the form of an infinite series of Bessel
functions and Neumann functions (Tang and Erdogan, 1984, 1985). For convenience, all the calculations
in this paper are completed via the finite element method (FEM). Numerical results for stress intensity factors
are obtained as a function of normalized quantities such as time, convection severity, crack length, material
constants as well as crack spacing.

2. Problem formulation

The problem of a coated hollow cylinder is considered, with cylindrical coordinates (r,/,z) embedded at its
center, as shown in Fig. 1. This plane strain problem with multiple pre-existing surface cracks represents a
reasonable idealization for the stresses and displacements in the central portion of a cracked coated cylinder.
It also gives the upper bound solution for practical 3-D geometry. The cylinder of inner radius a, outer radius
b and coating thickness h, at an initial temperature T0, is assumed to be perfectly insulated along the outside
surface r = b. The inner surface at r = a � h contains n radial cracks of depth l (only four cracks are plotted in
Fig. 1.).

At time t = 0, the inner surface is subjected to convective cooling with the heat transfer coefficient given by
H and the ambient temperature maintained at Ta. By nature of axis-symmetry, temperature and thermal stress



Fig. 1. The multi-cracked and coated cylinder subjected to convective cooling from inner surface.
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components are largely simplified to depend only on r and t, i.e., 1-D thermal diffusion problem. The formu-
lation of the mixed boundary value problem needed for the solution of the cracking problem in Fig. 1 can
utilizes the transient thermal stress distribution from the un-cracked hollow cylinder due to the fact that
the existence of multiple radial cracks would not cause any disturbance in temperature field throughout the
coated hollow cylinder. Further, partial derivative o/o/ vanishes and there exist only three non-zero stress
components rrr, r// and rzz.

When the coated hollow cylinder is exposed to convective cooling from inner surface r = a � h, tensile cir-
cumferential stress would develop near the inner surface due to subsequent positive temperature gradient in
the radial direction and stress intensity would then build near the crack tips. Apparently only circumferential
stress component r// contributes to the mode I stress intensity factors for surface cracks; hence emphasis is
solely placed on component r// in thermal stresses calculation. The transient temperature distribution may be
determined from the solution of the diffusion equations
r2hiðr; tÞ ¼
1

Di

ohiðr; tÞ
ot

ði ¼ 1; 2Þ ð1Þ
where temperature changes hi are defined by
hiðr; tÞ ¼ T iðr; tÞ � T 0 ði ¼ 1; 2Þ ð2aÞ
h0 ¼ T a � T 0 ð2bÞ
The subscripts 1, 2 represent coating and substrate, respectively. The thermal diffusivity Di is given by Di =
ki/qici, where ki is the material thermal conductivity, qi the density and ci the specific heat. T0 is the initial
temperature throughout the coated hollow cylinder. In the case of convective cooling, h0 < 0.

The initial conditions are given by
h1ðr; 0Þ ¼ 0 ða� h < r < aÞ h2ðr; 0Þ ¼ 0 ða < r < bÞ ð3Þ

The continuity and boundary conditions are usually written as
h1ða; tÞ ¼ h2ða; tÞ; k1

o

or
h1ða; tÞ ¼ k2

o

or
h2ða; tÞ ðt > 0Þ ð4aÞ

o

or
h1ða� h; tÞ ¼ H

k1

½h1ða� h; tÞ � h0�;
o

or
h2ðb; tÞ ¼ 0 ðt > 0Þ ð4bÞ
It is emphasized that Eq. (4a) indicates the continuity of temperature and heat flux at the coating/substrate
interface, neglecting contact thermal resistance.
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Bearing in mind the usual equilibrium, constitutive and geometrical equations, which can be easily found in
any thermo-elasticity textbook, we write the following boundary and continuity conditions for thermal stress
calculations
rrr1ða� h; tÞ ¼ 0; rrr2ðb; tÞ ¼ 0 ðt > 0Þ ð5aÞ
ur1ða; tÞ ¼ ur2ða; tÞ; rrr1ða; tÞ ¼ rrr2ða; tÞ ðt > 0Þ ð5bÞ
where ur and rrr denote radial displacement and radial stress component, respectively. It is feasible to calculate
the mode I stress intensity factor as usual by specifying cracks’ faces as free boundaries or by principle of
superposition in which the crack surface tractions equal and opposite to the thermal stresses in the un-cracked
cylinder are the only external loads (Schulze and Erdogan, 1998; Rizk, 2003). For convenience of the use of FE
method here, the latter is chosen.

