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Further analysis of indentation loading curves: Effects of tip
rounding on mechanical property measurements
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The effects of indenter tip rounding on the shape of indentation loading curves have
been analyzed using dimensional and finite element analysis for conical indentation
in elastic-perfectly plastic solids. A method for obtaining mechanical properties from
indentation loading curves is then proposed. The validity of this method is examined
using finite element analysis. Finally, the method is used to determine the yield
strength of several materials for which the indentation loading curves are available in
the literature.

I. INTRODUCTION versible parts of the indentation-induced deformatitins.

Indentation experiments have been performed foMSing dimensional analysis and finite element calcu-
nearly one hundred years for measuring the hardnedations, we have recently derived scaling relationships
of materialst Recent years have seen increased intered@r indentation into elastic-perfectly plastic solids using
in indentation because of the significant improvemengonical indenters?*° _ . .
in indentation equipment and the need for measuring !N this paper, we apply the scaling relationships of
the mechanical property of materials on small scalesndentation to determine the mechanical properties of
With the improvement in indentation instruments, it materials. We first review, in Sec. Il, the scaling rela-
is now possible to monitor, with high precision and tionships for ideally sharp conical indenters, followed by
accuracy, both the load and displacement of an indenté" analysis of the effects of indenter tip rounding on the
during indentation experiments in the respective microShape of indentation loading curves in Sec. lll. We will
Newtons and nanometer randge$.n addition to hard- then propose, in Sec. IV, a method for extracting the
ness, basic mechanical properties of materials, such &8€chanical properties from indentation loading curves
the Young's modulus, yield strength, and work hardeningPbtained using conical indenters with rounded tips. The
exponent, may be deduced from the indentation |Oa(yal|d|ty_ of thls mgthod is examined usmg_flnlte element
versus displacement curves for loading and unloadinggnalysis. Finally in Sec. V, the method is used to de-
For example, the hardness and Young’s modulus mi}ﬁrmme the'yleld str.ength of several mqterlgls for which
be calculated from the peak load and the initial slopeh€ indentation loading curves by pyramidal indenters are
of the unloading curves using the method of Oliveravailable in the literature. This new indentation method
and Phaft or that of Doerner and Ni&.Finite element allows the measurement of certain mechanical proper-
methods have also been used successfully to extralies of solids without measuring or estimating the con-
the mechanical properties of materials by matching théact area.
simulated loading and unloading curves with that of the
experimentally determined onés? IIl. DIMENSIONAL AND FINITE ELEMENT

Recently_, many gttempts_have been made to bett%&NALYSIS OF INDENTATION LOADING
understand |_n_dentat|0n loading curves. For exampIeCURVES OBTAINED USING IDEALLY
several empirical formulae have been proposed fo%HARP CONICAL INDENTERS INDENTING
the loading curves in terms of Young’s modulus and LASTIC-PERFECTLY PLASTIC SOLIDS
hardness!*? Loading curves have also been discusse

using energetic considerations of reversible and irre- We have showit*°that for an ideally sharp, three-
dimensional, rigid, frictionless, conical indenter of a

given half angle §) (Fig. 1) indenting normally into an
aE|ectronic mail: YangT. Cheng@notes.gmr.com elastic-perfectly plastic solid characterized by Young's
bElectronic mail: zhengzm@LNM.imech.ac.cn modulus €), Poisson’s ratiox), and yield strengthX),
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FIG. 1. lllustration of ideally sharp conical indenter and that with a 0.40 ..‘
spherical tip. .
0‘00 1 1 1 1
the load ) on the indenter is a function of, v, Y, 0.00 0.02 0.04 0.06 0.08 0.10
and the indenter displacemerit) (@nd is given by: Y/E
Y FIG. 2. Scaling relationships betweéi Eh> and Y/E.
F = Eh2n<— , v,0>, 1) ’ P “ /
E
wherer] = F/Eh? is a dimensionless function of three- ~ 2.00

