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The effects of indenter tip rounding on the shape of indentation loading curves ha
been analyzed using dimensional and finite element analysis for conical indentati
in elastic-perfectly plastic solids. A method for obtaining mechanical properties fro
indentation loading curves is then proposed. The validity of this method is examin
using finite element analysis. Finally, the method is used to determine the yield
strength of several materials for which the indentation loading curves are availabl
the literature.
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I. INTRODUCTION

Indentation experiments have been performed
nearly one hundred years for measuring the hardn
of materials.1 Recent years have seen increased inte
in indentation because of the significant improvem
in indentation equipment and the need for measur
the mechanical property of materials on small sca
With the improvement in indentation instruments,
is now possible to monitor, with high precision an
accuracy, both the load and displacement of an inde
during indentation experiments in the respective mic
Newtons and nanometer ranges.2–4 In addition to hard-
ness, basic mechanical properties of materials, suc
the Young’s modulus, yield strength, and work harden
exponent, may be deduced from the indentation lo
versus displacement curves for loading and unload
For example, the hardness and Young’s modulus m
be calculated from the peak load and the initial slo
of the unloading curves using the method of Oliv
and Pharr5 or that of Doerner and Nix.6 Finite element
methods have also been used successfully to ex
the mechanical properties of materials by matching
simulated loading and unloading curves with that of t
experimentally determined ones.7–10

Recently, many attempts have been made to be
understand indentation loading curves. For exam
several empirical formulae have been proposed
the loading curves in terms of Young’s modulus a
hardness.11,12 Loading curves have also been discuss
using energetic considerations of reversible and ir
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versible parts of the indentation-induced deformations13

Using dimensional analysis and finite element calc
lations, we have recently derived scaling relationsh
for indentation into elastic-perfectly plastic solids usin
conical indenters.14,15

In this paper, we apply the scaling relationships
indentation to determine the mechanical properties
materials. We first review, in Sec. II, the scaling rel
tionships for ideally sharp conical indenters, followed b
an analysis of the effects of indenter tip rounding on t
shape of indentation loading curves in Sec. III. We w
then propose, in Sec. IV, a method for extracting t
mechanical properties from indentation loading curv
obtained using conical indenters with rounded tips. T
validity of this method is examined using finite eleme
analysis. Finally in Sec. V, the method is used to d
termine the yield strength of several materials for whi
the indentation loading curves by pyramidal indenters
available in the literature. This new indentation meth
allows the measurement of certain mechanical prop
ties of solids without measuring or estimating the co
tact area.

II. DIMENSIONAL AND FINITE ELEMENT
ANALYSIS OF INDENTATION LOADING
CURVES OBTAINED USING IDEALLY
SHARP CONICAL INDENTERS INDENTING
ELASTIC-PERFECTLY PLASTIC SOLIDS

We have shown14,15 that for an ideally sharp, three
dimensional, rigid, frictionless, conical indenter of
given half angle (u) (Fig. 1) indenting normally into an
elastic-perfectly plastic solid characterized by Young
modulus (E), Poisson’s ratio (n), and yield strength (Y ),
IP address: 159.226.231.78
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FIG. 1. Illustration of ideally sharp conical indenter and that with
spherical tip.

the load (F) on the indenter is a function ofE, n, Y ,
and the indenter displacement (h) and is given by:

F  Eh2Qµ
Y
E

, n , u

∂
, (1)

whereQ  FyEh2 is a dimensionless function of three
dimensionless parametersYyE, n, and u. Equation (1)
shows that the load on the indenter (F) is proportional
to the square of the indenter displacement (h). Further-
more, the problem of determining the loading curves f
conical indentation in elastic-perfectly plastic solids
reduced to determining a function of three paramet
YyE, n, u, instead of a function offiveparameters,F 
F(E, Y , n, u, h).

