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Abstract—A general formulation of the Helmholtz free energy used in thermodynamics of damage

process of rocks is derived within a multi-scale framework. Such a physically-based thermodynamic state

potential has a hybrid, discrete/continuum, nature in the sense that it adopts a continuum description but

subsumes the statistical ensemble average of the action of the entirety of microscopic degrees of freedom.

The choice of the relevant damage variables results therefore directly from the breaking of contact cohesive

bonds, and it naturally obeys the Clausius-Duhem inequality. Furthermore, motivated by the fact that the

free energy is formulated by the integral of potentials independently defined on different orientations over

the upper hemisphere, the damage evolution equation is formulated on a generic orientation.

Consequently, the mechanical behavior of a rock material generally becomes anisotropic characteristics

in the inelastic regime even if the material is initially isotropic, thus introducing dissipation-induced

anisotropy in a very natural and simple way. Finally, the development of the lattice solid model can be cast

into the framework of the orientation based continuum constitutive model.
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1. Introduction

As a naturally discontinuous, anisotropic and inhomogeneous geological

material, the rocks are assemblages of blocks formed by connected fractures, and

the interactions between the rock blocks and fractures (interfaces between blocks) are

the main factors affecting the mechanical behavior of the fractured rock masses.

Therefore the discrete approach, represented mostly at present by the distinct

element method (DEM) and discontinuous deformation analysis (DDA) (JING,

1998), has become prominent as a tool for providing more realistic representation of

problem geometry of fractured rocks since fractures are explicitly represented, both

geometrically and mechanically. Nevertheless, this advantage entails sacrificing the

problem size since representations of individual blocks and fractures put large

demands on computer memory and speed. Therefore, despite the popularity of the
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� Birkhäuser Verlag, Basel, 2006