dimensionless parameteF¥E, v, and 6. Equation (1)
shows that the load on the indentét)(is proportional
to the square of the indenter displacemeént ¢urther-
more, the problem of determining the loading curves for® 1.20 - .
conical indentation in elastic-perfectly plastic solids is T '
reduced to determining a function of three parameters g ¢ g9
Y/E, v, 0, instead of a function diive parametersk =
F(E, Y, v, 6, h). 0.40
Since in practice indenters are usually made for &
few specific angles, it is sufficient to determine the 000 E . . ‘ .
dlmenS|on!ess functlonl,-[()_’/E, v,0), for the indenter 0.00 0.02 0.04 0.06 0.08 0.10
angles of interest. Following the work of Bhattacharya
and NiX and Laursen and Sinfowe consider§ = YiE
68°, for it gives approximately the same volume to FIG. 3. An approximate scaling relationship betwe — »2)/Eh?
depth relation as that of ideally sharp Vickers inderitérs and Y/E.
and, to a good approximation, that of ideally sharp
Berkovich indenters { = 70.3 ... degreesy. Finite
element calculations usingsaQus'® have been car-

ried out to evaluate the function(Y/E,»,0) for &  o,es’ Because the loadl, and displacement;, can

= 68°. To simplify notation,i(Y/E, v) is used instead o getermined experimentally, Eq. (1) shows thaE

of (Y/E, »,68°). The dependence on indenter angle iScan e determined from loading curveswifis known.

|mpI|_ed. Th_e f|n|t(‘e1 glement model has been described It onsequentlyy (or E) can be determined provided that

detall. prewouslyl..' ) E (or Y) and v are known. Sincg((Y/E, v) does not
Figure 2 depicts’/Eh* = ri(Y/E, v) VersusY/E  change”significantly for typical values of (0.25 <

for two values ofv. For a givenv n(Y/E,v), is @ g 35) “an estimatedl (or E) may be obtained from
nonlinear, single-valued function &%/ E. Furthermore, it loading curves by using a typical value of(i.e., 0.3) if

was noticed* that the dimensionless fu_nctiq_r[(Y/E, V) (or Y) is known. If » is known, Y (or E) can also be
could be expressed, to a good.apprOX|mat|(>)kn, as a pProyaluated using the approximate Eq. (3) and the known
uct of two-dimensionless function») andr*(Y/E),  yajues forE (or Y). In practice,E is usually more easily

F _ . obtained tharY by a variety of measurement techniques.
g~ WY/E.») ~ f)n"(Y/E). (2 Equation (3) shows that can then be obtained from
Figure 3 depictsF(I — »2)/Eh? versusY/E. The two indentation Io('_;\di_ng curves without the need of mea;uring
quantities,F(1 — »?)/Eh* and Y/E, lie approximately hardness. This is usgful 'because hardness requires the
on a singie curve, suggesting tha’t measurement or estimation of the contact area under
' load, which may be difficult to obtain. Furthermore,
L(l — %) = ["(Y/E) 3) the conversion of hardness to yield strength is not
Eh? ' always straightforward. However, it must be emphasized

1.60

VEh?

(Y/

Equations (1) and (3) offer the possibility for ex-
tracting materials properties from indentation loading
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that, in principle, loading curves obtained using ideally
sharp conical (or pyramidal) indenters alone cannot
uniguely determine botlE and Y. In order to use the

above procedure in practice, it is necessary to conside
the effect of indenter tip imperfection encountered in

indentation experiments.

[ll. INFLUENCE OF TIP GEOMETRIC
IMPERFECTION ON THE SHAPE OF
INDENTATION LOADING CURVES

In practice, the indenter tips are not ideally sharp.
This imperfection may be modeled by a conical indenter

with a spherical tip. The side of the cone is assumed to bt

tangent to the sphere as shown schematically in Fig. 1.

The tip geometry is determined by the tip radiis,and
the indenter half angle). Specifically, the tangent point
is given by:

1 —sing "= 0.0728,

" @

Iy
R ©)
The distance between the tips of the two indentérs,
in Fig. 1, is given by
Ah 1
=

cos 6 = 0.375.

172 0.0785. (6)

sin 6

Neglecting sinking-in and piling-up of surface pro-

50000 R
©  R=2.00um 99/
|| v R=1.00um o
40000 | . po'sonm g
o R=0.25um /cf{d !
/0 v
= 30000 f| “ R=0.00um 50 v
=1 ———- F,,=124000n"* S NN
A o ' _ 2.02 dﬁep 'S
i 20000 | F,,=116000h ;
10000 |
o (G L L L
0.0 0.1 0.2 0.3 0.4 05
h (um)

FIG. 4. Effects of indenter tip radius on the shape of indentation
loading curves. The indentation loading curves are calculated using a
finite element method for elastic-perfectly plastic solids characterized
by E = 200 GPa,» = 0.3, andY = 2 GPa.

increasingR. Furthermore, the force on the indenter
can indeed deviate significantly from the square of the
indenter displacemerit, whens andR are of the same
order of magnitude.

