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Abstract

The dislocation simulation method is used in this paper to derive the basic equations for a crack perpendicular to the

bimaterial interface in a finite solid. The complete solutions to the problem, including the T stress and the stress in-
tensity factors are obtained. The stress field characteristics are investigated in detail. It is found that when the crack is

within a weaker material, the stress intensity factor is smaller than that in a homogeneous material and it decreases

when the distance between the crack tip and interface decreases. When the crack is within a stiffer material, the stress

intensity factor is larger than that in a homogeneous material and it increases when the distance between the crack tip

and interface decreases. In both cases, the stress intensity factor will increase when the ratio of the size of a sample to the

crack length decreases. A comparison of stress intensity factors between a finite problem and an infinite problem has

been given also. The stress distribution ahead of the crack tip, which is near the interface, is shown in details and the T
stress effect is considered.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The influence of cracks is very important in advanced materials, such as fiber or particle reinforced

composites, metal and ceramics interfaces, laminated ceramics, packaging materials and so on. Interface
failures are common features in those materials and thin films. The design process of those components

requires a better understanding of the failure mechanisms. An important task is to study in detail the

fracture characteristics of cracks along or perpendicular to the interface.

Many researchers have investigated the interaction between an interface and a crack with various

methods. Zak and Williams (1963) used the eigenfunction expansion method to analyze the stress singu-

larity at the tip of a crack, perpendicular to and terminating at the interface. Cook and Erdogan (1972) used

the Mellin transform method to derive the governing equation of finite cracks perpendicular to an interface

and obtained the stress intensity factors. Erdogan and Biricikoglu (1973) solved the problem of two
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bounded half planes with a crack going through the interface. Bogy (1971) investigated the stress singularity

of an infinite crack terminated at the interface with an arbitrary angle. Wang and Chen (1993) used

photoelasticity to determine the stress distribution and the stress intensity of a crack perpendicular to the

interface. Wang and St�aahle (1998a,b) used the dislocation simulation approach to investigate a crack
perpendicular to and terminating at the bimaterial interface. Lin and Mar (1976) presented a finite element

analysis of the stress intensity factors for cracks perpendicular to the bimaterial interface. Meguid et al.

(1995) proposed a novel finite element to analyze edge cracks in a finite elastic homogeneous body and a

finite crack perpendicular to the interface in an infinite bimaterial solid. Chen (1994) used the body force to

determine the stress intensity factors for a crack normal to and terminated at the bimaterial interface. Suo

(1989) analyzed the interaction problem of an edge dislocation with a bimaterial interface. St�aahle et al.
(1995) investigated a crack growing towards to a bimaterial interface, where they carried out an experiment

work and a finite element simulation. Recently, Leblond and Frelat (2000) studied a crack kinking from an
initially closed crack and Chen (2000) investigated the T stress in plane elasticity crack problems.
All the above studies are almost all about crack and interface problems in an infinite body. Few ana-

lytical solutions about interaction of a crack and an interface in a finite solid are available. In engineering

applications, one has to deal with small bodies, especially the interaction of a crack and an interface in a

bimaterial solid or a packaging.

The dislocation simulation approach is used in this paper to derive the basic equations for a crack

perpendicular to the interface in a finite solid. The dislocation density is expressed as a series of the first

Chebyshev polynominal with a set of unknown coefficients. Two additional holomorphic functions are
introduced in order to satisfy the outside boundary conditions. Combined with the boundary collocation

method, the governing equations are solved numerically and the complete solution of the problem and the

stress intensity factors are obtained. Two kinds of cases with different loading forms are considered. The

results are interesting and given in detail.

2. Basic equations

2.1. Complex potentials

In this section, basic equations are given for a finite crack perpendicular to the interface in an elastic
finite body. Stresses and displacements can be expressed by two Muskhelishivili�s potentials:

rx þ ry ¼ 4RefUðzÞg
ry � isxy ¼ UðzÞ þ Xð�zzÞ þ ðz� �zzÞU0ðzÞ
2lðux þ iuyÞ ¼ j/ðzÞ � xð�zzÞ � ðz� �zzÞUðzÞ

8<
: ð1Þ

where UðzÞ ¼ /0ðzÞ, XðzÞ ¼ x0ðzÞ.
The complex potentials for an edge dislocation at z ¼ s in an infinite elastic solid can be expressed as

follows:

U0ðzÞ ¼
B

z� s
ð2Þ

X0ðzÞ ¼
B

z� �ss
þ B

s� �ss

ðz� �ssÞ2
ð3Þ

where B ¼ ðl=ðpiðj þ 1ÞÞÞðbx þ ibyÞ and bx and by are the x and y components of the Burgers vector of the
dislocation, j ¼ 3� 4m for the plane strain case and j ¼ ð3� mÞ=ð1þ mÞ for the plane stress case, m and l
are Poisson�s ratio and shear modulus, respectively.