Pure and Applied Geophysics

Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.GENERAL ----------------------------------------File Options:     Compatibility: PDF 1.2     Optimize For Fast Web View: No     Embed Thumbnails: No     Auto-Rotate Pages: No     Distill From Page: 1     Distill To Page: All Pages     Binding: Left     Resolution: [ 600 600 ] dpi     Paper Size: [ 481.89 680.315 ] PointCOMPRESSION ----------------------------------------Color Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitGrayscale Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitMonochrome Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 600 dpi     Downsampling For Images Above: 900 dpi     Compression: Yes     Compression Type: CCITT     CCITT Group: 4     Anti-Alias To Gray: No     Compress Text and Line Art: YesFONTS ----------------------------------------     Embed All Fonts: Yes     Subset Embedded Fonts: No     When Embedding Fails: Warn and ContinueEmbedding:     Always Embed: [ ]     Never Embed: [ ]COLOR ----------------------------------------Color Management Policies:     Color Conversion Strategy: Convert All Colors to sRGB     Intent: DefaultWorking Spaces:     Grayscale ICC Profile:      RGB ICC Profile: sRGB IEC61966-2.1     CMYK ICC Profile: U.S. Web Coated (SWOP) v2Device-Dependent Data:     Preserve Overprint Settings: Yes     Preserve Under Color Removal and Black Generation: Yes     Transfer Functions: Apply     Preserve Halftone Information: YesADVANCED ----------------------------------------Options:     Use Prologue.ps and Epilogue.ps: No     Allow PostScript File To Override Job Options: Yes     Preserve Level 2 copypage Semantics: Yes     Save Portable Job Ticket Inside PDF File: No     Illustrator Overprint Mode: Yes     Convert Gradients To Smooth Shades: No     ASCII Format: NoDocument Structuring Conventions (DSC):     Process DSC Comments: NoOTHERS ----------------------------------------     Distiller Core Version: 5000     Use ZIP Compression: Yes     Deactivate Optimization: No     Image Memory: 524288 Byte     Anti-Alias Color Images: No     Anti-Alias Grayscale Images: No     Convert Images (< 257 Colors) To Indexed Color Space: Yes     sRGB ICC Profile: sRGB IEC61966-2.1END OF REPORT ----------------------------------------IMPRESSED GmbHBahrenfelder Chaussee 4922761 Hamburg, GermanyTel. +49 40 897189-0Fax +49 40 897189-71Email: info@impressed.deWeb: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<     /ColorSettingsFile ()     /AntiAliasMonoImages false     /CannotEmbedFontPolicy /Warning     /ParseDSCComments false     /DoThumbnails false     /CompressPages true     /CalRGBProfile (sRGB IEC61966-2.1)     /MaxSubsetPct 100     /EncodeColorImages true     /GrayImageFilter /DCTEncode     /Optimize false     /ParseDSCCommentsForDocInfo false     /EmitDSCWarnings false     /CalGrayProfile ()     /NeverEmbed [ ]     /GrayImageDownsampleThreshold 1.5     /UsePrologue false     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /AutoFilterColorImages true     /sRGBProfile (sRGB IEC61966-2.1)     /ColorImageDepth -1     /PreserveOverprintSettings true     /AutoRotatePages /None     /UCRandBGInfo /Preserve     /EmbedAllFonts true     /CompatibilityLevel 1.2     /StartPage 1     /AntiAliasColorImages false     /CreateJobTicket false     /ConvertImagesToIndexed true     /ColorImageDownsampleType /Bicubic     /ColorImageDownsampleThreshold 1.5     /MonoImageDownsampleType /Bicubic     /DetectBlends false     /GrayImageDownsampleType /Bicubic     /PreserveEPSInfo false     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /PreserveCopyPage true     /EncodeMonoImages true     /ColorConversionStrategy /sRGB     /PreserveOPIComments false     /AntiAliasGrayImages false     /GrayImageDepth -1     /ColorImageResolution 150     /EndPage -1     /AutoPositionEPSFiles false     /MonoImageDepth -1     /TransferFunctionInfo /Apply     /EncodeGrayImages true     /DownsampleGrayImages true     /DownsampleMonoImages true     /DownsampleColorImages true     /MonoImageDownsampleThreshold 1.5     /MonoImageDict << /K -1 >>     /Binding /Left     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)     /MonoImageResolution 600     /AutoFilterGrayImages true     /AlwaysEmbed [ ]     /ImageMemory 524288     /SubsetFonts false     /DefaultRenderingIntent /Default     /OPM 1     /MonoImageFilter /CCITTFaxEncode     /GrayImageResolution 150     /ColorImageFilter /DCTEncode     /PreserveHalftoneInfo true     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /ASCII85EncodePages false     /LockDistillerParams false>> setdistillerparams<<     /PageSize [ 576.0 792.0 ]     /HWResolution [ 600 600 ]>> setpagedevice



‘discrete approach’, its applicability to solve practical problems remains a challenging

task.

Alternatively, the ultimate in reduction of fractured rock masses is represented by

continuum field theory where all discrete degrees of freedom are replaced by

continuous field variables obeying macroscopic differential equations. Because

details of blocks and fracture systems are coarse grained out of the formulation,

continuum models are not subject to length and time scale limitations, and the

material parameters entering the models such as stresses and displacements are suited

directly to measurements and senses. The constitutive relations, however, are often

empirically determined, making their reliability over a wide range of deformations

dubious.

The purpose of the current paper is, on one hand, to focus on multi-scale

constitutive modeling for rocks. In this context, a multi-scale modeling methodology

is presented naturally to combine the interactions of discrete micro-structures of a

rock material on the small scale with the usual framework of continuum mechanics

on the very large scale. By using such micromechanics theory, we develop an

orientation-based continuum damage model having the following virtues: (1) the

Helmholtz free energy is calculated exclusively from the microscopic contact

constitutive relationship, the discrete micro-structures and the macroscopic kine-

matical variables without empirical phenomenological assumption; (2) the micro-

scopic formation of damage is directly the result of the breaking of cohesive bonds,

and it naturally obeys the laws of thermodynamics; (3) damage-induced anisotropy is

incorporated into the constitutive model in a natural and simple way.