The effect of tip radius can be more generally
illustrated in the dimensionless form by plottidty Eh>
versush/R as shown in Fig. 5. According to Eq. (7), the
two quantities,F/Eh* and h/R, should lie on a single
curve for a givenY/E andv. In particular, they should
lie on a single curve for the same homogeneous material

files around the indenter, loading curves should follow(g, y, and » fixed) indented by conical indenters of

that of spherical indentation wheh/R < 0.073 and (ifferent tip radii, R. These features are demonstrated
approach that of ideally sharp conical indentation whenn Fig. 5. It is evident from both Figs. 4 and 5 that
h/R > 0.073. When: and R are of the same order of 5 significant deviation from ideally sharp conical in-
magnitude, which is frequently encountered in practicedenters can be expected whghR < 1. Furthermore,
loading curves are expected to deviate from that fog;, (v/E, v, h/R) approachesgy (Y/E,v), when h/R

spherical or ideally sharp conical indenters. > 2. Quantitatively, the deviation from that of ideally
For indentation in elastic-perfectly plastic solids

using rigid conical indenters (e.gf = 68°) with a

: . ; ) : 6.0 3 ; ;
spherical tip, the forcel , on the indenter is a function
of E, Y, v, h, as well ask. Dimensional analysis yields 5.0 %T v 2=?-gum
v o =1.0um
F = Ehan<L v, i), ) a0 Ble  YESO 5 R=0.25um |]
E R ~ g' B o R=0.125um
whereyr is a dimensionless function of three dimen- ﬁ 3.0 ! —— h/R=0.0728 |.
sionless parameters/E, v, and h/R (the dependency U= g
on indenter angle is implied). Consequently, the load, 2.0 [g& 4 08 A 6a A oa &
F, is, in general, not proportional to the square of the 50 =0.01 Y/E=0.004
displacement,s. It may depend omi/R through the 1.0 | R 0. 6.0 5.0 AL BO S LA KR ;mo
dimensionless functionz. ] BT 0L AR AG AG A0 LG AQAG LA Aommmm
Finite element calculations were carried out to il- 0.0 ' ' '
lustrate the changes in loading curves with varyitg 0.0 0.5 1.0 15 2.0
As seen from Fig. 4, the deviation from that of ideally h/R

sharp conical indenter increases with decreasifi§.

FIG. 5. Effects of indenter tip radius shown as dimensionless pa-

Consistent with common experiences the force requireghmeter7/En? versusi/R for several typical values of /E and

to move the indenter to the same deptincreases with

v = 0.3.
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sharp conical indenters at a givéjR also depends on 50000
mechanical properties through the ratigk. This is due

to the fact that the degree of sinking-in and piling-up, 40000 r
which affects the location of the contacts, is determined

by Y/E 4% 30000 t

(uN)

IV. A NEW METHOD FOR ANALYZING W 20000 |
INDENTATION LOADING CURVES

First, we note that the difference of the indented 10000 }
volume, AV, shown in Fig. 1, between that of the ideally

sharp conical indenter (e.gd, = 68°) and that with a 0 Low . . .
spherical tip, is about 6.x 10°2 R3. The volume of 0.0 0.1 0.2 0.3 0.4 0.5
the total indented volume of the ideally sharp conical h (um)

indenter,V, is on the order of &8°. The ratio,AV/V, is H

about 103 (R/h)3. This ratio is less than 1%, even when FIG. 6. A numerical fit to the indentation loading curves shown in
h/R = 0.5. Assuming the contribution to forc&F , due  Fig. 4 using second-order polynomials.
to AV is small, indentation by a conical indenter with