2732 S.H. Chen et al. / International Journal of Solids and Structures 40 (2003) 2731–2755



The interaction of an edge dislocation with a bimaterial interface in an infinite solid was studied by

Dundurs (1969), Suo (1989), Wang and St�aahle (1998a,b) among others. If the edge dislocation is embedded
in material 2 as shown in Fig. 1, the complex potentials are (see Suo, 1989)

UðzÞ ¼ ð1þ K1ÞU0ðzÞ z 2 S1
U0ðzÞ þ K2X0ðzÞ z 2 S2

�
ð4Þ

XðzÞ ¼ X0ðzÞ þ K1U0ðzÞ z 2 S1
ð1þ K2ÞX0ðzÞ z 2 S2

�
ð5Þ

where

K1 ¼
a þ b
1� b

K2 ¼
a � b
1þ b

ð6Þ

and a and b are two Dundur�s parameters

a ¼ Cðj2 þ 1Þ � ðj1 þ 1Þ
Cðj2 þ 1Þ þ ðj1 þ 1Þ

b ¼ Cðj2 � 1Þ � ðj1 � 1Þ
Cðj2 þ 1Þ þ ðj1 þ 1Þ

ð7Þ

where

C ¼ l1=l2 ð8Þ
Considering the traction and displacement continuous conditions at the interface, one can get the

complex potentials for the same problem but in a finite solid,

UðzÞ ¼ ð1þ K1ÞU0ðzÞ þ ð1þ K1ÞF ðzÞ þ k1GðzÞ z 2 S1
U0ðzÞ þ K2X0ðzÞ þ k2GðzÞ þ F ðzÞ z 2 S2

�
ð9Þ

XðzÞ ¼ X0ðzÞ þ K1U0ðzÞ þ K1F ðzÞ þ k1GðzÞ z 2 S1
ð1þ K2ÞX0ðzÞ þ k2GðzÞ z 2 S2

�
ð10Þ

Fig. 1. A finite crack perpendicular to the bimaterial interface of a finite solid for case I.
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where

k1 ¼
1

1� b
k2 ¼

1

1þ b
ð11Þ

and two holomorphic functions F , G in the finite solid can be expressed as follows:

F ðzÞ ¼
X1
n¼1

nbnzn�1 GðzÞ ¼
X1
n¼1

ncnzn�1 ð12Þ

The crack is considered as a continuous distribution of dislocations. So we have

U0ðzÞ ¼
l2

pið1þ j2Þ

Z a

b

ðbx þ ibyÞ
zþ it dt ð13Þ

X0ðzÞ ¼
l2

pið1þ j2Þ

Z a

b

ðbx þ ibyÞ
z� it dt þ 2l2

pð1þ j2Þ

Z a

b

tðbx � ibyÞ
ðz� itÞ2

dt ð14Þ

where a and b are shown in Fig. 1 and c is the distance from the center of the crack to the interface, a0 is a
half of the crack length.

a0 ¼ ða� bÞ=2 c ¼ ðaþ bÞ=2 ð15Þ
According to Wang and St�aahle (1998a,b), we introduce a new complex variable z� and a new function

Iðz�Þ

z� ¼ iz Iðz�Þ ¼ 1
p

Z a

b

bx þ iby
z� � t

dt ð16Þ

Using the following variable transformations:

z� ¼ aþ b
2

þ a� b
2

1 t ¼ aþ b
2

þ a� b
2

n ð17Þ

the function Iðz�Þ can be represented as

Iðz�Þ ¼ 1
p

Z 1

�1

bx þ iby
1 � n

dn ð18Þ

Assume that the dislocation density can be expanded as a series of the first Chebyshev polynomial

bx þ iby ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p X1
m¼1

amTmðnÞ ð19Þ

where TmðnÞ is the first Chebyshev polynomial

TmðnÞ ¼ cosmh n ¼ cos h ¼ ðt � cÞ=a0 ð20Þ

The opening displacement on the crack surface can be obtained

dx þ idy ¼
Z t

b
ðbx þ ibyÞdt ¼

Z n

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p X1
m¼0

amT ðnÞ
" #

dna0 ¼ a0a0ðp � hÞ � a0
X1
m¼1

am
sinmh
m

ð21Þ

At the crack tip A as shown in Fig. 1, we have t ¼ a, h ¼ 0 and substituting them into the above

equation, the following equation can be obtained:

a0 ¼ 0 ð22Þ

2734 S.H. Chen et al. / International Journal of Solids and Structures 40 (2003) 2731–2755



Using the following equation, which can be found in Gladwell (1980):

1

p

Z 1

�1

TmðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
ðz� xÞ

dx ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p z
h

�
ffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p im
ð23Þ

We obtain

Iðz�Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

p X1
m¼0;1

am 1
h

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

p im
1 ¼ z� � c

a0
ð24Þ

2.2. Stress jump across interface

We know that the displacements should be continuous across the interface and the strain ex should be
continuous across the interface also. It follows that:

ðexÞ1 ¼ ðexÞ2 on the interface ð25Þ
For the plane strain problem, the above equation can be written as

ðrxÞ1 ¼
l1ð1� m2Þ
l2ð1� m1Þ

ðrxÞ2 þ
ry

1� m1
m1


� l1

l2
m2

�
on the interface ð26Þ

With the two Dundur�s parameters, the above equation can be written as

ðrxÞ1 ¼
ð1þ aÞ
ð1� aÞ ðrxÞ2 þ

2ry

1� a
ð2b � aÞ on the interface ð27Þ

We assume that the external loading satisfies Eq. (27), so

ðr0xÞ1 ¼
ð1þ aÞ
ð1� aÞ ðr

0
xÞ2 þ

2r0y
1� a

ð2b � aÞ ð28Þ

where ðr0xÞ1 and ðr0xÞ2 are the external loading acted on the left and right boundaries in materials 1 and 2 in
the direction of x-axis, respectively. r0y is the external loading acted on the upper and lower boundaries in
the bimaterial in the direction of y-axis.
In the present paper, two kinds of loading forms are considered and we call them cases I and II.