On the other hand, based on the fact that the free energy is expressed as the

integral of potentials defined on different orientation over the upper hemisphere, and

with the help of the damage evolution equations formulated on a generic orientation,

the lattice solid model (NAPIER and DEDE, 1997; MORA and PLACE, 1999; LI et al.,

2000), which has been used to simulate fracture initiation and propagation in rocks

as an attractive alternative to finite-element analysis, can be derived from the

directional discretization of the continuum constitutive model. Consequently, the

orientation-based constitutive model not only can be numerically implemented

through the lattice solid model, but also offers a unified framework for the

development of the lattice solid model.

Symbolic and index notations are used in the present paper; for instance, the

strain tensor is denoted by either E or Eij. In the symbolic notation, ‘.’ and ‘:’ stand

for the first- and second-order contractions, ‘�’ denotes the tensor product.

2. Multi-scale Modeling of Rocks

Consider a rock mass consisting of abstract material points on the macroscopic

scale indicated in Figure 1(a). On the microscopic scale, an infinitesimal neighbor-
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hood of a material point, namely the so-called representative volume element, is

associated with an ensemble of discrete blocks formed by connected fractures, cf.

Figure 1(b). Those blocks with sufficient large numbers are idealized as rigid

elements in this paper. Denote the material configuration of the solid by A and the

configuration at the present time s by B. The distance vectors between a pair of

adjacent elements a and b in configuration A and configuration B, Xða;bÞ and xða;bÞ,

are written as

Xða;bÞ ¼ XðaÞ � XðbÞ; xða;bÞ ¼ xðaÞ � xðbÞ; with XðaÞ � XðbÞ ¼ Rða;bÞNða;bÞ; ð1Þ

where Rða;bÞ and Nða;bÞ are the length and unit vector of Xða;bÞ, respectively.

As shown in Figure 1(c), the contact actions among adjacent elements are

assumed to be concentrated at the contact points. The local stress in the contact

region between elements a and b thus is replaced by concentrated force at the contact

point c

FðcÞ ¼ FðcÞn þ FðcÞs ; ð2Þ

where FðcÞn is the normal force, and FðcÞs is the shear force, while the local strain is

replaced by relative displacement

uðcÞ ¼ uðaÞ � uðbÞ ¼ uðcÞn þ uðcÞs ; ð3Þ

where the normal relative displacement, u
ðcÞ
n , and the shear relative displacement, u

ðcÞ
s ,

are given by, respectively,

uðcÞn ¼ ðuðaÞ � uðbÞÞ � ðNða;bÞ �Nða;bÞÞ; ð4aÞ
uðcÞs ¼ ðuðaÞ � uðbÞÞ � ðI�Nða;bÞ �Nða;bÞÞ: ð4bÞ

As response functions for the contact actions, the following two types of linear

elastic contact constitutive relations

D d

(c)
nF(c)

sF

(a) (b) (c)

Figure 1

A rock body consisting of discrete block ensembles (RVEs): (a) Macrostructure, (b) microstructure and

(c) contact blocks.
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FðcÞn ¼ KðnÞuðcÞn ; FðcÞs ¼ KðsÞuðcÞs ð5Þ

are considered, in which KðnÞ, KðsÞ are the respective elastic constants in directions

normal and tangential to the contact. Correspondingly, the mean energy of the

contact actions within the RVE in configuration B takes the form

e ¼ 1

V

X

<a;b>

W ðuðaÞ � uðbÞÞ

¼ 1

2V

X

<a;b>

KðnÞ � KðsÞ
� �

ðuðaÞ � uðbÞÞ �Nða;bÞ
� �2

þKðsÞðuðaÞ � uðbÞÞ � ðuðaÞ � uðbÞÞ
� �

: ð6Þ

Here V is the volume of the RVE, ha; bi runs over all the contacts within the

RVE.

