Similarity consideration of structural

Y.-P. Zhao

Abstract Many structural bifurcation buckling problems
exhibit a scaling or power law property. Dimensional
analysis is used to analyze the general scaling property.
The concept of a new dimensionless number, the response
number-Rn, suggested by the present author for the dy-
namic plastic response and failure of beams, plates and so
on, subjected to large dynamic loading, is generalized in
this paper to study the elastic, plastic, dynamic elastic as
well as dynamic plastic buckling problems of columns,
plates as well as shells. Structural bifurcation buckling can
be considered when Rn(n) reaches a critical value.

Ahnlichkeitsbetrachtung bei Knickproblemen mit

strukturellen Verzweigungen
Zusammenfassung Viele Knickprobleme mit strukturel-
len Verzweigungen weisen eine Skalierungseigenschaft
oder Potenzgesetz-Abhidngigkeit auf. Mittels einer Di-
mensionsanalyse wird die allgemeine Skalierungseigen-
schaft untersucht. Das Konzept einer neuen
dimensionslosen Kennzahl, der Antwort-Zahl {response
number), die der Autor fiir die dynamische Plastizierung
und das Versagen von Balken,Platten, usw. unter groflen
dynamischen Lasten vorgeschlagen hat, wird in der vor-
liegenden Arbeit verallgemeinert und zur Untersuchung
von statischen und dynamischen Problemen des elasti-
schen und plastischen Knickens von Stdben, Platten und
Schalen angewendet. Strukturelle Verzweigungen bei all-
gemeinen Knickproblemen treten auf, wenn die Antwort-
Zahl einen kritischen Wert erreicht hat.

List of symbols

B dimension in Fig. 2(a)
c v/ E/p, elastic stress wave speed in a rod;

E/[p(1 — v}], elastic stress wave speed in

spherical shell
Ca pV2/E, Cauchy number
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bifurcation buckling

De 1/ T, Deborah number
pVE/oy Johnson’s damage number
E Young’s elastic modulus
shear elastic modulus
G reduced effective shear modulus
H thickness
Ir o0V1/Kic, Irwin number
k radius of gyration
Kic material fracture toughness

LL two characteristic dimensions of a structures
m,M  mass

n positive real number

R radius

Rn response number for n =2
Rn(n) response number for a given n
T period of harmonic external force
Vo initial impact velocity

o semi-angle of circular arc

€ strain

! E/E;

v Poisson’s ratio

p density

ag yield stress

T twisting stress, relaxation time
Subscripts

¢ cr  critical

e effective

s secant

t tangent

1

Introduction

It is clear that physical laws should not depend on the
choice of units. They must therefore be expressed using
relationships between quantities that do not depend on
their arbitrary chance, i.e., dimensionless combinations
of the variables. In general, for mechanical analysis of an
engineering problem and particularly in setting up ex-
periments, it is very important to select the dimension-
less parameters correctly. Some dimensionless numbers
often used in solid mechanics are summarized in the
Appendix.

Dimensional analysis may be successfully applied in
theoretical studies where a mathematical model of the
problem is available, in the processing of experimental
data, and also in the preliminary analysis of physical
phenomena. What are some of the virtues of applications
of similarity methods to problems in engineering
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mechanics? The following, in particular, have been found
to be valuable in several important respects:

o to explore the fundamental behavior involved in a
little-understood phenomenon;

¢ to obtain experimental data for quantitative evalua-
tion of a particular theoretical analysis;

® to generate a functional relationship empirically to

" solve a general problem;

e to obtain quantitative data for use in prototype de-
sign problems, particularly when mathematical theo-
ry is overly complex or even nonexistent;

e to evaluate limitations for an expensive system al-
ready in existence.