2.3. Governing equations for Case I

Case I is a symmetric problem as shown in Fig. 1, in which ðr0xÞ1 is loaded on the right and left
boundaries of the upper material 1 and ðr0xÞ2 is loaded on the right and left boundaries of the lower material
2. In this case r0y ¼ 0 and the relation between ðr0xÞ1 and ðr0xÞ2 becomes

ðr0xÞ1 ¼
ð1þ aÞ
ð1� aÞ ðr

0
xÞ2 ð29Þ

The crack lies in the lower material 2 and the crack length is 2a0. The distance between the crack tip B
and the interface is b. The distance between another crack tip A and the interface is a. The width of the
sample is 2w and the height of the upper region S1 is h1 and that of the lower region S2 is h2. Both the upper
and lower materials are elastic.

Since the problem is an elastic one, we use a superposition scheme and need two solutions. The first
solution is that for the bimaterial subject to a uniform external loading on the outside boundaries and is a

homogeneous solution,

rx ¼ ðr0xÞ1 ry ¼ r0y ¼ 0 sxy ¼ 0 in material 1 ð30Þ
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rx ¼ ðr0xÞ2 ry ¼ r0y ¼ 0 sxy ¼ 0 in material 2 ð31Þ

The second solution is that for a crack perpendicular to the interface with the uniform traction pres-

cribed on the crack faces and traction-free on the outside boundaries. So we have the following equation for

the crack face:

rx þ isxy ¼ UðzÞ þ 2UðzÞ � Xð�zzÞ � ðz� �zzÞU0ðzÞ ¼ �r z ¼ 0þ iy � a < y < �b ð32Þ
where

r ¼ ðr0xÞ2 ð33Þ
Since it is a symmetric problem, that is, by ¼ 0, we obtain

U0ðzÞ ¼
l2

ðj2 þ 1Þ
IðizÞ ð34Þ

X0ðzÞ ¼
l2

ðj2 þ 1Þ
Ið�izÞ � 2l2

ðj2 þ 1Þ
izI 0ð�izÞ ð35Þ

Substituting the above Eqs. (34), (35), (9), (10) and (12) into Eq. (32), we obtain the following traction

equation on the crack face:

l2
j2 þ 1

2IþðtÞ
n

þ 2t½I 0þðtÞ � I 0�ðtÞ� þ IþðtÞ � I�ðtÞ þ ð3K2 � K1ÞIð � tÞ � 12K2tI 0ð � tÞ

þ 4t2K2I 00ð � tÞ
o
þ
X1
n¼1

nðbn þ k2cnÞzn�1 þ 2
X1
n¼1

nð�bbn þ k2�ccnÞ�zzn�1 � k1
X1
n¼1

ncn�zzn�1

� K1

X1
n¼1

nbn�zzn�1 þ 2
X1
n¼1

nðn� 1Þð�bbn þ k2�ccnÞ�zzn�1 ¼ �r ð36Þ

where b < t < a.
Since it is a problem of finite solid, the boundary effect must be considered in the solution. In the present

paper, we use the resultant forces on each boundary as boundary conditions. Point O is assumed to be fixed

at all times, a point C� is permitted to move. The boundary conditions in the present analysis can be written

in terms of the resultant forces from O to C� as follows:

C� 2 OCF : X þ iY ¼ 0 ð37Þ
C� 2 ODE : X þ iY ¼ 0 ð38Þ

The resultant forces from O to C� can be expressed as

X ðzÞ þ iY ðzÞ ¼ �i /ðzÞ
h

þ xð�zzÞ þ ðz� �zzÞUðzÞ
iC�

O
ð39Þ

where

/ðzÞ ¼
Z

UðzÞdz

¼

ð1þ K1Þl2
1þ k2

X1
m¼1

ama0i
m

1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

ph im
þ ð1þ K1Þ

X1
n¼1

bnzn þ k1
X1
n¼1

cnzn þ b01; z 2 S1

l2
1þ k2

X1
m¼1

ama0i
m

1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

ph im
þ K2l2
1þ k2

X1
m¼1

ama0i
m

11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
121 � 1

q� �m

þ 2K2l2
1þ k2

zIð�izÞ þ k2
X1
n¼1

cnzn þ
X1
n¼1

bnzn þ b02; z 2 S2

8>>>>>>>>><
>>>>>>>>>:

ð40Þ
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xðzÞ ¼
Z

XðzÞdz ¼

K1l2
1þ k2

X1
m¼1

ama0i
m

1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

ph im
þ l2
1þ k2

X1
m¼1

ama0i
m

11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
121 � 1

q� �m

þ 2l2
1þ k2

zIð�izÞ þ K1

X1
n¼1

bnzn þ k1
X1
n¼1

cnzn þ c01; z 2 S1

ð1þ K2Þl2
1þ k2

X1
m¼1

ama0i
m

11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
121 � 1

q� �m

þ 2ð1þ K2Þl2
1þ k2

zIð�izÞ þ k2
X1
n¼1

cnzn þ c02; z 2 S2

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð41Þ

where b01, b02, c01, c02 are the unknown coefficients to be determined, which are related with the rigid
displacements and

