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Adhesion elastic contact and hysteresis e�ect*
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In this paper, we study the relationship between the pull-o� force and the transition parameter (or Tabor number)

as well as the variation of the pull-o� radius with the transition parameter in the adhesion elastic contact. Hysteresis

models are presented to describe the contact radius as a function of external loads in loading and unloading processes.

Among these models, we veri�ed the hysteresis model from Johnson{Kendall{Roberts theory, based on which the

calculated results are in good agreement with experimental ones.
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1. Introduction

Adhesion plays a signi�cant role in microelec-

tromechanical systems (MEMS), scanning probe mi-

croscope (SPM) measurements, nanomanipulation,

nanotribology, nanowear and some other related �elds.

Due to the very large surface-to-volume ratio, adhe-

sion/stiction is one of the major factors that limit

the widespread use of microelectromechanical systems

(MEMS), and thus attracts much attention in the

MEMS community.[1;2] On a nanoscale level, adhesion

force between the tip of the atomic force microscope

(AFM) and a sample is vital to the understanding

of the force{distance curves. Continuum mechanics

models of the adhesion contact between two spheri-

cal surfaces that deform within the elastic limit are

well developed. Bradley[3] calculated the force to sep-

arate two rigid spheres in 1932. Adhesion contact

theories of deformable elastic spheres were presented

by Johnson, Kendall and Roberts[4] (JKR theory) in

1971 and by Derjaguin, Muller and Toporov[5] (DMT

theory) in 1975, and then, the two theories led to a

rather acrimonious debate. The situation was resolved

by Tabor,[6] who suggested that the two models were

respectively appropriate to two opposite extremes of

adhesion contact according to a dimensionless param-

eter � (Tabor number). This parameter may be in-

terpreted as a measure of the magnitude of the elas-

tic deformation compared with the range of surface

forces. Thus, large values of � correspond to soft ma-

terials with large surface energy and radius (the as-

sumption of the JKR model) and small values to hard

solids of small radius and low surface energy (the as-

sumption of the DMT model). In 1992, Maugis,[7]

using the Dugdale model, provided an analytical so-

lution to it. In this model (M-D), a transition param-

eter � (� = 1:16�) is introduced. When � increases

from zero to in�nity, there is a continuous transition

from the DMT to the JKR model. To our knowledge,

apart from the relationship between the pull-o� force

and the transition parameter given by some authors,[8]

the variation of the pull-o� radius with the transition

parameter is still lacking so far.

For elastic materials, the contact behaviour is de-

termined by two dimensionless numbers: Tabor num-

ber (transition parameter) and the dimensionless load

parameter.[2;9] Most real adhesion contact processes

are hysteretic even though they usually described in

terms of (ideally) reversible thermodynamic functions.

The work needed to separate two surfaces from adhe-

sive contact is generally not fully recoverable when

bringing the two surfaces back into contact again.

This may be referred to as adhesion hysteresis.[10] Un-

derstanding the hysteresis behaviour is critical in de-
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veloping technologies to control adhesion. Dutroski[11]

�rst observed the hysteresis behaviour in contact de-

formation. Frantz et al
[12] used a capacitive method

to obtain the surface forces and the hysteresis loop.

Nowadays, atomic force microscope (AFM) can also

be used to measure the hysteresis between the AFM

tip attached to the cantilever and the surface of a

sample.[13�15] Many researchers have indicated that

the hysteresis observed at the interface between elas-

tic solids results from the nonequilibrium processes

occurring at the interface, such as physicochemical re-

construction, the increase of surface roughness due to

extraction, elastic instabilities, and viscoelastic bulk

deformations when the contacting materials are not

perfectly elastic.[16�19] Assuming that a fraction of the

elastic energy � is dissipated, Johnson[20] obtained a

quantitative relationship between the energy release

rate and the work of adhesion. The energy release

rate has also been studied in detail by Maugis.[7] This

paper applies the theories of Johnson and Maugis to

investigate the relationship between the external load

and the contact radius. Some revised models from

JKR, DMT and M-D are presented. Finally, an exper-

imental result is interpreted by the hysteresis model

from JKR.

2.Introduction to several contin-

uum models on adhesive con-

tact

2.1. Bradley theory

When two rigid spheres are pulled into contact,

the interfacial attractive force is described by[3]

F0 = 2�Rwa; (1)

where R = R1R2=(R1 + R2) is the equivalent radius

of the contact system, R1 and R2 are the radii of the

two spheres respectively, and wa is the Dupr�e energy

of adhesion or the work of adhesion:[21]

wa = 1 + 2 � 12; (2)

where 1 and 2 are the surface energies of the two

solid surfaces respectively, and 12 is the interfacial

energy.