By making dimensionless the governing equations, the
present author has recently suggested a dimensionless
number termed “response number-Rn” [1], it has been
shown that this number is quite useful to study the dy-
namic plastic response and failure of structures such as
beams, plates subjected to large dynamic loading. In the
case of impulsive loading, the response number is ex-
pressed by

Rn:ﬁ‘fi(fl‘)z | 1)

dp

where p and g are, respectively, density and the uniaxial
yield stress of the material subjected to impact velocity Vj,
L and [ are the two characteristic dimensions of the
structure, respectively. For example, L can be taken as half
the span of a beam, radius of a circular plate or half width
for a rectangular plate, and ! can be taken to be the
thickness of the beam or plate, so L is always much larger
than [ From Eq. (1) we know that Rn is the product of the
Johnson’s damage number Dn = pV} /6, and the square of
half the slenderness ratio for a beam, the product of the
damage number and the square of half the thinness ratio
for a circular plate or membrane, a square plate as well as a
rectangular plate loaded dynamically. The response num-
ber can also be considered the ratio of the inertia force of
the impulsive loading to the plastic limit load of the
structure. Three aspects has been reflected from this di-
mensionless number: the first one is the inertia of the
applied dynamic loading, the second one is the resistance
ability of the material to the deformation caused by the
loading, and the last one is the geometrical influence of the
structure on the dynamic response.

In the same manner, the response number for the elastic
response of thin beams and plates loaded impulsively is,
obviously, expressed as follows [1]

V2 (L\?

where E is the Young’s modulus of the material. At this case,
the response number is the product of the Cauchy number
Ca = pV}/E and the square of half the slenderness ratio of
the beam or half the thinness ratio of the plate.

Obviously, the above mentioned dimensionless number
will have different forms under different loading condi-
tions, or under different deformation conditions (such as
elastic deformation and plastic one). Particularly, the

power of the ratio L/! may take different values for dif-
ferent kinds of structures, such as columns, plates, shells,
etc. The main objective of the present paper is, by using
dimensional analysis, to extend this response number Rn
to the study of some elastic or plastic structural bifurcation
buckling problems subjected to both static and dynamic
loads, which all exhibit scaling. Here by scaling we mean
that two measurable quantities depend upon each other in
a power-law fashion.

2

General property of structural bifurcation buckling

Let us first consider the structural bifurcation buckling
problem by dimensional analysis. For an homogeneous,
isotropic, elastic material, the elastic properties can be
defined by two constants, Young’s modulus, E, and
Poisson’s ratio, v. Buckling, either elastic or plastic, is
usually present in structural systems when one geo-
metric dimension is of a smaller order than another
dimension [2]; for example, slenderness ratios of col-
umns and thinness ratios of plates. Suppose that two
geometric parameters L and [ are used to define the
geometry of the structure, then the functional relation-
ship of the elastic problem of structural bifurcation
buckling is

O = F(E, v, L, l) . (3)

By the Buckingham n-theorem, we have

Ze—r(ng) - (4)

1f, as is usually the case, the dependence on the Poisson’s
ratio is weak, then Eq. (4) can be expressed by

=t (g)ee (5)

Indeed, many structures fall into the class

i)

where 7 is a positive real number. Equation (6) shows that
many elastic bifurcation buckling problems exhibit scaling
property, in other words, power law property.

In the same manner, the equivalent relationship for
plastic buckling is

Cer nN"

Equation (7) means that many plastic buckling problems,
as elastic ones, exhibit scaling property.

For a rigid, perfectly dynamic plastic buckling problem
of a structure subjected to uniformly distributed initial
velocity Vi, the general function is

Vo :F(p,UQ,L,l) . (8)
Buckingham’s n-theorem then gives

o)
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Indeed, many structures exhibit the following scaling
property

o (1Y 0
oooc<L . (10)

For a dynamic elastic buckling problem of a structure
under uniformly distributed initial velocity, the general
functional relationship is

Vo = F(p,E,v,L, 1) . (11)
Buckingham’s n-theorem gives the following form

pVE l

—=flv,=] . 12

If the dependence of the problem on v is weak, then we
have

2 (5 s

Equation (13) show that many dynamic elastic buckling
problems, as dynamic plastic ones, also exhibit scaling
property.