Sphe”(_:al tip may_be_ Vle_we_d a_s 'nde,n_tatlon _by an Id(':‘a”yFABLE |. Examples of using second-order polynomials to model in-
sharp ”?den_ter with its m't'fil tip pOSItlpn shifted by dentation loading curves for 88alf angle conical indenters with finite
shown in Fig. 1. Under this assumption we expect theip radii, R. The input parameters to the finite element calculations are
loading curves to follow E = 200 GPa and’ = 0.3 together with several values Bfand tip
radii Rmog- The threeY/E values represent the typical rangeX/fE
F o+ AF Eh + Ah)2 < Y > ®) encountered in materials. The final indentation depth isygvd The
= m—-,v) range ofi/R is, therefore, between 0.25 and 2.0. The coefficients of
E the second order polynomial are used to calculate tip radiysnd
in which the dimensionless function (Y/E v) is the the dimensionless function (Y/E, v) = co/E. It is evident that the
same as that for the ideally sharp coni’cal indenterqvalue of co/E is relatively insensitive to the indenter tip radius.
Equation (8) suggests that the loading curves for conical Y/E
indenters with a spherical tip can be approximated by a

second-order polynomial,

0.10 0.01 0.004

Rmod (um) R (um) c¢o/E R (um) co/E R (um) co/E

F = coh*> + ¢1h + ¢, (9)
0.00 0.0 1.66 0.0 059 0.0 0.28
where the coefficient, depends only on the property of ~ 0.25 018 168 021 058 020 028
materials £, », Y), ¢; andc, are functions of tip radius (1’-88 2-‘1‘4 i-gg ;’-fe 8'553 f'fl 8'225
and materials properties. Specifically, 200 33 142 30 050 31 0.24
co = En(Y/E,v), (10)
and, using Eg. (6), using Eq. (11), also approximately agrees with that given
1 to the finite element models (Table I).
¢y = 2coAh = 2En(Y/E, v)(m - 1>R. (11) Based on the above analysis, we propose a new

method for determining yield strengtli, and indenter
Fig. 6 shows the fits using Eqg. (9) to the calculatedtip radius,R, using indentation loading curves together
indentation loading curves shown in Fig 4. Excellentwith known E and v:

agreements are evident for a wide rangehgR, con- (1) Experimental loading curve is fitted with a
firming that the loading curves can be approximated bysecond-order polynomial, Eq. (9), and the coefficients,
the second-order polynomials given by Eq. (9). co and ¢y, are determined.

Table | summarizes the fitting parameteggE and (2) Divide ¢y by E and obtaing (Y/E, v) = co/E.

the tip radius,R, evaluated using Eq. (11) for three (3) DetermineY/E, and consequently, using the
values of Y/E. The fitting parameter,/E agrees, to scaling relationshipr; (Y/E,v) given by Fig. 2 or
less than 3%, with that for the ideally sharp conicalfrom the approximate scaling relationship & »?)*
indenter forh/R > 0.5 and less than 17% for 0.28  (Y/E) given by Fig. 3 together with either a known or
h/R < 0.5 (Table 1), suggesting that the parameigiZ  representative value for.

is indeed relatively insensitive to the radius within the (4) Determine the tip radius usingy, c¢;, and
range ofi/R considered. The tip radiu®, evaluated Eq. (11), i.e.,R = c{/[2co(1/sin 6§ — 1)].
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A similar method can obviously be used to deter-
mine E if Y and v are known. 120000 |-
We would like to point out that based on empir-
ical observations"'® and analysis of purely elastic
contacts®?° several authors have previously suggestec
the use of second-order polynomials [Eq. (9)] to describez 80000
indentation loading curves. However, the physical mean3
ing for the coefficients of the second-order polynomialt-
has not, to the best of our knowledge, been giver

Aluminum

explicitly as in Egs. (10) and (11). These equations forrr 40000 |
the basis for this newly proposed analysis method fol
conical indentation into elastic-perfectly plastic solids. >
0 0007 1 1 1 1

V. ANALYSIS OF EXPERIMENTAL 0.00 1.00 2.00 3.00 4.00 5.00
LOADING CURVES OBTAINED USING h (um)
PYRAMIDAL INDENTERS

120000

Although the above analysis applies strictly to in-
dentation into elastic-perfectly plastic solids using rigid
conical indenters, we demonstrate here that the metho
could be used to extract mechanical properties of rea 80000
materials from indentation measurements using pyrami-
dal indenters such as Vickers and Berkovich types.

