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Abstract . 

By the Lie symmetry group, the reduction for divergence-free vector-fields (DFVs) is studied, and the following results 
are found. A n-dimensional DFV can be locally reduced to a (n - I)-dimensional DFV if it admits a one-parameter 

symmetry group that is spatial and divergenceless. More generally, a n-dimensional DFV admitting a r-parameter, spatial, 
divergenceless Abelian (commutable) symmetry group can be locally reduced to a (n - r)-dimensional DFV. @ 1998 

Elsevier Science B.V. 

1. Introduction 

Recently, there has been increasing interest in the 

DFVs that preserve some differential form, see, e.g., 

Refs. [ 1,2]. 
On the basis of the symplectic reduction preserving 

the Hamiltonian structure [ 31, we obtain the reduction 
preserving the divergenceless nature by the Lie sym- 
metry group, i.e. a n-dimensional DFV can be locally 

reduced to a (n - 1 )-dimensional DFV when it ad- 
mits a one-parameter, spatial, divergenceless symme- 

try group. More generally, a n-dimensional DFV ad- 
mitting a r-parameter, spatial, divergenceless Abelian 
(commutable) symmetry group can be locally reduced 
to a (II - r) -dimensional DFV. This result is a gener- 
alization in the spirit of the symplectic reduction for 
Hamiltonian systems [ 31. 

Note that our results contain those in Ref. [ 4,5], 
and also coincide with the conclusion in Ref. [ 61. But 
our proof is more simple than the one in Ref. [6], 
and the conditions demanded in this paper are weaker 
than those in Ref. [ 63. More important is that such a 
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reduction simplifies the study of some nonlinear dy- 
namical systems, see, e.g., Refs. [5,7]. From a theo- 
retical point of view, however, the main shortcoming 
is the introducing of coordinate systems in our proof 

because we hope to obtain concrete reduced systems 
in order to study their dynamics in an application. 

2. Divergence-free vector-fields and symmetry 

group 

Dejinition 1. Let M be a n-dimensional manifold, 
and R be a n-form on M. For any vector-field F on 

M, if L,vtl = 0, where LF is the Lie derivative along 
the flows of F, the vector-field is said to preserve the 
n-form R. 

With the local coordinates (x1, . . , Y) on M, con- 
sider R as the canonical n-form 0 = dx’ A . . . A dx”. 
Then we have LFR = div( F) n, where 
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di”F = ” Jfi(X’, . . .3 x”) , c axx’ 
i=l 

and F is denoted by 

!$=f;(xi )...) x”,t), (Xl)..., X”) EM, 

tE R, i= l,...,n. (2.1) 

Thus saying the vector field F preserves the n-form 

is equivalent to saying F is a divergence-free vector- 
field (DFV) . We prefer the latter in this paper. 

De$nition 2. Let G be a Lie group acting on M x R. 
If G satisfies the following conditions: (i) G is a sym- 
metry group of the system (2.1). (ii) the infinitesimal 

generator V of G is 

v=-&(*~.....X”)+., 
i=l 

then G is called a spatial symmetry group of the system 
(2.1) . Furthermore, if V satisfies the condition 

c 
n &$(x’,...,x”) =. 

f3Xi 
;=I 

then G is referred to as a spatial, divergenceless sym- 

metry group of (2.1) . 

Theorem 3. The Lie group G generated by 

i=l 

(hereafter denoted by V = (.$I, . ., 5”)) is a spatial 
symmetry group of the system (2.1) if and only if 

[ F, V] = 0, where F = ( fl , . . ., f,, ) . [ E V] denotes 
the Lie bracket of F and V, defined in coordinates by 

Proof, This is an easy calculation, applying Theo- 
rems 2.36 and 2.7 1 in Ref. [ 81. 17 

Theorem 4. Let the system (2.1) admit a one- 
parameter symmetry group G whose infinitesimal 

generator is V, then there exists a local transformation 
of variables defined near the point (x, t) at which 

Vlcx.,) + 0, given by 

X’=r]i(_Y’~...,y”~s), f=cp(.Y1,..., y”,s), 

i= l,...,n, (2.2) 

such that the system (2.1) becomes 

dy’ 
-=g,(y’,..., y”-‘,s), 
ds 

i= l,..., n, (2.3) 

where y’ , . . , y”-’ and s are a complete set of func- 
tional independent invariants of V, i.e. 