2.2. DMT theory

Considering two deformable spheres, Derjaguin,

Muller and Toporov proposed an amendatory

Hertzian model[5]

a3K

R
= p+ 2�Rwa; (3)

where K =
4

3

�
(1� �21)=E1 + (1� �22)=E2

��1
, � is the

Poisson ratio and E is the Young modulus, and the

subscripts refer to the two spheres; p is the external

force, and a is the contact radius resulting from the

external force and the adhesive forces.

2.3. JKR theory

Johnson et al
[4] presented their model for two

contacting spheres. Similar to the DMT model, the

contact area in the JKR theory is larger than that

in Hertz theory. The relationship between the con-

tact radius and the forces (both the external load and

adhesive force) is shown as[3]

a3K

R
= p+ 3�Rwa +

q
6�waRp+ (3�waR)

2: (4)

2.4. M-D theory

Maugis used the Dugdale approximation to esti-

mate the value of the contact radius, referred to as the

M-D solution.[22] The contact radius and the external

force are related by

1

2
�a2

h�
m2 � 2

�
arccos (1=m) +

p
m2 � 1

i
+

4

3
�2a

hp
m2 � 1 arccos (1=m)�m+ 1

i
= 1; (5)

p = a3 � �a2
hp

m2 � 1 +m2 arccos (1=m)
i
; (6)

where p and a are simple parametrizations of p and

a, p = p=�waR, a =

�
4E

3�waR2

�1=3

a, m is the ratio

of adhesion zone to the contact zone, � is the tran-

sition parameter with � = 1:16�, � is Tabor number

expressed as � =

�
Rw2

a

E�2"3

�1=3

, where " is the equilib-

rium space between atoms, and the parameter m rep-

resents the ratio of the contact radius a to the outer

radius described in the Dugdale model. The diÆculty

in utilizing the M-D equations lies in the lack of a

direct expression relating a to p.

3.Pull-o� force and pull-o� ra-

dius
As previously discussed, there exists an adhesive

force in the contact area. An atomic force microscope

is a good instrument to interpret the pull-o� force and

pull-o� radius. A typical force{displacement curve ob-

tained by using AFM is depicted in Fig.1. The force
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between the AFM tip and the surface is quanti�ed

along the vertical axis, while the horizontal axis shows

the surface displacement coordinate. As the AFM tip

begins to approach the surface, there is no detectable

interaction; however, when the tip is gradually getting

close to the surface, the tip \jumps in' to the surface

due to the attractive force; as the tip is further pushed

into the surface, the interaction force becomes repul-

sive. When the tip is withdrawn, the repulsive force

is replaced by an attractive force again which repre-

sents the adhesive force in AFM force curve. Only

when the cantilever's spring force is great enough to

overcome the adhesive force does the cantilever jump

back to its original position. This is called a `pull-o�'

behaviour, and therefore, the adhesive force is de�ned

as the `pull-o� force'; the contact radius before `jump"

back is named `pull-o� radius'. This phenomenon ex-

ists in many adhesive contact processes.

Fig.1. Force{displacement curves for approaching

and retracting using a Dimension 3000 AFM under

ambient conditions. The scan rate (loading/unloading

rate) is 0.2Hz. The curves show a signi�cant hysteresis

phenomenon.

For the DMT model, according to Eq.(3), the

pull-o� force p is 2�Rwa, and the contact radius is

zero. In the JKR model, the pull-o� force can be de-

rived from Eq.(4). The minimum load p meets the

equation

ppull�o� =
3

2
�waR; (7)

and then the pull-o� radius can be obtained eas-

ily. There are some di�erences between the JKR and

DMT models. When Tabor[6] introduced a dimen-

sionless number (Tabor number), the contradiction

was resolved. Although Johnson et al
[8] has discussed

the transition between JKR and DMT theories by the

transition parameter �, the variation of pull-o� ra-

dius with transition parameter � is not included. It is

rather cumbersome to estimate the pull-o� force and

the pull-o� radius for the M-D model. When � is

�xed, there exists a conditional extremum under the

restriction of Eq.(6). The value of p can be determined

by numerical methods, and the pull-o� radius can be

obtained subsequently.