Since in practice indenters are usually made
few specific angles, it is sufficient to determine th
dimensionless function,QsYyE, n, ud, for the indenter
angles of interest. Following the work of Bhattachary
and Nix7 and Laursen and Simo,8 we consideru 
68±, for it gives approximately the same volume t
depth relation as that of ideally sharp Vickers indenters7,8

and, to a good approximation, that of ideally sha
Berkovich indenters (u  70.3 . . . degrees).10 Finite
element calculations usingABAQUS16 have been car-
ried out to evaluate the functionQsYyE, n, ud for u

 68±. To simplify notation,QsYyE, nd is used instead
of QsYyE, n, 68±d. The dependence on indenter angle
implied. The finite element model has been described
detail previously.14,15

Figure 2 depictsFyEh2  QsYyE, nd versusYyE
for two values of n. For a givenn

QsYyE, nd, is a
nonlinear, single-valued function ofYyE. Furthermore, it
was noticed14 that the dimensionless functionQsYyE, nd
could be expressed, to a good approximation, as a pr
uct of two-dimensionless functionsfsnd and QpsYyEd,

F
Eh2

 QsYyE, nd ø fsndQpsYyEd . (2)

Figure 3 depictsFs1 2 n2dyEh2 versusYyE. The two
quantities,Fs1 2 n2dyEh2 and YyE, lie approximately
on a single curve, suggesting that

F
Eh2

s1 2 n2d ø QpsYyEd . (3)
http://journals.cambridge.org Downloaded: 19 Nov 2013
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FIG. 2. Scaling relationships betweenFyEh2 and YyE.

FIG. 3. An approximate scaling relationship betweenFs1 2 n2dyEh2

and YyE.

Equations (1) and (3) offer the possibility for ex
tracting materials properties from indentation loadin
curves. Because the load,F, and displacement,h, can
be determined experimentally, Eq. (1) shows thatYyE
can be determined from loading curves ifn is known.
Consequently,Y (or E) can be determined provided tha
E (or Y) and n are known. SinceQsYyE, nd does not
change significantly for typical values ofn (0.25 ,

n , 0.35), an estimatedY (or E) may be obtained from
loading curves by using a typical value ofn (i.e., 0.3) if
E (or Y) is known. If n is known,Y (or E) can also be
evaluated using the approximate Eq. (3) and the kno
values forE (or Y ). In practice,E is usually more easily
obtained thanY by a variety of measurement technique
Equation (3) shows thatY can then be obtained from
indentation loading curves without the need of measur
hardness. This is useful because hardness requires
measurement or estimation of the contact area un
load, which may be difficult to obtain. Furthermore
the conversion of hardness to yield strength is n
always straightforward. However, it must be emphasiz
IP address: 159.226.231.78
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that, in principle, loading curves obtained using idea
sharp conical (or pyramidal) indenters alone can
uniquely determine bothE and Y . In order to use the
above procedure in practice, it is necessary to cons
the effect of indenter tip imperfection encountered
indentation experiments.

III. INFLUENCE OF TIP GEOMETRIC
IMPERFECTION ON THE SHAPE OF
INDENTATION LOADING CURVES

In practice, the indenter tips are not ideally sha
This imperfection may be modeled by a conical inden
with a spherical tip. The side of the cone is assumed to
tangent to the sphere as shown schematically in Fig
The tip geometry is determined by the tip radius,R, and
the indenter half angle,u. Specifically, the tangent poin
is given by:

ht

R
 1 2 sin u

u68±

 0.0728 , (4)

rt

R
 cos u

u68±

 0.375 . (5)

The distance between the tips of the two indenters,Dh
in Fig. 1, is given by

Dh
R


1

sin u
2 1

u68±

 0.0785 . (6)

Neglecting sinking-in and piling-up of surface pr
files around the indenter, loading curves should foll
that of spherical indentation whenhyR , 0.073 and
approach that of ideally sharp conical indentation wh
hyR @ 0.073. Whenh and R are of the same order o
magnitude, which is frequently encountered in pract
loading curves are expected to deviate from that
spherical or ideally sharp conical indenters.