In order to construct a continuum model on the macroscopic scale based on the

discrete model on the microscopic scale, the crucial step lies in establishing a

correspondence between the discrete and the continuum kinematical descriptors. For

that, the deformation of element a within the RVE is split into two parts. In the first

part the centroid X of the RVE moves to a spatial position x in a vector of macro-

displacements u, while in the second, element a having a relative position NðaÞ with
respect to the centroid moves to a new relative spatial position nðaÞ in a vector of

micro-displacements mðaÞ, cf. Figure 2. Following the assumption that the size of the

RVE is assumed to be conceptually infinitesimal on the macroscopic scale, but is

much larger than the size of discrete blocks on the microscopic scale, the relative

position NðaÞ of the element a to the centroid of the ‘‘RVE’’, which is not necessarily

small on the microscopic scale, must be small from the macroscopic view of point. As

a result, the displacement of element a can be approximated by a polynomial

expansion, i.e.,

uðaÞðxðaÞÞ ¼ uðxþ NðaÞÞ

¼ uðxÞ þ ðuðxÞ � rX Þ � NðaÞ þ
1

2
ðuðxÞ � rX �rXÞ : ðNðaÞ � NðaÞÞ þ � � � ; ð7Þ

where rX denotes the gradient operator with respect to X. When constructing a

continuum model accounting for short-range interactions, it suffices to consider

homogeneous deformations, which implies the second and higher order derivatives

of the displacement field can be neglected. In this case, the above equation

becomes

uðaÞðxðaÞÞ � uðxÞ þ uðxÞ � rXð Þ � NðaÞ

¼ uðxÞ þ 1

2
uðxÞ � rX þrX � uðxÞð Þ þ 1

2
uðxÞ � rX �rX � uðxÞð Þ

� �
� NðaÞ; ð8Þ

where the displacement gradient uij is decomposed into a symmetric part and an

antisymmetric part. In many homogenization studies on granular assemblies the

2532 X. Liu et al. Pure appl. geophys.,



contribution of the antisymmetric part is neglected (CHRISTOFFERSON et al., 1981;

WALTON, 1987; BATHURST and ROTHENBURG, 1988). Accordingly, the relative

displacement vector between elements a and b is rewritten as

uðaÞ � uðbÞ � EðxÞ � ðXðaÞ � XðbÞÞ; EðxÞ ¼ 1

2
uðxÞ � rX þrX � uðxÞð Þ; ð9Þ

where E is the Lagrangean strain tensor. By substituting Eq. (9) into Eq. (6) and

making use of Eq. (1), the energy density of the discrete system, expressed in index

notation, is as follows

e ¼ 1

V

X

<a;b>

W ðRða;bÞE �Nða;bÞÞ

¼ ðK
ðnÞ � KðsÞÞEijEst

2V

X

<a;b>

ðRða;bÞÞ2N ða;bÞi N ða;bÞj N ða;bÞs N ða;bÞt

þ KðsÞEijEst

8V

X

<a;b>

ðRða;bÞÞ2ðdisN
ða;bÞ
j N ða;bÞt þ ditN

ða;bÞ
j N ða;bÞs

þ djsN
ða;bÞ
i N ða;bÞt þ djtN

ða;bÞ
i N ða;bÞs Þ: ð10Þ

Furthermore, we require that the power stored within the RVE is equal to the total

energy spent over the material neighborhood occupying the same region. As

e1

e2

e3

x

x(a)
X(a)

ξ

Ξ (a)

X
(a)

Figure 2

Schematic of the deformation of element a within the RVE.
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consequences of the energy equivalence between micro and macro scale, the

Helmholtz free energy without energy dissipation is calculated exclusively from the

microscopic contact constitutive relationship, the discrete micro-structures and the

macroscopic kinematical variables, and does not involve an empirical phenomeno-

logical assumption.

3. Orientation-based Continuum Constitutive Model

3.1. Elastic Behavior

Before moving on to the more complex irreversible nonlinear behavior of rocks, it

is worth describing the material response without energy dissipation. In terms of

Fung’s (FUNG, 1969) classification of the different forms of elastic model, all

nondissipative materials are required to be hyperelastic since this is the only means

by which the material is guaranteed to obey the First Law of Thermodynamics.