The pull-o� force and pull-o� radius can be de-

scribed as functions of the transition parameter, and

the related curves can be drawn. Figure 2 shows the

relationship between the pull-o� force and the transi-

tion parameter �, and Fig.3 gives the curve of pull-o�

radius versus parameter �. In order to compare M-D

model to the other models, the DMT and JKR mod-

els are also shown in the �gures. Figure 3 also shows

that with the increase of the transition parameter �,

the values of both the pull-o� force and the pull-o� ra-

dius vary continuously from the values in DMT model

to those in JKR model. This is consistent with Fig.2.

Fig.2. Pull-o� force versus � determined from the

M-D, DMT and JKR models[7].

Fig.3. Pull-o� radius versus � from M-D, DMT and

JKR models.
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4.Hysteresis e�ect

Experimentally, adhesion hysteresis is de�ned as

the di�erence between loading and unloading pro-

cesses. This type of hysteretic behaviour is common

in most practical interfacial phenomena, such as wet-

ting. Figure 1 shows a typical hysteresis between the

AFM tip and the surface of a sample. During the re-

tracting process, a clear force hysteresis occurs due to

the attractive force and bond rupture between the tip

and surface. More work is needed to separate the tip

from the substrate.

In practical adhesion systems, hysteresis occurs

due to the combination of many e�ects, which are usu-

ally highly coupled. Therefore, for the fundamental

research on hysteresis, it is desirable to use a simple

model that can discover the fundamental mechanism.

In this work, we assume that a fraction of energy must

be dissipated in the approaching and receding pro-

cesses of adhesive contact. Here the model was named

hysteresis model. Maugis et al
[23] regarded the edge

of the contact area as a crack that recedes or advances

when the contact area increases or decreases. In 1968,

Rice introduced the J-integral to compute the energy

release rate G from the stresses on the path surround-

ing the cohesive zone. The elastic energy release rate

is equal to the work done against surface forces,

G = wa: (8)

If a fraction of the elastic energy � is dissipated, the

released energy has to overcome the dissipation and

the work of adhesion during separation, i.e.[20]

G = wa + �G: (9)

During the approach process, G and wa change sign,

but the dissipation component does not, i.e.[20]

�G = �wa + �G: (10)

Theoretically, the energy dissipation ratio � is cou-

pled with materials' properties, contacting geometric

shape, loading-unloading rates and so on. It is still a

complicated parameter. However, the value of � can

be obtained from experiments.

Based on the assumption just discussed, we can

revise the models in Sec.2. More reasonable discussion

is given in the following section.

4.1. Hysteresis model from JKR

In JKR model, the energy release rate is given

by[7]

G =
(p1 � p)

2

6�a3K
=

3K

8�a

�
Æ � a2

R

�2

; (11)

where

p1 =
3aK

2

�Z 1

0

f 0 (x) dxp
1� x2

�
Z 1

0

xf (x) dxp
1� x2

�
:

When a sphere is contacting with a plane, we have

f(x) =
a2

R2
x2, x =

r

a
. Substituting these in the ex-

pression of p1, we have p1 =
a3K

R
. The GriÆth crite-

rion gives the equilibrium relation

G =

�
p� a3K

R

�2

6�a3K
= wa: (12)

In fact, Eqs.(12) and (4) are equivalent. When the

energy loss is considered, the equilibrium equation

in hysteresis model should be rewritten. Combining

Eq.(12) with Eqs.(9) and (10) gives

�
p� a3K

R

�2

6�a3K
=

wa

1 + �
;

or

a3K

R
=p+ 3�R

wa

1 + �

+

q
6�Rpwa= (1 + �) + (3�waR= (1 + �))

2

(loading); (13)

�
p� a3K

R

�2

6�a3K
=

wa

1� �
;

or

a3K

R
=p+ 3�R

wa

1� �

+

q
6�Rpwa= (1� �) + (3�waR= (1� �))

2

(unloading): (14)

Equation (14) shows that the pull-o� force and

the pull-o� radius are both larger than that in JKR

model.

From the model we have just established, the loop

of loading and unloading processes for the hysteresis

model from JKR versus JKR model is shown in Fig.4.

The curves of loading and unloading processes are il-

lustrated in Fig.5, in which the load and the contact

radius have been normalized as p =
p

�Rwa
, a =

a

a0
;

a0 is the contact radius at zero load in JKR model,

and the energy dissipation ratio �=0, 0.25, 0.5, 0.75.
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It is clear from Fig.5 that when the dissipated fraction

� ! 0, the hysteresis model from JKR tends to the

original JKR, and when the energy dissipation ratio

� is increased, either the pull-o� force or the pull-o�

radius is increased.