1 ¼ iz� c
a0

11 ¼
�iz� c

a0
ð42Þ

On the boundaries OC and CF as shown in Fig. 1, we have

/ðzÞ ¼ l2
1þ k2

X1
m¼1

ama0i
m

1
h

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

p im
þ K2l2
1þ k2

X1
m¼1

ama0i
m

11

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
121 � 1

q �m

þ 2K2l2
1þ k2

zIð�izÞ þ k2
X1
n¼1

cnzn þ
X1
n¼1

bnzn þ b02 ð43Þ

xð�zzÞ ¼ K1l2
1þ k2

X1
m¼1

ama0i
m

12

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
122 � 1

q �m
þ l2
1þ k2

X1
m¼1

ama0i
m

13

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
123 � 1

q �m

þ 2l2
1þ k2

�zzIð�i�zzÞ þ K1

X1
n¼1

bn�zzn þ k1
X1
n¼1

cn�zzn þ c01 ð44Þ

UðzÞ ¼ l2
1þ k2

IðizÞ þ K2l2
1þ k2

Ið�izÞ þ 2K2l2
1þ k2

i�zzI 0ð�izÞ þ k2
X1
n¼1

n�ccn�zzn�1 þ
X1
n¼1

n�bbn�zzn�1 ð45Þ

where

12 ¼
i�zz� c
a0

13 ¼
�i�zz� c

a0
ð46Þ

On the boundaries OD and DE as shown in Fig. 1,

/ðzÞ ¼ ð1þ K1Þl2
1þ k2

X1
m¼1

ama0i
m

1
h

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 � 1

p im
þ ð1þ K1Þ

X1
n¼1

bnzn þ k1
X1
n¼1

cnzn þ b01 ð47Þ

xð�zzÞ ¼ ð1þ K2Þl2
1þ k2

X1
m¼1

ama0i
m

13

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
123 � 1

q �m
þ 2ð1þ K2Þl2

1þ k2
�zzIð�i�zzÞ þ k2

X1
n¼1

cn�zzn þ c02 ð48Þ

UðzÞ ¼ ð1þ K1Þl2
1þ k2

IðizÞ þ ð1þ K1Þ
X1
n¼1

n�bbn�zzn�1 þ k1
X1
n¼1

n�ccn�zzn�1 ð49Þ

Eqs. (36)–(38) are the governing equations for the present problem, which contain a set of unknown

coefficients am (m ¼ 1; . . . ;1), bn and cn (n ¼ 1; . . . ;1) and b01, b02, c01, c02. It is difficult to solve the
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governing equations analytically. We use the boundary collocation method to reduce the governing

equations to a system of linear algebraic equations for the unknown coefficients and solve the problem. The

crack surface is discretized into M elements and the nodal points are given by the following expression:

tk ¼ cþ a0 cos hk hk ¼
kp

ðM þ 1Þ k ¼ 1; 2; . . . ;M ð50Þ

The ith outer edge of the rectangular plate is divided regularly into Ni (i ¼ 1; 2; 3; 4) segments. When the
algebraic equations are solved, the complex potentials and the stress components produced by the crack

and the loading on the outer edges are known. According to the superposition principle, the stress fields of

the rectangular plate can be obtained.

2.4. Governing equations for Case II

Case II is shown in Fig. 2 and the difference between Cases I and II is in the loading form. In Fig. 2, a

homogeneous stress ðr0xÞ1 ¼ ðr0xÞ2 ¼ r is loaded on the left and right edges, on the upper edge and lower
edges is the homogeneous stress r0y , where Eq. (28) is still satisfied. Also, the crack face is traction-free. The
governing equation on the crack face for Case II is

l2
j2 þ 1

2IþðtÞ
n

þ 2t½I 0þðtÞ � I 0�ðtÞ� þ IþðtÞ � I�ðtÞ þ ð3K2 � K1ÞIð�tÞ � 12K2tI 0ð�tÞ þ 4t2K2I 00ð�tÞ
o

þ
X1
n¼1

nðbn þ k2cnÞzn�1 þ 2
X1
n¼1

nð�bbn þ k2�ccnÞ�zzn�1 � k1
X1
n¼1

ncn�zzn�1

� K1

X1
n¼1

nbn�zzn�1 þ 2
X1
n¼1

nðn� 1Þð�bbn þ k2�ccnÞ�zzn�1 ¼ 0 ð51Þ

where b < t < a.
For Case II, we also use the resultant forces on each boundary as boundary conditions. Point O is

assumed to be fixed at all times, a point C� is permitted to move. The boundary conditions in the present

analysis are written in terms of the resultant forces from O to C� as follows:

C� 2 OC : X þ iY ¼ ry ð52Þ

C� 2 CF : X þ iY ¼ �rh2 þ ir0yðw� xÞ ð53Þ

C� 2 OD : X þ iY ¼ ry ð54Þ

C� 2 DE : X þ iY ¼ rh1 þ ir0yðw� xÞ ð55Þ

Also the boundary collocation method is used to solve the governing equations for Case II.

2.5. Stress intensity factor

The stress distribution ahead of the crack tip B can be expressed as follows:

rx ¼
l2

j2 þ 1
2IðtÞ
�

þ ð3K2 � K1ÞIð�tÞ � 12K2tI 0ð�tÞ þ 4K2t2I 00ð�tÞ
�
þ
X1
n¼1

nðbn þ k2cnÞzn�1

þ 2
X1
n¼1

nð�bbn þ k2�ccnÞ�zzn�1 � k1
X1
n¼1

ncn�zzn�1 � K1

X1
n¼1

nbn�zzn�1 þ 2
X1
n¼1

nðn� 1Þð�bbn þ k2�ccnÞ�zzn�1 ð56Þ
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and

ry ¼
l2

j2 þ 1
2IðtÞ
�

þ ðK2 þ K1ÞIð�tÞ þ 4K2tI 0ð�tÞ � 4K2t2I 00ð�tÞ
�
þ
X1
n¼1

nð3bn þ 3k2cnÞzn�1

� 2
X1
n¼1

nð�bbn þ k2�ccnÞ�zzn�1 þ k1
X1
n¼1

ncn�zzn�1 þ K1

X1
n¼1

nbn�zzn�1 � 2
X1
n¼1

nðn� 1Þð�bbn þ k2�ccnÞ�zzn�1 ð57Þ

The stress intensity factor of crack tip B can be obtained as follows:

K1ðBÞ ¼ lim
r!0

ffiffiffiffiffiffiffi
2pr

p
rx ¼ � 2l2

j2 þ 1
ffiffiffiffiffiffiffi
pa0

p X1
m¼1

ð�1Þmam ð58Þ

The stress intensity factor of crack tip A is

K1ðAÞ ¼
2l2

j2 þ 1
ffiffiffiffiffiffiffi
pa0

p X1
m¼1

am ð59Þ

2.6. T stress

The T stress is the second term of the Williams series. Linear elastic fracture mechanics is usually based
on the assumption that the stress fields near the crack tip are the K field. However, much work has shown
that single stress intensity might not suffice to characterize the crack tip fields. Tx is the x-component of the
T stress contributed by the solution. For Case I, the total Tx stress can be obtained as follows:

Fig. 2. A finite crack perpendicular to the bimaterial interface of a finite solid for case II.
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Tx ¼
l2

j2 þ 1
2
X1
m¼1

ð
"

�1Þmmam þ ð3K2 � K1ÞIð�bÞ � 12K2bI 0ð�bÞ þ 4K2b2I 00ð�bÞ
#

þ ð3� K1Þb1 þ ð3k2 � k1Þc1 þ r ð60Þ

For Case II, the total Tx stress is

Tx ¼
l2

j2 þ 1
2
X1
m¼1

ð
"

�1Þmmam þ ð3K2 � K1ÞIð�bÞ � 12K2bI 0ð�bÞ þ 4K2b2I 00ð�bÞ
#

þ ð3� K1Þb1 þ ð3k2 � k1Þc1 ð61Þ

It should be noted that the total Tx stresses for both Cases I and II are zero since the crack face is traction-
free, which is proved also by the numerical calculation. This result also explains the final results in the

present paper that K field can describe the stress distribution in x-axis direction.
On the other hand, we have

rx þ ry ¼ 4RefUðzÞg ¼ 4l2
j2 þ 1

fIðtÞ þ K2½Ið�tÞ � 2tI 0ð�tÞ�g þ 4k2RefGðzÞg þ 4RefF ðzÞg ð62Þ

A similar analysis shows that,

Tx þ Ty ¼
4l2

j2 þ 1
X1
m¼1

ð
(

�1Þmmam þ K2 Ið
�

�bÞ � 2bI 0ð�bÞ
�)

þ 4k2c1 þ 4b1 ð63Þ

Then, we can obtain the following equations for Cases I and II, respectively,

Ty ¼
l2

j2 þ 1
2
X1
m¼1

ð
"

�1Þmmam þ ðK2 þ K1ÞIð�bÞ þ 4K2bI 0ð�bÞ � 4K2b2I 00ð�bÞ
#

þ ð1þ K1Þb1 þ ðk2 þ k1Þc1 � r ð64Þ

Ty ¼
l2

j2 þ 1
2
X1
m¼1

ð
"

�1Þmmam þ ðK2 þ K1ÞIð�bÞ þ 4K2bI 0ð�bÞ � 4K2b2I 00ð�bÞ
#

þ ð1þ K1Þb1 þ ðk2 þ k1Þc1 ð65Þ

3. Calculation results

3.1. Infinite solid problem

In order to verify our program, we calculate an infinite solid problem first with bn ¼ cn ¼ 0. Typical
examples for aluminum-epoxy and epoxy-boron in the case of b=a0 ¼ 0:01 and b=a0 ¼ 0:1 were tested. The
coefficients am approach to zero rapidly as m increases. All the results given for this problem were calculated
with M ¼ 100.
Figs. 3 and 4 show the stress distribution ahead of the crack tip B for aluminum-epoxy in the case of

b=a0 ¼ 0:01, which means that the crack lies in the weaker material. It is clear that the normal stress rx is

dominated by the K field in the region of 0 < r=b < 0:5, meanwhile the normal stress ry is influenced by
both the K field and the T stress and the single K field cannot adequately describe the stress component in y-
direction. It is clear that the T stress effect is very important for aluminum-epoxy.
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Figs. 5 and 6 show the stress distribution ahead of the crack tip B for epoxy-boron in the case of
b=a0 ¼ 0:1. Also, one can find that the normal stress rx is dominated by the K field and ry is influenced by

both the K field and the T stress, in the region of 0 < r=b < 0:5. In this case the crack lies in the stiffer
material. All the above calculation results for an infinite solid are consistent with those given by Wang and

St�aahle (1998a,b).

3.2. Finite solid problem

What is investigated mainly in the present paper is a crack perpendicular to the interface in a finite solid,

where the influence of outer boundaries must be considered. The following results are given for Case I as

shown in Fig. 1 and Case II as shown in Fig. 2, respectively.
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Fig. 3. Normalized stress rx distribution ahead of the crack tip B versus r=b for an infinite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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Fig. 4. Normalized stress ry distribution ahead of the crack tip B versus r=b for an infinite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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3.2.1. The results for Case I