V(y’) =O(i= l,...,n- l), 

V(s) = 0, V(y)” = 1. (2.4) 

Proof. We refer to Theorem 2.66 in Ref. [ 81. 0 

Remark. Because the right-hand side of the system 
(2.3) is independent of y”, the component y” can be 
got by quadrature. Thus we call usually the first n - 1 
equations of the system (2.3) a reduced system of 
(2.1) under G. 

In particular, when G is a spatial symmetry group, 

we get the following corollary. 

Corollary 5. Suppose G in Theorem 4 is a spatial 
symmetry group, then for the transformation (2.2) we 
can take s = t and ~7i (i = 1, . . , n) are independent 
of s, i.e. yi(i= l,..., n) are independent of time. 

Proof. Since G is a spatial symmetry group, the 
function t is just an invariant of G, and we can take 
s = t. Further, since 

V(y)=-&-$ 
i=l 

where p( i = 1, . . . , n) are independent of t, the solu- 
tions to the equations V(y) = 0 and 1 are all indepen- 
dent of t. This completes the proof. 0 

3. Main results and proof 

Lemma 6. Suppose there exists a diffeomorphism rp, 
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x'=cp;(y',...,y"), i= l,...,n, 

under which the system (2.1) becomes 

dv’ 
I=gi(v’,...,y”,t), i=l,.... II. 
dt 

Then the following relation is valid, 

(3.1) 

(3.2) 

(3.3) 

where J is the Jacobian matrix of the transformation 
9, IJ1 is its determinant. 

Proof. Using the properties of the derivative and 

determinant, after a straightforward and lengthy cal- 

culation, one can prove the result. 0 

Theorem 7. Let the vector-field (2.1) be divergence- 

free and admit a one-parameter, spatial, divergenceless 
symmetry group G. Then there exists a local transfor- 

mation of variables such that the reduced vector-field 
of ( 2.1) is a (II - 1 )-dimensional DFV. 

Proof. Let the infinitesimal generator of G be V = 

(5’, f . . , 5”). Applying Theorem 4 and Corollary 5, 
there exists a transformation of coordinates as (3.1) 
under which (2.1) becomes 

dy’ 
-=kki(y’ ,..., y”-‘,t), 
dt 

i=l,...,n. (3.4) 

According to Lemma 6, we get 

17 . ‘I a(w) =o 

,=I . 

(3.5) 

Further, applying (2.4) in Theorem 4, we find the 
vector-field V will have the form (0, . . ., 0, 1) under 
cp. Using Lemma 6 again, we get 

” ac$ o=c,=’ o+...+o+rly” ( dlJI 
i=l IJI > 

*a(/l=O. 
dY" 

Thus / Jj is independent of y”, and (3.5) becomes 

ga.+lo, 
i=, - 

(3.6) 

Now consider the reduced system of (2.1), i.e. the 
first n - 1 equations of the system (3.4)) 

dy’ 
-=ki(y’,...,y”-‘,t,), 
dt 

i= l,...,i’- 1. 

Take a transformation r, 

z’ = 
J’ 

IJldy’, 

-2 - 
I -y2, . . . . zn-‘=y”-‘, 

under which (3.7) becomes 

dz’ 
- =gi(z’)...) P,t) ( 
dt 

i= l,...,n- 1. (3.9) 

Obviously, the inverse r-’ exists. In other words, 

(3.9) becomes (3.7) under r-‘. We calculate the 
Jacobian matrix Dz/Dy (z = (z’,...,~“), y = 

(y’,...,y”)) ofr-‘, 

(3.7) 

(3.8) 

IJI -$+b’ ... &J’tJld~’ 
Dz I. . -_= 0 1 . . . 0 
DY . 