3. Solution procedures

3.1. Dimensional analysis

Prior to the specific solution to the above problem is known, dimensional analysis can be carried out to
reveal the scaling relationships of this problem. From Eqs. (1–4), the temperature changes hi(i = 1,2) must
be functions of all the independent governing parameters, i.e., temporal and spatial quantities t and r; char-
acteristic geometrical parameters a, b and h; thermo-physical constants D1, D2, k1, k2, H and initial temper-
ature h0
hiðr; tÞ ¼ f ðr; t; a; h; b; D1;D2; k1; k2;H ; h0Þ ð6Þ

Among the twelve governing parameters, four of them, namely h, D1, k1 and h0, has independent dimensions.
The dimensions of hi, r, t, a, b, D2, k2 and H are given by
½hi� ¼ ½h0�
½r� ¼ ½h�
½t� ¼ ½D1��1½h�2

½a� ¼ ½h�
½b� ¼ ½h�
½D2� ¼ ½D1�
½k2� ¼ ½k1�
½H � ¼ ½k1�½h��1

ð7Þ
On applying P-theorem in dimensional analysis (Barenblatt, 1996), we obtain
hi

h0

¼ Ph
r
h
;
D1t

h2
;
a
h
;
b
h

;
D2

D1

;
k2

k1

;
Hh
k1

� �
ð8Þ
The following dimensionless quantities are then naturally defined as
�r ¼ r
h

�a ¼ a
h

�b ¼ b
h

D ¼ D2

D1

�k ¼ k2

k1

Bi ¼ Hh
k1

Fo ¼ D1t

h2

ð9Þ
Based on the above dimensional analysis, the dimensionless quantity hi/h0 on the left side of Eq. (8) is deter-
mined only by seven bracketed dimensionless quantities on the right side, in which Bi and Fo are similar to
Biot number and Fourier number, respectively. The most severe thermal shock case corresponds to a sudden
cooling, i.e., Bi!1.

Similarly, stress components depend on the following quantities
rðr; tÞ ¼ gðr; t; h0; a; h; b; D1;D2; k1; k2;H ; E1;E2; m1; m2; a1; a2Þ ð10Þ
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On applying P-theorem again, we obtain
�ð1� m1Þr
E1a1h0

¼ Pr
r
h
;
D1t

h2
;
a
h
;
b
h

;
D2

D1

;
k2

k1

;
Hh
k1

;
E2

E1

;
m2

m1

;
a2

a1

� �
ð11Þ
As can be shown by Eq. (11), three additional dimensionless quantities, E ¼ E2=E1, �m ¼ m2=m1 and �a ¼ a2=a1

should appear automatically in thermal stress analysis, which measure substrate and coating’s relative value
of Young’s modulus, Poisson’s ratio and thermal expansion coefficient, respectively.

In terms of time-dependent thermal stress, mode I stress intensity factor for multiple surface cracks is also
time-dependent. When it comes to the normalized expression, dimensionless crack depth �l ¼ l=h and crack
spacing �s ¼ s=h should be added into corresponding function, i.e.,
KðtÞ ¼ cðt; h0; a; h; b; l; D1;D2; k1; k2;H ; E1;E2; m1; m2; a1; a2; sÞ ð12Þ
�ð1� m1ÞK
E1a1h0

ffiffiffi
h
p ¼ PK

D1t

h2
;
a
h
;
b
h
;

l
h

;
D2

D1

;
k2

k1

;
Hh
k1

;
E2

E1

;
m2

m1

;
a2

a1

;
s
h

� �
ð13Þ
where s � 2p(a � h)/n and n is the assumed crack numbers. With the help of the above dimensional analysis,
sensitivity analysis for temperature, thermal stress and mode I stress intensity factor can be conveniently per-
formed, which will be detailed in Section 4.