Figs. 7 and 8 show the stress distribution ahead of the crack tip B versus the normalized distance, r=b, for
aluminum-epoxy. Poisson�s ratio of aluminum is m1 ¼ 0:3 and that of epoxy is m2 ¼ 0:35. Shear modulus
ratio of the two materials is l1=l2 ¼ 23:08, which means that the crack is in a weaker material. The nor-
malized parameters are w=a0 ¼ 5:0, h1=a0 ¼ h2=a0 ¼ 5:0. The normalized distance between the crack tip B
and the interface is b=a0 ¼ 0:01. From Fig. 7, we see that the K field can characterize the stress field in x-
direction very well in the region of 0 < r=b < 0:5. Fig. 8 shows that the K field does not describe adequately
the stress field in y-direction and both the K field and the T stress should be used to be consistent well with
the present result in the region of 0 < r=b < 0:5. Comparing Figs. 7 and 8 with Figs. 3 and 4, one can find
that the K field is consistent with the stress field in x-direction and the K field plus the T stress can describe
the stress field in y-direction either for an infinite problem or for a finite problem.
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Fig. 5. Normalized stress rx distribution ahead of the crack tip B versus r=b for an infinite epoxy-boron bimaterial plate with
b=a0 ¼ 0:1.
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Fig. 6. Normalized stress ry distribution ahead of the crack tip B versus r=b for an infinite epoxy-boron bimaterial plate with
b=a0 ¼ 0:1.
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Figs. 9 and 10 show the stress distribution ahead of the crack tip B for b=a0 ¼ 1:0 with other parameters
being the same as those in Figs. 7 and 8. From Figs. 9 and 10, we also see that the K field is consistent with
the stress field in x-direction and both the K field and the T stress should be used for the stress field in y-
direction in the region of 0 < r=b < 0:1. Comparing Figs. 9 and 10 with Figs. 7 and 8, one can see that the
distance b has a significant influence on the stress intensity factor so that the normalized stresses are quite
different in Figs. 7 and 8 and in Figs. 9 and 10. When the crack lies in a weaker material, the stress intensity

factor decreases with increasing b. Comparing Figs. 8 and 10, we can see that the T stress in y-direction will
become positive and tensile when the distance of crack tip B to the interface decreases, which means that the

crack path is unstable and will change its advancing direction when the crack lies in a weaker material and

the crack tip is near the interface. This result is consistent with that given by Ye et al. (1992).
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Fig. 7. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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Fig. 8. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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When the crack lies in a stiffer material, the thing may be different from the case when the crack lies in a

weaker material. We give the corresponding normalized stress distributions versus the normalized distance

from crack tip B, r=b, for the same edge length as those used in Figs. 9 and 10, but with different shear ratio.
Figs. 11 and 12 show the normalized stress distribution for epoxy-boron and the shear ratio is

l1=l2 ¼ 0:007223. Poisson�s ratio of epoxy is m1 ¼ 0:3 and that of boron is m2 ¼ 0:35 and the normalized
distance b from the crack tip B to the interface is b=a0 ¼ 0:1. Figs. 13 and 14 show the normalized stress
distribution ahead of the crack tip B versus the normalized distance from the crack tip B, r=b, for the case of
b=a0 ¼ 1:0 with other parameters being the same as those used in Figs. 11 and 12. The phenomena found in
the case when the crack lies in a weaker material can also be observed in the case when the crack lies in a

stiffer material. Comparing Figs. 12 and 14, we can see that the T stress is always compressive stress when
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Fig. 9. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 1:0.
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Fig. 10. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 1:0.
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the crack lies in a stiffer material, which means the crack path is always stable in that case. This result is

consistent well with the experimental result given by St�aahle et al. (1995).
All the above results are related with the effect of the distance b and the crack�s position. For a finite

problem, the scale of the sample must have an influence on the stress intensity factor. Now we consider the

cases with different sample scales but with other parameters being the same.

Table 1 shows the normalized stress intensity factors K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for different ratios of the scale of the

sample to the crack length versus different shear ratios, while the crack lies in a weaker material 2 and

b=a0 ¼ 0:1, m1 ¼ 0:3. In Table 1, four kinds of samples with different scales are shown with different shear
ratios, while the crack lengths are the same. From Table 1, one can see that the stress intensity factor will

increase when the size of the sample decreases for the same shear ratio. The stress intensity factor is the

smallest for the infinite problems. The stress intensity factor will decrease when the shear ratio of the upper

material to the lower material increases for the same sample scale.
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Fig. 11. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 0:1.
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Fig. 12. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 0:1.
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Table 2 shows the normalized stress intensity factor K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for different ratios of the scale of the

sample to the crack length versus different shear ratios, while the crack lies in a stiffer material 2 and

b=a0 ¼ 0:1, m1 ¼ 0:35, m2 ¼ 0:3. In Table 2, four kinds of samples with different scales are shown with
different shear ratios, while the crack lengths are the same. From Table 2, one can also see that the stress

intensity factor will increase when the size of the sample decreases for the same shear ratio. The stress

intensity factor is the smallest for the infinite problems. The stress intensity factor will increase when the

shear ratio of the lower material to the upper material increases for the same sample scale.

From Tables 1 and 2, one can find also that the normalized stress intensity factors are smaller than those

for the homogeneous material, when the crack lies in a weaker material; they are larger than those for the
homogeneous material, when the crack lies in a stiffer material. As for the case of an infinite solid with

l1=l2 ¼ 1:0 in Tables 1 and 2, we can see the influence of Poisson�s ratio. If m1=m2 ¼ 1:0, the normalized
stress intensity factor is unity.
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Fig. 13. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 1:0.
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Fig. 14. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 1:0.
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Figs. 15 and 16 give the normalized stress intensity factor versus the shear modulus ratio l1=l2 with
different normalized distances from the crack tip B to the interface for two cases, when the crack lies in a

weaker material and when the crack lies in a stiffer material. In Fig. 15, it is shown that when the nor-

malized distance b=a0 decreases, the stress intensity factor will decrease also. Fig. 16 shows that when the
normalized distance b=a0 decreases, the stress intensity factor will increase.