Like the ideally sharp conical indenters, the ideally T
sharp pyramidal indenters are also geometrically self- 40000 |
similar and their shape is determined by a set of angle:
denoted by®. For a rigid pyramidal indenter of given
shape indenting into elastic-perfectly plastic solids, the
force on the indenter is, therefore, determinediyyv, o La , ,
Y, and®. Dimensional analysis can then be carried out 0.00 0.50 1.00 150 o
the same way as that for conical indentation: h (um)

T

uN)

i

o
S
N
o
<)

F = Eh%(%, v, @), (12)

wherep (Y/E,v,0) is a dimensionless function. The 120000 Tungsten

conclusions reached for conical indenters remain true
The force is proportional to the square of the indenter
displacement; and the proportionality factor is only az 80000 |
function of Y/E and v for a given indenter shape (i.e., &
fixed ©). Three-dimensional finite element calculations Y
are obviously needed to determine the functign
(Y/E,v,®) for the relevant shapes of pyramidal
indenters. Such calculations, though computationally
intensive, are within the current capabilities of com-
mercial finite element software and have indeed beet 0
performed® 00 02 04 06 08 10 12
However, since Egs. (1) and (12) are the same ir h (um)
form, the results for conical indentation should capture

the essential features of pyramidal indentation within theé"!G. 7. A numerical fit using second-order polynomials to the ex-
perimental loading curves reported in the literature for (a) aluminum,

context of elastic-plastic deformation. Furthermore, pre
. .. . . . . (b) copper, and (c) tungsten.
vious finite element calculations for conical indention

have shown good agreements with experimental indenta-
tion results obtained using pyramidal indenters, providedesults of Vickers and Berkovich indentation are similar

that the indented volume to indenter displacement relato that of conical indentation with a 6&nd 70.3 half
tionship is the same in both case¥ In particular, the angle, respectively. Consequently, the numerical values

40000 [

(c)

1
9
o
©
o
]
[
o
°
o
o
o
o
1
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of 1 (Y/E,v) or1* (Y/E) for 68 conical indenters may The validity of this method has been established
be used to analyze Vickers and, as an approximatiorysing finite element analysis. The method has also been
Berkovich indentation loading curves. As a further ap-used to determine the yield strength of several materials
proximation, the finite elastic constants of the diamondor which the indentation loading curves are available in

indenter is taken into account by substitutifig(l — »?)
in Eq. (3) by the reduced modulus commonly defined
agl 1/E* = (L — v})/E + (1 — v?)/E;, whereE; =

1140 GPa andv; = 0.07 are Young’'s modulus and
Poisson’s ratio of the diamond indenters, respectively.

the literature.
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using Eq. (9) is very good. Using Egs. (1), (3), and
(10), and the established values far and » from
literature, the yield strength of the materials is calculated.
Table Il summarized the results together with literature
values forY. The agreement is reasonable considering
the simplicity of the elastic-perfectly plastic model and 3.
the lack of information about the history of the materials

used in actual indentation experiments. 4.
5.
VI. SUMMARY 6

The effects of indenter tip rounding on the shape 7-
of indentation loading curves have been analyzed using8
dimensional and finite element analysis for conical in- g
dentation in elastic-perfectly plastic solids. A method

for obtaining mechanical properties from indentation10.

loading curves has been proposed. The method consists
of the following: 11

(i) Measuring loading curves using conical or pyra-
midal indenters.

(ii) Fitting indentation loading curves with second- 12.

order polynomials.

- . . _ 13.
(iif) Obtaining yield strength using the coefficients 14. Y-T. Cheng and C-M. Chendinalysis of indentation loading

of the second-order polynomials, scaling relationships
for conical indentation, and known values of Young's
modulus and Poisson’s ratio.

15.

TABLE II. An example of using the proposed method to estimate the
yield strength of solids from indentation loading curves.

Materials  E (GPa) v Yi (MPa) ¥ (MPa) 16
Al 70! 0.33 11 70 17.
cu 118 0.34% 32¢ 350 18.
W 360" 0.2 180@° 1400

1J.M. Gere and S.P. Timoshenkiglechanics of Materials2nd ed.
(PWS-KENT, Boston, 1984), p. 742.

2E. Rabinowicz,Friction and Wear of Material{Wiley, New York,
1965), p. 235.
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