3.2. Finite element model

Since the above non-homogeneous mixed boundary problem has currently no analytical solution, we resort
to finite element method. For convenience, the number of surface cracks is considered in the FE model as it
correlates inversely with crack spacing. In the case of an array of n surface cracks evenly spaced and of equal
depth l, only a sector of the coated hollow cylinder, with a central angle of p/n, has to be considered due to the
symmetry of the problem. As the number of cracks in the array increases, the geometry of the sector becomes
slender and slender. In order to obtain accurate results, careful element meshing is necessary to assure a rea-
sonable aspect ratio of the elements, and particularly element refinements should be done in the vicinity of the
crack tip and the interface of coating and substrate. The detailed mesh breakdowns are illustrated in Fig. 2.
The associated boundary conditions in Fig. 2 should be understood as follows: (i) For the temperature calcu-
lation, perfect insulation (dT/dn = 0) is imposed on circumferential direction; (ii) For the thermal stress cal-
culation, the vanishing circumferential displacement is added; (iii) For the SIF calculation, the crack faces are
free.

Each of the sectors is divided into 1168–8724 elements in terms of different crack numbers. Eight-node iso-
parametric quadrilateral and six-node quadratic interface elements are used here for both displacement and
temperature calculations. In linear elastic problems, it has been shown that the displacements near the crack
Fig. 2. The schematic of finite element meshes and boundary conditions in the analysis.



Table 1
The comparisons of some results for homogeneous, hollow cylinder

F 0.0005 0.002 0.01 0.03 0.07 0.1
K 0.151 0.239 0.281 0.261 0.252 0.245
K

1
0.167 0.250 0.298 0.273 0.261 0.251

K
2

0.145 0.234 0.279 0.256 0.248 0.239

It is subjected to sudden cooling from the inner surface while outer surface is kept at the initial temperature. a/b = 0.5, h = 0, n = 2,
W = b � a, l/W = 0.05, F = Dt/a2, K ¼ K=K0, K0 ¼ EaDT

ffiffiffiffiffi
W
p

=ð1� mÞ. K;K
1

and K
2

is the result of current paper, Oliveira and Wu, and
Perl and Ashkenazi, respectively.
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tip vary as
ffiffi
r
p

, where r is the distance from the crack tip. The stresses and strains are singular at the crack tip,
varying as 1=

ffiffi
r
p

. To pick up the singularity in the strain, the crack faces should be coincident, and the elements
around the crack tip should be quadratic, with mid-side nodes placed at the quarter points, known as singular
elements. The quarter points and the singular elements surrounding the crack tip are labeled in Fig. 2 as Q and
S, respectively. The first row of elements around the crack tip should be singular, the radius of which is chosen
to be one tenth of quadrilateral element length, and the number of elements in the local circumferential direc-
tion is taken to be twelve. With the temperature distribution in the cylinder known, it is easy to determine the
transient thermal stress by the classical finite element formulation. The stress intensity factor is extracted from
the FE solution via the circumferential displacement u/ at the quarter point of the singular element on the free
face of the crack. This relation can be expressed as follows (Lynn and Ingraffea, 1978)
Table
The di

a/h

100
KI ¼
Eiu/

ð1þ miÞð1þ jiÞ
2p
rq

� �1=2

ð14Þ
where rq is the distance from quarter point to the crack tip, i = 1 when crack tip is within the coating while
i = 2 within the substrate and ji = 3 � 4mi in the case of plane strain problem. By letting the coating and sub-
strate have the same material constants and Bi!1, a series of runs were performed to duplicate various re-
sults obtained by Oliveira and Wu (1987), which was obtained via method of weight function and by Perl and
Ashkenazi (1992), which was obtained also by FE method. Most of the results were found to be in excellent
agreement with those in references (see Table 1). Hence the present FE model is reasonably validated.