3.2.2. The results for Case II

Figs. 17 and 18 show the stress distribution ahead of the crack tip B versus the normalized distance, r=b,
for aluminum-epoxy. Poisson�s ratio of aluminum is m1 ¼ 0:3 and that of epoxy is m2 ¼ 0:35. The shear ratio
of the two materials is l1=l2 ¼ 23:08, which means the crack is in a weaker material. The normalized
parameters are w=a0 ¼ 5:0, h1=a0 ¼ h2=a0 ¼ 5:0. The normalized distance between the crack tip B and the
interface is b=a0 ¼ 0:01. From Fig. 17, we can see that the K field can characterize the stress field in x-
direction very well in the region of 0 < r=b < 0:5. Fig. 18 shows that the K field cannot describe adequately
the stress field in y-direction and both the K field and the T stress should be considered to be consistent well
with the present result in the region of 0 < r=b < 0:5. Comparing Figs. 17 and 18 with Figs. 3 and 4, one

Table 1

K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for sample scales with the same crack length, when the crack lies in a weaker material (b=a0 ¼ 0:1, m1 ¼ 0:3, m2 ¼ 0:35)

l1=l2

1000.0 800.0 500.0 250.0 100.0 50.0 10.0 5.0 1.0

w=a0 ¼ 3 0.700 0.701 0.703 0.707 0.715 0.725 0.788 0.924 1.181

h1=a0 ¼ 3
h2=a0 ¼ 3

w=a0 ¼ 5 0.6670 0.6671 0.6672 0.6677 0.669 0.673 0.718 0.775 1.070

h1=a0 ¼ 5
h2=a0 ¼ 5

w=a0 ¼ 10 0.6440 0.6442 0.6446 0.6458 0.649 0.655 0.703 0.756 1.028

h1=a0 ¼ 10
h2=a0 ¼ 10

Infinite solid 0.6407 0.6408 0.6413 0.6426 0.6465 0.6529 0.7001 0.7517 1.014

Table 2

K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for sample scales with the same crack length, when the crack lies in a stiffer material (b=a0 ¼ 0:1, m1 ¼ 0:35, m2 ¼ 0:3)

l1=l2

1000.0 800.0 500.0 250.0 100.0 50.0 10.0 5.0 1.0

w=a0 ¼ 3 2.408 2.399 2.374 2.326 2.247 2.172 1.867 1.654 1.140

h1=a0 ¼ 3
h2=a0 ¼ 3

w=a0 ¼ 5 2.288 2.276 2.246 2.188 2.096 2.016 1.721 1.519 1.039

h1=a0 ¼ 5
h2=a0 ¼ 5

w=a0 ¼ 10 1.935 1.932 1.922 1.901 1.862 1.819 1.602 1.435 1.0

h1=a0 ¼ 10
h2=a0 ¼ 10

Infinite solid 1.755 1.754 1.752 1.747 1.730 1.704 1.536 1.393 0.985
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can see that the K field is consistent with the stress field in x-direction and the K field plus the T stress can
describe the stress field in y-direction either for an infinite problem or for a finite problem. Comparing

Cases I and II, one can see that Fig. 17 is the same as Fig. 7.

Figs. 19 and 20 show the stress distribution ahead of the crack tip B for b=a0 ¼ 1:0 with other parameters
being the same as those in Figs. 7 and 8. From Figs. 19 and 20, we can also see that the K field is consistent
with the stress field in x-direction and the K field plus the T stress characterize the stress field in y-direction,
in the region of 0 < r=b < 0:1 . Comparing Figs. 19 and 20 with Figs. 17 and 18, one can see that the
distance b has a significant influence on the stress intensity factor so that the normalized stresses are dif-
ferent in Figs. 17 and 18 and in Figs. 19 and 20, when the crack lies in a weaker material, the intensity

decreases with increasing b.
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Fig. 15. Normalized stress intensity K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
versus l1=l2 for a finite bimaterial solid with different ratio of b=a0, when the crack

lies in a weaker material.
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Fig. 16. Normalized stress intensity K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
versus l2=l1 for a finite bimaterial solid with different ratio of b=a0, when the crack

lies in a stiffer material.
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When the crack lies in a stiffer material, the thing may be different from the case when the crack lies in
the weaker material. We give the corresponding normalized stress distributions versus the normalized

distance from crack tip B, r=b, for the same sample scales as those used in Figs. 19 and 20, but with different
shear ratio. Figs. 21 and 22 show the normalized stress distribution for epoxy-boron and the shear ratio is

l1=l2 ¼ 0:007223. Poisson�s ratio of epoxy is m1 ¼ 0:3, that of boron is m2 ¼ 0:35 and the normalized dis-
tance b from the crack tip B to the interface is b=a0 ¼ 0:1. Figs. 23 and 24 show the normalized stress
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Fig. 17. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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Fig. 18. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 0:01.
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distribution ahead of the crack tip B versus the normalized distance from the crack tip B, r=b, for the case of
b=a0 ¼ 1:0 and the other parameters are the same as those used in Figs. 21 and 22. The phenomena found in
the case when the crack lies in a weaker material also can be observed in the case when the crack lies in a

stiffer material.