Because of the fact that the hyperelastic behavior is entirely defined by a Helmholtz

free energy function, a physical and general constitutive law can be obtained by

virtue of Eq. (10). The stresses are given by

rij ¼
@e
@Eij

ð11Þ

and the tangent stiffness tensor obtained by further differentiation

Cijst ¼
@2e

@Eij@Est
: ð12Þ

Since the energy density in Eq. (10) is formulated by a summation form, the

calculation of the constitutive laws thus need to extend over all the relative distance

vectors within the RVE. For a material with randomly distributed geometries of

discrete microstructures, the calculation is often unfeasible and unnecessary. It

becomes necessary to replace the summation setting in Eq. (10) by its continuum

surrogates. The latter removes the discrete degrees of freedom but subsumes the

statistical ensemble average of the action of the entirety of microscopic degrees of

freedom. For that, select a spherical coordinate system ðR; h;/Þ such that a distance

vector is characterized by a corresponding position in the upper hemispherical

coordinate system.1 As a result, the discrete summation expression of Eq. (10) can be

translated into an integral form by

1 Because the potential energy density is independent of the direction of the distance vector, we herein

require the distance vector to be oriented in the upper half spherical coordinate system.

2534 X. Liu et al. Pure appl. geophys.,



e ¼
Z 2p

0

Z p=2

0

Z R2

R1

DðR; h;/ÞW ðRE �NÞ sin/dRdhd/

¼ ðK
ðnÞ � KðsÞÞEijEst

2

Z 2p

0

Z p=2

0

Z R2

R1

DðR; h;/ÞR2NiNjNsNt sin/dRdhd/

þ KðsÞEijEst

8

Z 2p

0

Z p=2

0

Z R2

R1

DðR; h;/ÞR2ðdisNjNt þ ditNjNs

þ djsNiNt þ djtNiNsÞ sin/dRdhd/: ð13Þ

Here DðR; h;/Þ is the distribution function of the positions in the upper hemispher-

ical coordinate system which is located by the relative distance vectors, and reads

DðR; h;/Þ ¼
X

I

X

J

X

K

MðRðIÞ; hðJÞ;/ðKÞÞ
2V sin/

dðR� RðIÞÞdðh� hðJÞÞdð/� /ðKÞÞ; ð14Þ

where I, J and K extend over all the positions located by the distance vectors in the

spherical coordinate system, respectively. d is the Dirac delta function, and

MðRðIÞ; hðJÞ;/ðKÞÞ is the number of the distance vectors locating at site

ðRðIÞ; hðJÞ;/ðKÞÞ. In the spherical coordinates Ni is represented as

N1 ¼ sin/ cos h; N2 ¼ sin/ sin h; N3 ¼ cos/: ð15Þ

Particularly, for isotropic assemblages of blocks with fully randomized relative

distance vectors, the distribution function D only depends on R. Making use of the

following three integration formulae

a0 ¼
Z R2

R1

DðRÞR2dR

Z 2p

0

Z p=2

0

NiNj sin/dhd/ ¼ 2p
3

dij

Z 2p

0

Z p=2

0

NiNjNsNt sin/dhd/ ¼ 2p
15
ðdijdst þ disdjt þ ditdjsÞ ð16Þ

an analytical evaluation of Eq. (13) is given by

e ¼ a0
p
15
ðKðnÞ � KðsÞÞðdijdst þ disdjt þ ditdjsÞ þ

p
6

KðsÞðdisdjt þ ditdjsÞ
� �

EijEst: ð17Þ

After substituting Eq. (17) into Eq. (12), we can obtain the tangent stiffness tensor

Cijst ¼
p
15

a0 2ðKðnÞ � KðsÞÞðdijdst þ disdjt þ ditdjsÞ þ 5KðsÞðdisdjt þ ditdjsÞ
� �

: ð18Þ

Comparison of Eq. (18) and the standard isotropic linear elastic constitutive

equation (LANDAU and LIFSHITZ, 1970)