4. Numerical results and discussions

As an example for the thermal shock problem described in the previous sections, we consider a material
pair, which corresponds to a chromium coating deposited onto a much thicker structural steel substrate
30CrNi2MoVA. Since the problem is formulated in terms of dimensionless quantities, it is sufficient to con-
sider only the ratios shown in the Table 2. Unless otherwise stated, we have taken data from Table 2 in our
calculations whenever the required input quantities are not shown. All the quantities of interest are normalized
in the same forms as those in Section 3.1.

The normalized transient temperature distributions in the un-cracked, coated hollow cylinder are shown in
Figs. 3 and 4 and a dash-dot line is embedded in both figures to indicate the ‘‘physical’’ low and high temper-
ature region along ordinate. At various time instants, the variation of normalized temperature versus normal-
ized radial coordinate is plotted in Fig. 3. It is shown that, the normalized temperature intractably decreases
with normalized time and such a trend constantly penetrates into the coated cylinder. The normalized temper-
ature gradient within the coating is also a decreasing function of normalized time until steady state is reached.
At the coating/substrate interface, the slope of curve discontinues, indicating the different thermal resistances
of coating and substrate. In order to investigate the effect of convection severity on normalized temperature
2
mensionless quantities used in the example

b/h D2/D1 k2/k1 E2/E1 m2/m1 a2/a1 Fo Bi

200 0.293 0.389 0.724 1.476 1.923 3 0.225



Fig. 3. The normalized transient temperature versus normalized radial coordinate for various time instants, Bi = 0.225. Other inputs are
listed in Table 2.

Fig. 4. The normalized transient temperature versus normalized radial coordinate for various Biot numbers, Fo = 30. ‘‘inf’’ stands for
‘‘1’’. Other inputs are listed in Table 2.

Fig. 5. The variation of normalized circumferential stress r// versus normalized radial coordinate for different time instants, Bi = 0.225.
Other inputs are listed in Table 2.
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Fig. 6. The variation of normalized circumferential stress r// versus normalized radial coordinate for different Biot numbers, Fo = 30.
‘‘inf’’ stands for ‘‘1’’. Other inputs are listed in Table 2.
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distribution, different Biot numbers were chosen in Fig. 4 to find that, the increase of Biot number could sig-
nificantly reduce the normalized temperature throughout the coated hollow cylinder, especially notable in the
vicinity of inner surface.

Some results concerning normalized thermal stress distribution are shown in Figs. 5 and 6. In Fig. 5 the
variation of normalized transient circumferential stress component r// versus normalized radial coordinate
is plotted for different values of normalized time instants. It can be seen the coating invariably experiences
tensile stress component r//. In terms of the discrepancies of thermo-physical properties of coating and sub-
strate, circumferential stress discontinues at the interface as expected. Due to the self-equilibrating nature of
thermal stress, there exist compressive stress region somewhere more far away from the inner surface. It
should be emphasized that, compared to twice sign changes of thermal stresses for the finite-width plates under
similar thermal conditions (Nied and Erdogan, 1983), there is only once sign change here for hollow cylinder
geometries. As the time elapses, the normalized tensile thermal stress component r// in the coating first
increases up to a peak value then decreases until the problem reaches the steady state. This change trend is
in favorable agreement with corresponding time-dependent normalized temperature distribution in Fig. 3.
It can also be shown that normalized circumferential thermal stress distribution in the coating is not always
uniform and the maximum and minimum magnitude at small time instant can differ by about 30%. Fig. 6 dem-
onstrates the effect of convection severity on the normalized circumferential thermal stress. From it we can see,
the induced normalized tensile thermal stress near the inner surface increases with the increase of Biot number
while larger normalized compressive stress is generated in the core of the substrate.