For indentation in elastic-perfectly plastic soli
using rigid conical indenters (e.g.,u  68±) with a
spherical tip, the force,F , on the indenter is a functio
of E, Y , n, h, as well asR. Dimensional analysis yield

F  Eh2Q
R

µ
Y
E

, n ,
h
R

∂
, (7)

where Q
R is a dimensionless function of three dime

sionless parametersYyE, n, and hyR (the dependency
on indenter angle is implied). Consequently, the lo
F, is, in general, not proportional to the square of
displacement,h. It may depend onhyR through the
dimensionless functionQR.

Finite element calculations were carried out to
lustrate the changes in loading curves with varyingR.
As seen from Fig. 4, the deviation from that of idea
sharp conical indenter increases with decreasinghyR.
Consistent with common experiences the force requ
to move the indenter to the same depthh increases with
http://journals.cambridge.org Downloaded: 19 Nov 2013
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FIG. 4. Effects of indenter tip radius on the shape of indenta
loading curves. The indentation loading curves are calculated us
finite element method for elastic-perfectly plastic solids character
by E  200 GPa,n  0.3, andY  2 GPa.

increasingR. Furthermore, the force on the indent
can indeed deviate significantly from the square of
indenter displacementh, whenh andR are of the same
order of magnitude.

The effect of tip radius can be more genera
illustrated in the dimensionless form by plottingFyEh2

versushyR as shown in Fig. 5. According to Eq. (7), th
two quantities,FyEh2 and hyR, should lie on a single
curve for a givenYyE andn. In particular, they should
lie on a single curve for the same homogeneous mat
(E, Y , and n fixed) indented by conical indenters
different tip radii, R. These features are demonstra
in Fig. 5. It is evident from both Figs. 4 and 5 th
a significant deviation from ideally sharp conical i
denters can be expected whenhyR , 1. Furthermore,Q

R sYyE, n, hyRd approachesQ sYyE, nd, when hyR
@ 2. Quantitatively, the deviation from that of ideal

FIG. 5. Effects of indenter tip radius shown as dimensionless
rameterFyEh2 versushyR for several typical values ofYyE and
n  0.3.
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sharp conical indenters at a givenhyR also depends on
mechanical properties through the ratioYyE. This is due
to the fact that the degree of sinking-in and piling-u
which affects the location of the contacts, is determin
by YyE.14,15

IV. A NEW METHOD FOR ANALYZING
INDENTATION LOADING CURVES

First, we note that the difference of the indent
volume,DV , shown in Fig. 1, between that of the ideal
sharp conical indenter (e.g.,u  68±) and that with a
spherical tip, is about 6.03 1023 R3. The volume of
the total indented volume of the ideally sharp conic
indenter,V , is on the order of 6h3. The ratio,DVyV , is
about 1023 (Ryh)3. This ratio is less than 1%, even whe
hyR  0.5. Assuming the contribution to force,DF , due
to DV is small, indentation by a conical indenter wit
spherical tip may be viewed as indentation by an idea
sharp indenter with its initial tip position shifted byDh
shown in Fig. 1. Under this assumption we expect t
loading curves to follow

F 1 DF  Esh 1 Dhd2Q
µ

Y
E

, n

∂
, (8)

in which the dimensionless functionQ sYyE, nd is the
same as that for the ideally sharp conical indente
Equation (8) suggests that the loading curves for con
indenters with a spherical tip can be approximated b
second-order polynomial,

F  c0h2 1 c1h 1 c2 , (9)

where the coefficientc0 depends only on the property o
materials (E, n, Y ), c1 andc2 are functions of tip radius
and materials properties. Specifically,

c0  EQsYyE, nd , (10)

and, using Eq. (6),

c1  2c0Dh  2EQsYyE, nd
µ

1
sin u

2 1

∂
R . (11)

Fig. 6 shows the fits using Eq. (9) to the calculat
indentation loading curves shown in Fig 4. Excelle
agreements are evident for a wide range ofhyR, con-
firming that the loading curves can be approximated
the second-order polynomials given by Eq. (9).