: 1. 

1’ 0 0 . . 1 1 

(3.10) 

Thus applying Lemma 6 and (3.6)) we have 

c n-‘&& 1 n-’ atlDz/Dylk) c 
i=l Jzl PZlDYl i=l dY' 

1 p&lo, =- 
I JI ;=l dY’ 

To sum up, for the vector-field (2.1) satisfying the 
conditions in Theorem 7, there exists a transformation 
of coordinates: x + z , under which (2.1) becomes 

dz’ 
-=gi(Z’y...TZn-‘vt), 
dt 

i= I,..., n- 1, 

gS=O, i=l,..., n-l, 
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di ” 
-=grl(z’,..., z”_‘,t), in=yn. 
dt 

(3.11) 

The theorem is proved. Cl 

Remark. From the above proof, one may find the 

transformation taking (2.1) to (3.11) does not depend 
on the vector-field (2.1). but only depends on the 
symmetry group G. 

When tI = 3, from Theorem 7, we get directly the 

main results in Refs. [ 4,5]. 

Corollary 8. Let the following three-dimensional 
system be divergence-free, 

dx’ 
dt =.fiC x’,x2..x3, t) ) i= 1,2,3, (3.12) 

and admit a one-parameter, spatial, divergenceless 

symmetry group G. Then there exists a local transfor- 
mation of coordinates, 

x’=C&(z’,...,z”), i= 1,2,3, 

such that in new variables the system (3.12) becomes 

dz’ dH(z’,z2,t) 

dt= dz2 ’ 

dz2 dH(z’,z’, t) 

dt=- dz’ ’ 

e =k&’ ,2 t). 
dt ‘&’ 

(3.13) 

where H(z’, z2, t) is a certain function. 

PvooJ From Theorem 7, the two-dimensional re- 

duced system of (3.12) must be a two-dimensional 
DFV, henceforth it can be expressed as a Hamiltonian 

form. So the system (3.12) can be taken to the form 

(3.13). q 

Now consider the case of a multi-parameter group. 

Theorenz 9. Let 

$=f;(x’,..., x”,t), i= I,...,& (3.14) 

be a n-dimensional DFV, and admit a two-parameter 
symmetry group G that satisfies the following condi- 
tions: 

(i) V’ and Vz are divergenceless, 
(ii) [V’ , V2] = 0, i.e. G is an Abelian group, 
where V’ and Vz are two independent infinitesimal 

generators of G. Then (3.14) can be locally reduced 
to a (FZ - 2)-dimensional DFV. 

Proof. We first reduce (3.14) by VI as the proof of 
Theorem 7. For simplicity, we still suppose the system 
(3.14) has the same reduced system as (3.7). 

dy’ 
-=k;(y’,..., yn-‘J), 
dt 

i=l,..., n-l 

under the same transformation as CP, 

.X’=Cpi(y’,...,y”)) i= I,...,?‘. 

According to the theory of Lie group, the quotient 

group G/G’ is a symmetry group of (3.7). where G’ 

is a Lie group generated by V’, and G/G’ is just a 
one-parameter group whose infinitesimal generator is 
the reduced vector-field of V2 (written as V3) under 
the complete set of invariants of V’. Let 

v2=7$ j$+...++& E (T’,..., $). 

We work out Vj below. 
From Theorem 4, the complete set of invariants of 

V, is {t, _y’, . , y”-‘}, then we get new coordinates 

{t,y’,...,y”-’ , y”} by supplementing a variable _v” 
that is from 9. Under the new coordinates, let VZ be 

taken correspondingly to 

Yj(y’, . . . ,yn-‘& +. . 