Fig.4. Hysteresis loop and JKR plot. When dissi-

pated energy is considered, before the separation be-

gins, a closed loop will form during the transition be-

tween loading and unloading. The JKR plot lies be-

tween the loading and unloading curves as the hystere-

sis e�ect is taken into account.

Fig.5. Adhesion hysteresis. Loading and unloading

curves are obtained using the hysteresis model from

JKR with di�erent energy dissipation ratios �. The

results show that with increasing �, the loading path

is further deviated from the unloading path.

4.2. Hysteresis model from DMT

According to Eq.(3), the energy release rate can

be determined as

G =

�
a3K

R
� p

�
=2�R: (15)

Similarly, for the hysteresis model, the relationship be-

tween the external load and the contact radius during

loading and unloading is

a3K

R
= p+ 2�Rwa= (1 + �) ; (16)

a3K

R
= p+ 2�Rwa= (1� �) : (17)

Equation (17) also shows that the pull-o� force

in the hysteresis model is larger than that in DMT

model, but the pull-o� radius is zero, the same as that

in the DMT model.

4.3. Hysteresis model from M-D

The expression of the energy release rate for the

M-D model is[7]

G=
p1 � p

2�R

 
1� 2arctg

p
m2 � 1p

m2 � 1 +m2arctg
p
m2 � 1

!

+
4
�
1� �2

�
E

K2
I

p
m2 � 1arctg

p
m2 � 1�m+ 1�p

m2 � 1 +m2arctg
p
m2 � 1

�2 ;
(18)

where KI =
p1 � p

2�R
. When m! 1, one can obtain the

result of JKR, and when m!1, the result is that of

DMT. It is easy to obtain the loading and unloading

equilibrium equations from Eqs.(18), (9) and (10).

4.4. Discussion and comparison to experimen-

tal results

By comparison, the pull-o� forces in our hystere-

sis models are larger than those determined by JKR

and DMT models. The pull-o� radius given by the

hysteresis model is larger than that in the JKR, but

equals that in the DMT. Because the loading and un-

loading curves are not the same path, extra work is

required to separate the contact surfaces. When the

contact process is shifted from loading to unloading,

the contact radius holds unchanged until the load de-

creases to a certain value that meets the energy release

rate in the unloading process according to Eq.(14). In

general, we attribute the hysteresis to the complicated

phenomena occurring at the interface, such as impact

contact, viscoelastic or plastic deformation of the con-

tact materials, surface roughness, reorientation, inter-

di�usion, and interdigitation of molecules. A common

property of these processes is energy dissipation, so a

parameter � is introduced to characterize these pro-

cesses.

In the discussion of hysteresis, the whole process

is described clearly by the energy dissipation ratio �.

Figure 6 shows compression/decompression cycles of

mica sheets covered with laterally ordered 1,12-Di-(N -

chinuclidinium)dodecandibromide (DCDDBr) mono-

layers while varying the relative humidity.[24] The ex-

periment can be interpreted by our hysteresis model

from JKR. On unloading, the contact area does not
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Fig.6. Compression/decompression cycles of mica

sheets covered with laterally ordered DCDDBr mono-

layers while varying the relative humidity. [24]

fall initially, or it falls much less rapidly than that cal-

culated from the JKR equation. Based on our model

from JKR, the ratio � can be obtained from parame-

ter �tting. The estimated results are �=0.32 for the

�rst part of Fig.6. and �=0.08 for the second part.

It must be mentioned that our models are simpli�ed:

they could not be consistent with all experiments at

any cases, for the fraction � may be variable in the

process from loading to unloading.

5.Conclusions

In conclusion, the main points of this paper are

as follows:

1. From the relation between the pull-o� radius

and transition parameter �, the DMT and JKR mod-

els are the extreme cases of the M-D model. When the

transition parameter � tends to be very small (i.e. for

sti� materials, weak adhesion forces, small tip radii),

the DMT theory is identical with the M-D theory. In

contrast, when � becomes very large (i.e. for compli-

ant materials, strong adhesion forces, large tip radii),

the M-D theory is the same as the JKR theory.

2. Energy dissipation is the common property of

adhesion contact hysteresis. Some modi�ed models

are presented to characterize the complicated loading

and unloading processes on such a fact. The hystere-

sis model from JKR is in good agreement with the

experimental results.

The inuence of surface roughness, dangling

chains, load rates, relative humidity etc on adhesion

hysteresis will be studied in depth in the future work.
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