Table I summarizes the fitting parametersc0yE and
the tip radius,R, evaluated using Eq. (11) for thre
values of YyE. The fitting parameterc0yE agrees, to
less than 3%, with that for the ideally sharp conic
indenter forhyR . 0.5 and less than 17% for 0.25,
hyR , 0.5 (Table I), suggesting that the parameterc0yE
is indeed relatively insensitive to the radius within th
range ofhyR considered. The tip radius,R, evaluated
http://journals.cambridge.org Downloaded: 19 Nov 2013
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FIG. 6. A numerical fit to the indentation loading curves shown
Fig. 4 using second-order polynomials.

TABLE I. Examples of using second-order polynomials to model i
dentation loading curves for 68± half angle conical indenters with finite
tip radii, R. The input parameters to the finite element calculations a
E  200 GPa andn  0.3 together with several values ofY and tip
radii Rmod. The threeYyE values represent the typical range ofYyE
encountered in materials. The final indentation depth is 0.5mm. The
range ofhyR is, therefore, between 0.25 and 2.0. The coefficients
the second order polynomial are used to calculate tip radius,R, and
the dimensionless functionQ sYyE, n)  c0yE. It is evident that the
value of c0yE is relatively insensitive to the indenter tip radius.

YyE

0.10 0.01 0.004

Rmod (mm) R (mm) c0yE R (mm) c0yE R (mm) c0yE

0.00 0.0 1.66 0.0 0.59 0.0 0.28
0.25 0.18 1.68 0.21 0.58 0.20 0.28
0.50 0.44 1.68 0.46 0.58 0.51 0.28
1.00 1.1 1.62 1.1 0.57 1.1 0.27
2.00 3.3 1.42 3.0 0.50 3.1 0.24

using Eq. (11), also approximately agrees with that giv
to the finite element models (Table I).

Based on the above analysis, we propose a n
method for determining yield strength,Y , and indenter
tip radius,R, using indentation loading curves togethe
with known E and n:

(1) Experimental loading curve is fitted with a
second-order polynomial, Eq. (9), and the coefficien
c0 and c1, are determined.

(2) Divide c0 by E and obtainQ sYyE, nd ø c0yE.
(3) DetermineYyE, and consequentlyY , using the

scaling relationshipQ sYyE, nd given by Fig. 2 or
from the approximate scaling relationship (12 n2)Qp

sYyEd given by Fig. 3 together with either a known o
representative value forn.

(4) Determine the tip radius usingc0, c1, and
Eq. (11), i.e.,R  c1yf2c0s1y sin u 2 1dg.
IP address: 159.226.231.78

3, No. 4, Apr 1998

http://journals.cambridge.org


Y-T. Cheng et al.: Further analysis of indentation loading curves

r

r-

te
ib
an
ia
e
rm
fo
.

n-
id
ho
e
m

lly
el
le

h

u

e
ue
te
a

.,
ns

l
ll
-
e

i
re
h
re
n

nt
e
la

x-
m,

ar

es
A similar method can obviously be used to dete
mine E if Y and n are known.

We would like to point out that based on empi
ical observations13,17,18 and analysis of purely elastic
contacts,19,20 several authors have previously sugges
the use of second-order polynomials [Eq. (9)] to descr
indentation loading curves. However, the physical me
ing for the coefficients of the second-order polynom
has not, to the best of our knowledge, been giv
explicitly as in Eqs. (10) and (11). These equations fo
the basis for this newly proposed analysis method
conical indentation into elastic-perfectly plastic solids

V. ANALYSIS OF EXPERIMENTAL
LOADING CURVES OBTAINED USING
PYRAMIDAL INDENTERS

Although the above analysis applies strictly to i
dentation into elastic-perfectly plastic solids using rig
conical indenters, we demonstrate here that the met
could be used to extract mechanical properties of r
materials from indentation measurements using pyra
dal indenters such as Vickers and Berkovich types.