Some results of crack driving force, represented by normalized mode I stress intensity factor, are plotted in
Figs. 7–11. In Fig. 7 the variation of normalized stress intensity factor versus normalized time for various
crack depths is plotted. From it we can see, for a given crack depth the normalized stress intensity factor first
increases sharply with time up to the peak value Kmax, followed by docile decrease. From point view of linear
elastic fracture mechanics (LEFM), the crack extension would always stop when the fracture toughness of
coating is high enough to exceed Kmax.Therefore the most dangerous moment the cylinder experience is not
at steady state of thermal loading, but at some intermediate instant. This variation trend can be interpreted
by corresponding temperature gradient and thermal stress variation described previously. Fig. 7 also shows
that, for the surface cracks within the coating, as the normalized crack depth increases, the normalized stress
intensity factor also increases monotonously at any instant. Fig. 8 illustrates the effect of modulus ratio on the
normalized stress intensity factor, indicating the increase of modulus ratio can cause the decrease of crack
driving force and the possibility of crack extension. This effect was also previously validated by Hutchinson
and Suo (1992). However, it would not seem so notable upon further increase of modulus ratio. It is shown
in Fig. 9 that, the normalized stress intensity factor is almost a linearly decreasing function of normalized ratio
of coefficients of thermal expansion �a ¼ a2=a1. This indicates for a given substrate the reduction of coefficient



Fig. 7. The variation of normalized stress intensity factor versus normalized time for different crack depths, n = 4, Bi = 0.225. Other
inputs are listed in Table 2.

Fig. 8. The effect of normalized modulus ratio on normalized stress intensity factor at different instants, n = 4, l/h = 0.5, Bi = 0.675. Other
inputs are listed in Table 2.

Fig. 9. The effect of normalized CTE on normalized stress intensity factor, n = 30, Bi = 0.225, Fo = 30. Other inputs are listed in Table 2.
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Fig. 10. The variation of normalized stress intensity factor versus normalized time for different Biot numbers, l/h = 0.5, n = 4. Other
inputs are listed in Table 2.

Fig. 11. The variation of normalized stress intensity factor versus normalized crack spacing, Bi = 0.225, Fo = 30. Other inputs are listed in
Table 2.
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of thermal expansion (CTE) of coating may lead to reduction for crack driving force. Also, the slope of the
line remains almost constant for different crack lengths. Fig. 10 demonstrates the influence of convection
severity measured by Biot number on the normalized stress intensity factor. As more severe thermal shock
is applied, the magnitude of normalized stress intensity factor becomes larger and the moment at which the
peak stress intensity factor occurs comes earlier. It seems even more significant for small values of time.
Finally, the variation of the normalized stress intensity factor versus normalized crack spacing �s ¼ s=h for var-
ious crack lengths is plotted in Fig. 11. It is shown that for a given normalized crack depth, the magnitude of
stress intensity factor first decreases slightly with the decrease of normalized crack spacing, followed by sharp
decrease with further decrease of normalized crack spacing. This change trend can be understood as follows:
when crack spacing is very large with small crack numbers, the interaction between multiple cracks is little;
when crack spacing becomes smaller and smaller, the redistribution of thermal stress induced by the introduc-
tion of multiple cracks generates ‘‘shedding effect’’, causing the decrease of stress intensity in the vicinity of the
crack tip. Thus, if only a single crack is assumed in the associated analysis, the result for the crack driving
force will obviously overestimate the practical situations. This interesting and important phenomenon is also
termed as ‘‘load relief effect’’ in previous literature (Rooke et al., 1981; Parker, 1999).
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5. Conclusions

In this paper, the transient cracking problem of an inner-surface-coated hollow cylinder with multiple pre-
existing surface cracks contained in the coating is considered. It is exposed to convective cooling from the
inner surface. As an example, the material pair of a chromium coating and an underlying steel substrate
30CrNi2MoVA is particularly analyzed to assess the effect of some infectious factors on the stress intensity
factor. Results indicate the crack spacing appears to be an important parameter in the variation of the stress
intensity factor. By decreasing the crack spacing, the stress intensity factor becomes smaller in magnitude. For
small values of time, convection severity measured by Biot number is quite significant. Not only can it increase
the stress intensity factor, but the peak stress intensity factor will occur earlier. Other factors conducive to the
reduction of stress intensity factor for a given substrate include the decrease of crack depth, coating’s modulus
and coating’s coefficient of thermal expansion.
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