Vol. 163, 2006 Continuum Damage Models for Rocks 2535



Cijst ¼ kdijdst þ lðdisdjt þ ditdjsÞ ð19Þ

leads to the following equivalent relationships between the elastic constants KðnÞ;KðsÞ

and the macroscopic Yang’s modulus E and Poisson ratio m, respectively,

KðnÞ ¼ 3

2pa0

E
1� 2m

; KðsÞ ¼ 3

2pa0

Eð1� 4mÞ
ð1þ mÞð1� 2mÞ : ð20Þ

According to Eq. (20), the influence of the contact stiffness ratio KðsÞ=KðnÞ on the

macroscopic Poisson ratio m is plotted in Figure 3. It shows that m is zero when KðsÞ is
equal to KðnÞ. This is in agreement with the discrete element simulations for dense

assemblies (the average number of contacts per particle C ¼ 6) (KRUYT and

ROTHENBURG, 2004). The analytical data in Figure 3 also show that m is not larger

than 0.25 for positive shear stiffness. Although this is not very close to the numerical

data, it should be noted that for most granular materials, Poisson ratio is in the range

0.2–0.25. Therefore, we argue that for a statistical homogeneous rigid system, in

which the interactions are concentrated at the contact points, the influence of the

parameters KðnÞ;KðsÞ on the macroscopic behaviour follows Eq. (20).

3.2. Dissipation and Internal State Variables

Irreversible nonlinear behavior of rock masses is the consequence of energy

dissipation which is activated during the loading process, and can be traced largely to

the contact breakage. In this paper, we assume that all damage dissipation in rocks

results from a continuous process of the breakage of contact cohesive bonds between

0.00 0.25 0.50 0.75 1.00
0.00

0.25

0.50

0.75

ν

Theory
DEM, Γ = 4
DEM, Γ = 6

K(s)
 / K(n)

Figure 3

Showing the analytical results for the effect of contact stiffness ratio KðsÞ=KðnÞ on effective Poisson ratio m
compared to the discrete element results.
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the blocks, and an internal variable characterizing the state of the bond between

elements a and b at the present time s

qða;bÞ ¼ 0 The failure criterion has not been satisfied during loading process
1 The failure criterion has been satisfied during loading process

�

ð21Þ

is introduced such that the breaking of this contact bond is modeled by irreversibly

modifying the contact potential to zero when a certain breaking rule has been

satisfied, i.e.,

W ða;bÞ ¼ 1� qða;bÞ
� �

W ðRða;bÞE �Nða;bÞÞ: ð22Þ

Consequently, the discrete summation form of the free energy is represented as

e ¼ 1

V

X

<a;b>

ð1� qða;bÞÞW ðRða;bÞE �Nða;bÞÞ ð23Þ

and its integral form is given by

e ¼
Z 2p

0

Z p=2

0

Z R2

R1

DðR; h;/Þ � DqðR; h;/Þð ÞW ðRE �NÞ sin/dRdhd/; ð24Þ

where DqðR; h;/Þ is the distribution function of the positions in the upper

hemispherical coordinate system which are located by all broken contact bonds at

the current time.

Defining the energy functions on the orientation ðh;/Þ as

Uðh;/;E � NÞ ¼
Z R2

R1

DðR; h;/ÞW ðRE �NÞdR ð25Þ

and extracting the damage variable on that orientation,

dðh;/ÞUðh;/;E �NÞ ¼
Z R2

R1

DqðR; h;/ÞW ðRE �NÞdR: ð26Þ

We introduce the general form of the Helmholtz free energy which is sufficient to

describe all reversible processes in rock masses. The total free energy per unit volume

depends on the observable variable E as well as the damage variable dðh;/Þ, and
takes the following compact form

e ¼
Z

X
ð1� dXÞUXðE �NÞdX: ð27Þ

Applying the Clausius-Duhem inequality to the derived free energy

rij _Eij � _e � 0 ð28Þ
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we arrive according to Eq. (27) at

_Eij rij �
Z

X
ð1� dXÞ @U

XðE �NÞ
@Eij

dX

� �
þ
Z

X

_dXUXðE �NÞdX � 0: ð29Þ

This inequality must hold for arbitrary strain-rates. Therefore we can conclude that

Eq. (29) and the following statements are equivalent:

� The stress strain relationship

rij ¼
Z

X
ð1� dXÞ @U

XðE �NÞ
@Eij

dX ð30Þ

from which the expression for the strain-rates results again by time differentiation

_rij ¼ _Est

Z

X
ð1� dXÞ @

2UXðE �NÞ
@Eij@Est

dX�
Z

X

_dX @U
XðE �NÞ
@Eij

dX: ð31Þ

� The damage dissipation inequality

Z

X

_dXUXðE �NÞdX � 0: ð32Þ

Based on the fact that the energy stored in the contact cohesive bonds is positive

and also, that the dissipative energy gradually increases during the damage processes,

the definitions as shown in Eq. (26) apparently ensure that the damage dissipation

inequality always holds on each orientation. In other words, the Clausius-Duhem

inequality (28) is naturally fulfilled in the course of the physical choice of the damage

variables.

Because accurate description of the local effects of the defects are not available

for the material under investigation, at the present time information on dX and its

evolution has to depend on the development of recovery experiments. On the

other hand, the orientation-independent nature of the free energy function UX in

Eq. (32) motivates us to assume that the damage dissipation also evolves

independently on each orientation, thus identifying UX as the thermodynamic

force conjugate to dX. It should be noted that this basic assumption overlaps with

certain concepts in which multiple-plane representations of inelasticity are derived

(SEAMAN and DEIN, 1983; BAŽANT and GAMBAROVA, 1984; JU and LEE, 1991a,b;

ESPINOSA and BRAR, 1995; PENSÉE et al., 2002).

In the context of the irreversible thermodynamics theory (LEMAITRE, 1992;

MAUGIN, 1992), a general form of the damage evolution equations on a generic

orientation can consequently be formulated through a dissipation potential function

in the space of UX in combination with the maximum dissipation principle (SIMO and

HUGHES, 1998). The detailed expressions are given as follows:
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• Define a damage potential function pXðUX; dXÞ on a generic orientation such that

this damage potential function coincides with the damage surface pXðUX; dXÞ ¼ 0

on that orientation. To ensure that the damage evolution follows the path in the

damage variable space that maximizes the dissipation on that orientation, we gain

the evolution law

_dX ¼ _kX @p
XðUX; dXÞ
@UX ; ð33Þ

where parameter _kX is determined from the consistency condition _pX ¼ 0:

_kX ¼ � _UX=
@pXðUX; dXÞ

@dX
: ð34Þ

• The loading/unloading conditions are defined by the condition that each of the

following Kuhn-Tucker relations always should be satisfied (JU, 1990)
_kX � 0; pXðUX; dXÞ � 0; _kXpXðUX; dXÞ ¼ 0: ð35Þ

Given the evolution equations of dX on a generic orientation, the overall responses

of brittle materials result from the cumulative effect of processes taking place on all

possible orientations in the upper hemisphere. Therefore, Eqs. (27), (30), (31), (33),

(34) and (35) furnish a closed constitutive formulation for rocks, which we identify as

the orientation-based continuum damage model in this paper. As a consequence of

the independent evolution of dissipation processes on different orientations, the

mechanical behavior of materials generally becomes anisotropic characteristics in the

inelastic regime even if the material is initially isotropic, thus introducing damage-

induced anisotropy in a very natural and simple way.

4. Lattice Solid Model

Subdivide the upper hemispherical envelop into M discrete contiguous solid

angles, DXðmÞ, each associated with a corresponding discrete orientation N ðmÞi . The

total energy of the infinitesimal neighborhood of the material point can thus be

estimated approximately by the sum of a finite number of discrete components

defined on M orientations, i.e.,

Ve ¼ V
Z

X
ð1� dXÞUXðE �NÞdX �

XM

m¼1
ð1� dðmÞÞUðmÞðE �NðmÞÞV DXðmÞ: ð36Þ

Because both the evolution of damage variables dðmÞ and the calculation for the free

energy functions UðmÞ are independent of the orientations, we can analogously

construct a lattice cell with the total of M rod elements, in which the m-th rod

element with orientation N ðmÞi , cross section AðmÞ and length lðmÞ makes the
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deformation compatible with E Æ N(m), obeys the evolution laws of dðmÞ, and has the