Like the ideally sharp conical indenters, the idea
sharp pyramidal indenters are also geometrically s
similar and their shape is determined by a set of ang
denoted byQ. For a rigid pyramidal indenter of given
shape indenting into elastic-perfectly plastic solids, t
force on the indenter is, therefore, determined byE, n,
Y , andQ. Dimensional analysis can then be carried o
the same way as that for conical indentation:

F  Eh2Q
µ

Y
E

, n , Q

∂
, (12)

where Q sYyE, n, Qd is a dimensionless function. Th
conclusions reached for conical indenters remain tr
The force is proportional to the square of the inden
displacement; and the proportionality factor is only
function of YyE and n for a given indenter shape (i.e
fixed Q). Three-dimensional finite element calculatio
are obviously needed to determine the functionQ
sYyE, n, Qd for the relevant shapes of pyramida
indenters. Such calculations, though computationa
intensive, are within the current capabilities of com
mercial finite element software and have indeed be
performed.9

However, since Eqs. (1) and (12) are the same
form, the results for conical indentation should captu
the essential features of pyramidal indentation within t
context of elastic-plastic deformation. Furthermore, p
vious finite element calculations for conical indentio
have shown good agreements with experimental inde
tion results obtained using pyramidal indenters, provid
that the indented volume to indenter displacement re
tionship is the same in both cases.7–10 In particular, the
http://journals.cambridge.org Downloaded: 19 Nov 2013
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FIG. 7. A numerical fit using second-order polynomials to the e
perimental loading curves reported in the literature for (a) aluminu
(b) copper, and (c) tungsten.

results of Vickers and Berkovich indentation are simil
to that of conical indentation with a 68± and 70.3± half
angle, respectively. Consequently, the numerical valu
IP address: 159.226.231.78
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of Q sYyE, nd or Qp sYyEd for 68± conical indenters may
be used to analyze Vickers and, as an approximati
Berkovich indentation loading curves. As a further a
proximation, the finite elastic constants of the diamo
indenter is taken into account by substitutingEys1 2 n2d
in Eq. (3) by the reduced modulus commonly defin
as21: 1yEp  (1 2 n2)yE 1 (1 2 n2

i )yEi, whereEi 
1140 GPa andni  0.07 are Young’s modulus and
Poisson’s ratio of the diamond indenters, respectively

Several experimental loading curves for Al, W
and Cu obtained from the literature5,12 have been dig-
itized and replotted in Figs. 7(a)–7(c). These curv
were obtained using pyramidal-shaped diamond ind
ters (Berkovich or Vickers). Figure 7 shows that th
agreement between the experimental data and the
using Eq. (9) is very good. Using Eqs. (1), (3), an
(10), and the established values forE and n from
literature, the yield strength of the materials is calculate
Table II summarized the results together with literatu
values forY . The agreement is reasonable consideri
the simplicity of the elastic-perfectly plastic model an
the lack of information about the history of the materia
used in actual indentation experiments.

VI. SUMMARY

The effects of indenter tip rounding on the sha
of indentation loading curves have been analyzed us
dimensional and finite element analysis for conical i
dentation in elastic-perfectly plastic solids. A metho
for obtaining mechanical properties from indentatio
loading curves has been proposed. The method cons
of the following:

(i) Measuring loading curves using conical or pyr
midal indenters.

(ii) Fitting indentation loading curves with second
order polynomials.

(iii) Obtaining yield strength using the coefficient
of the second-order polynomials, scaling relationsh
for conical indentation, and known values of Young
modulus and Poisson’s ratio.

TABLE II. An example of using the proposed method to estimate t
yield strength of solids from indentation loading curves.

Materials E (GPa) n Y lit (MPa) Y (MPa)

Al 701 0.331 1102 70
Cu 1151 0.3451 3202 350
W 3601 0.21 18002 1400

1J. M. Gere and S. P. Timoshenko,Mechanics of Materials,2nd ed.
(PWS-KENT, Boston, 1984), p. 742.

2E. Rabinowicz,Friction and Wear of Materials(Wiley, New York,
1965), p. 235.
http://journals.cambridge.org Downloaded: 19 Nov 2013
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The validity of this method has been establish
using finite element analysis. The method has also b
used to determine the yield strength of several mater
for which the indentation loading curves are available
the literature.
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