Table 3 shows the normalized stress intensity factors K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for different ratios of the scale of the

sample to the crack length versus different shear ratios, when the crack lies in a weaker material and

b=a0 ¼ 0:1, m1 ¼ 0:3, m2 ¼ 0:35. From Table 3, one can see that the stress intensity factor at crack tip point B
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Fig. 19. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 1:0.
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Fig. 20. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite aluminum-epoxy bimaterial plate with
b=a0 ¼ 1:0.
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will increase when the sample scale decreases for the same shear ratio. The stress intensity factor is the
smallest for the infinite problems. The stress intensity factor at point B will decrease when the shear ratio of

the upper material to the lower material increases for the same sample scale.

Table 4 shows the normalized stress intensity factor K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for different ratios of the scale of the

sample to the crack length versus different shear ratios, while the crack lies in a stiffer material and

b=a0 ¼ 0:1, m1 ¼ 0:35, m2 ¼ 0:3. From Table 4, one can also see that the stress intensity factor at the crack
tip point B will increase when the ratio of the sample scale to the crack length decreases for the same shear

ratio. The stress intensity factor is the smallest for the infinite problems. The stress intensity factor at point
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Fig. 21. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 0:1.

0.0 0.2 0.4 0.6 0.8 1.0
0

10

20

30

40

50

σ y
/σ

r/b

 K field
 K field+T
 Present result

b/a
0
=0.1,w/a

0
=h

1
/a

0
=h

2
/a

0
=5.0

Epoxy-boron

Fig. 22. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 0:1.
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B will increase when the shear ratio of the lower material to the upper material increases for the same

sample scale.
From Tables 3 and 4, one can find also that the normalized stress intensity factors are smaller than those

for the homogeneous material, when the crack lies in a weaker material; they are larger than those for the

homogeneous material, when the crack lies in a stiffer material.

Figs. 25 and 26 give the normalized stress intensity factor versus the shear ratio l1=l2 with different
normalized distances from the crack tip B to the interface for two cases, when the crack lies in a weaker

material and when the crack lies in a stiffer material. In Fig. 25, when the normalized distance b=a0 de-
creases, the stress intensity factor will decrease also. Fig. 26 shows that when the normalized distance b=a0
decreases, the stress intensity factor will increase.
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Fig. 23. Normalized stress rx distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 1:0.
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Fig. 24. Normalized stress ry distribution ahead of the crack tip B versus r=b for a finite epoxy-boron bimaterial plate with b=a0 ¼ 1:0.
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Table 3

K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for sample scales with the same crack length, when the crack lies in a weaker material (b=a0 ¼ 0:1, m1 ¼ 0:3, m2 ¼ 0:35)

l1=l2

1000.0 800.0 500.0 250.0 100.0 50.0 10.0 5.0 1.0

w=a0 ¼ 3 0.702 0.703 0.705 0.709 0.717 0.727 0.790 0.854 1.181

h1=a0 ¼ 3
h2=a0 ¼ 3

w=a0 ¼ 5 0.6687 0.6688 0.6689 0.6693 0.671 0.675 0.720 0.777 1.070

h1=a0 ¼ 5
h2=a0 ¼ 5

w=a0 ¼ 10 0.6456 0.6458 0.6462 0.6474 0.651 0.657 0.704 0.758 1.028

h1=a0 ¼ 10
h2=a0 ¼ 10

Table 4

K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
for sample scales with the same crack length, when the crack lies in a stiffer material (b=a0 ¼ 0:1, m1 ¼ 0:35, m2 ¼ 0:3)

l1=l2

1000.0 800.0 500.0 250.0 100.0 50.0 10.0 5.0 1.0

w=a0 ¼ 3 2.604 2.602 2.593 2.571 2.512 2.426 2.002 1.727 1.138

h1=a0 ¼ 3
h2=a0 ¼ 3

w=a0 ¼ 5 2.343 2.341 2.333 2.314 2.262 2.187 1.818 1.574 1.039

h1=a0 ¼ 5
h2=a0 ¼ 5

w=a0 ¼ 10 1.955 1.954 1.950 1.940 1.912 1.870 1.633 1.453 1.0

h1=a0 ¼ 10
h2=a0 ¼ 10
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Fig. 25. Normalized stress intensity K2ðBÞ=r
ffiffiffiffiffiffiffi
pa0

p
versus l1=l2 for a finite bimaterial solid with different ratio of b=a0, when the crack

lies in a weaker material.
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4. Conclusions

• In the present paper, a crack perpendicular to the bimaterial interface of a finite solid is investigated an-
alytically using the dislocation simulation approach and boundary collocation method.

• A crack perpendicular to the bimaterial interface of an infinite solid is solved also. For both the finite and

infinite solids, the normal stress rx ahead of the crack tip, which is near the interface, is characterized by

the K fields and the normal stress ry is influenced by both the K field and the T stress in 0 < r=b < 0:5
region for b=a0 ¼ 0:01; when b=a0 ¼ 1:0, the corresponding region is 0 < r=b < 0:1 for both rx and ry .

• As the crack approaches the interface, the parameter b becomes an important length scale, which char-
acterizes the dominated zone of the K field and that of the K field plus the T stress field.

• The stress intensity factor becomes larger when the sample scale decreases. In a finite solid, the stress
intensity factor is larger than that in an infinite solid.

• When the crack lies in a weak material, the stress intensity factor is smaller than that in the homogeneous

material and the crack path is unstable when the crack tip is near the interface. When the crack lies in a

stiffer material, the stress intensity factor is larger than that in the homogeneous material and the crack

path is always stable with compressive T stress, which is consistent with the experimental results given by
St�aahle et al. (1995), Ye et al. (1992) and Cotterell and Rice (1980).

• The stress distributions for the finite and infinite solids of bimaterial are very similar but with the diffe-

rent stress intensity factors.
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