energy

1� dðmÞ
� �

UðmÞðE �NðmÞÞAðmÞlðmÞ: ð37Þ

In this way, once the following equation

V DXðmÞ ¼ AðmÞlðmÞ ð38Þ

holds, the infinitesimal neighborhood of the material point can be replaced with the

energy equivalent lattice cell. This counterpart is considerably coarser than the

characteristic length of the block, but can approximately perform the macroscopic

response of the assemblage of blocks with the enormously large number of degrees of

freedom under the macroscopic strain E.

For example, we estimate the energy using 13 integration points oriented in

{1,0,0}+{1,1,0}+{1,1,1} directions on the envelope of the upper hemisphere, and

the values of the corresponding solid angles are given by

DX½1;0;0� ¼ DX½0;1;0� ¼ DX½0;0;1� ¼ 10

51
p

DX½1;1;0� ¼ DX½1;0;1� ¼ DX½0;1;1� ¼ DX½1;
�1;0� ¼ DX½

�1;0;1� ¼ DX½0;
�1;1� ¼ 12

85
p ð39Þ

DX½1;1;1� ¼ DX½
�1;1;1� ¼ DX½1;

�1;1� ¼ DX½
�1;�1;1� ¼ 12

85
p

It can be proved that this 13-point formula can satisfy the zeroth moment constraint,

i.e.,

Z

X
dX ¼

X13

m¼1
DXðmÞ

Z

X
NiNj dX ¼

X13

m¼1
N ðmÞi N ðmÞj DXðmÞ

Z

X
NiNjNsNt dX ¼

X13

m¼1
N ðmÞi N ðmÞj N ðmÞs N ðmÞt DXðmÞ

ð40Þ

Correspondingly, a cubic lattice cell is constructed, which consists of 13 rod elements

oriented in{1,0,0}+{1,1,0}+{1,1,1}directions, as shown in Figure 4(a). Let the side

length of the cubic be a. The lengths of the rod elements are a; a
ffiffiffi
2
p

and a
ffiffiffi
3
p

,

respectively.

In particular, for isotropic assemblages of blocks, the energy of the m-th rod

element is derived from Eqs. (13), (16), (20), (37) and (38) as

a3DXðmÞ

2ðlðmÞÞ2
3

2p
E

1� 2m
duðmÞi duðmÞi þ 3

2p
Eð1� 4mÞ

ð1þ mÞð1� 2mÞ dvðmÞi dvðmÞi

� �
; ð41Þ
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where

duðmÞi ¼ lðmÞEstN
ðmÞ
i N ðmÞs N ðmÞt ; dvðmÞi ¼ lðmÞEijN

ðmÞ
j � duðmÞi : ð42Þ

As a result, the elastic normal stiffness KðmÞn and the shear stiffness KðmÞs of the rod

element with orientation N ðmÞi have the following format

kðmÞn ¼ 3Ea3DXðmÞ

2pðlðmÞÞ2ð1� 2mÞ
; kðmÞs ¼ 3Ea3DXðmÞð1� 4mÞ

2pðlðmÞÞ2ð1þ mÞð1� 2mÞ
: ð43Þ

Taking this three-dimensional lattice cell as the unit cell of a periodic discrete lattice

shown in Figure 4(b), the constructed lattice solid model can be conceived as an

alternative manner of the numerical implementation of the orientation-based

constitutive model, instead of the finite-element method.

Figure 4

(a) Three-dimensional regular lattice unit cell; (b) the periodic lattices made up of the unit cell.
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5. Conclusions

We present a multiscale modeling methodology to describe the transition from

micro to macro domain of rock, and formulate the Helmholtz free energy for a

non-dissipative case.

By physically introducing the damage variables into the Helmholtz free energy,

we construct the orientation-based continuum damage model, which is highly

promising for the solution of engineering problems involving a damage process with

a greatly simplified mathematical description.

The discretization of the orientation-based constitutive model furnishes a unified

framework for the development of the lattice solid model.
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