+7jlI-‘(y’....,y”-‘)~ 
-a 

+fjYy’,..., Y”?Yfl)j-+ 

Thus 

1 I ” 1 a 
v3=75 (Y ,...>y - )dY’+-. 

+in-‘(y’,...,yn-‘)&. 
On the other hand, since [V’ , V,] = 0, from Theorem 
3, the autonomous system associated with Vz, 

dx’ 
-=&Xi ,..., X”), 
dt 

i= I,..., II, (3.15) 
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admits a one-parameter symmetry group Gi generated 

by VI. The transformation in Theorem 7 is indepen- 
dent of the vector-fields, so we can transform (3.15) 
with the above transformation 40 similarly, and let the 

resulting system be 

dv’ 
-z- =k’(y’,..., yn-‘), 
dt 

i= l)..., II. (3.16) 

From Ref. [ 11, we have 

/z+i, i= l,..., II. 

Thus the system (3.7) admits a one-parameter sym- 
metry group generated by V? = (h’, . . . , hn-‘), i.e. 

[&,K] =O,K=(k ,,..., k,_,). 

Further, for (3.7) and (3.16)) we take the second 
transformation similar to r in the proof of Theorem 7, 

and we still suppose (3.7) is taken to (3.9) under r. 
On the other hand, from Theorem 7, the first II - 1 

equations of (3.16) are taken to an autonomous (II - 
1 )-dimensional DFV (written as VT ) . 

From [ &, K] = 0, one gets easily [V;, g] = 0, 
where g = (gi, . . , g,-i ) defined in (3.9) (this is 
because the definition of the Lie bracket is indepen- 
dent of the choice of coordinates). Thus the system 

(3.9) admits a spatial, divergenceless symmetry group 
generated by VT, then applying Theorem 7 again, the 
vector-field (3.14) is reduced to a (~1-2) -dimensional 
DFV. This theorem is proved. 0 

More generally, one can obtain the following result 

from the above proof. 

Theorem 10. If a n-dimensional DFV admits a 
r-parameter spatial, divergenceless Abelian (com- 
mutable) symmetry group, then it can be locally 
reduced to a (rr - r) -dimensional DFV. 

In Theorem 10, when r = II - 2, from Corollary 8, 
the reduced vector-field is an integrable Hamiltonian 
system with one degree of freedom, so the original 

system can be integrated by quadrature. This result 
coincides with the conclusion in Ref. [ 61, without the 
condition on rank as in Ref. [ 61. 

4. An example 

Consider the modified mode1 from Ref. [ 91, 

ti = -uw + buz ) i ,  = uw - buz , 

ti = --$(d + 02) ) f=-2, 

i = x + $7(u’ + 2) . (4.1) 

It is shown easily that (4.1) admits a one-parameter 
symmetry group whose infinitesimal generator is 

I3 d 
t=-v-+rM-. 

all au 

By calculation, 5 has the following invariants: ~1~ + 
? 

u-, w, z and X. S(arctg( u/u)) = 1, so we take the 
transformation 

ui = l? + u=, u1 = arctg(u/u) , w1 = w , 

.x1 = x, z1= z , 

such that (4.1) becomes 

tii =o, ti, = -;z4, , k] = -i1 . 

il = Xl + $u, 1 til = wI - bz, (4.2) 

Obviously, the Jacobian determinant of p is equal to 
1, so here we do not need the second transformation in 

the proof of Theorem 7. In fact, the first equations in 
(4.2) are already independent of ~‘1 and divergence- 

less, and the exact solutions of (4.2) become 

u1(r) = Pi 3 WI(t) = -;p;t + w() , 

xl(t) = (~e+bpi)cost-zosint- ibpi, 

zi(t)=(xo+bp~)sint+zocost, 

U, (t) = -;p;t= + wgt + b(xo + bpi) cos t 

- bzo sin t + 00 , 

where pa, ~0, wg. ua and x0 are initial values. 
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