From Egs. (6), (7), (10) and (13), it is very natural to
define a dimensionless number similar to Rn in [1]. The
generalized response number for dynamic plastic failure
(response, tearing, buckling, etc.) of structures can be
suggested as

Ra(n) = 228 G) . (14)

0o
In this case the response number is the product of the

Johnson’s damage number and the n-th power of half the
slenderness or half the thinness ratio of the structure. For

brevity, when n = 2, we will simply use Rn instead of

Rn(2). Generally speaking, the value n is dependent upon
the type of structures, that is to say, n will take different

value for columns, plates and shells. For elasto-dynamic

behavior of structures, the response number equivalent to

Eq. (2) is

Rn(n) = pTvg (%) . (15)

From Eq. (15) we know that the response number in this

case is the product of the Cauchy number and the n-th
power of half the slenderness or half the thinness of the
structure.

For the plastic buckling problem of a structure under
static load o, then the response number equivalent to
equation (14) is

Rn{n) = 9 (LY (16)
- ag [ ’

Similarly, for the elastic buckling problem of a structure

under static load, the response number is

Ra(n) = 2 (%) . (17)

To sum up, the critical condition for structural bifurcation

buckling problems can be simply expressed by
Rn{n) = const . (18)

Some examples will be given blow to show the validity of
the use of generalized response number Rn(n) to express
the critical condition for structural bifurcation buckling
problems.

3
Some examples

31

Buckling under static load

Euler (1744) first determined the critical axial unstable
stress of a simply supported column, shown in Fig. 1, as

ae:E<EIS>2 , (19)

2L

where k is the radius of gyration, and 2L the length of the
column. It is noted that equation {19) can be rearranged
into

g (L\* =*

Then the unstable condition of a simply supported column
under compression is considered when Rn = 2.47.

The critical elastic stress for a spherical shell subjected
to uniformly distributed exterior load P, is

= e (7) -

where H and R are the thickness and the radius of the
shell, respectively. Equation (21) can be rewritten into the
form

P, (R\* 2

If v = 0.3, then the critical response number is Rn = 1.21.
The lowest stress for bifurcation of this spherical shell can
be obtained by introducing effective Young’s modulus E,
and effective Poisson’s ratio v,, thus we have

2
Pe:——z—ge—“(ﬁ> s (23)
3(1—) \R
or
2
Rn:&(ﬁ) - (24)
M 3(1-92)

L 2L ! =ll

Fig. 1. Euler compressive bar
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where for Mises flow theory the effective Young’s modulus
and effective Poisson’s ratio are determined by [3]

E
=i+
E=sliE-y)

where the tangent modulus E; is the function of [, then
equation (22) is changed into

P, (R\*_
Rn=f(ﬁ) “\/6(1”)(41_2”%)

The critical compressive stress for twisting bifurcation of a
cruciform column as shown in Fig. 2(a) is [4]

try

(25)

(26)

H\ 2
ac=G(—§) , (27)
which can be written
2
o. [ B
=Z(2) -1, (28)

where G is the elastic shear modulus, and H and B are
shown in Fig. 2(a). Equation (27) is obtained by using the
flow theory. However, the bifurcation stress of the same
structure by using the deformation theory is

_ A (H\?
«=4(5)

where G is a reduced effective shear modulus given by

(29)

a $‘T;3

o\
=¥
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Fig. 2. a Cruciform column; b Theoretical and experimental
results for the plastic buckling of a cruciform column

G 1 1\]™
e {1 + 3G<Es E>] , (30)
where E; = /¢ is the secant modulus of the compressive
stress-strain curve at &. Theoretical and experimental
results for the plastic buckling of a cruciform column is
shown in Fig. 2(b). These experiments were performed on
specimens of 2024-T4 aluminum and the figure was taken
from [5]. The discrepancy between the two theories for the
cruciform column is more dramatic than occurs in most
problems. Nevertheless, it is generally agreed that bifur-
cation-load predictions for plates based on J; deformation
theory give reasonably good agreement with experimental
buckling loads while predictions based on J, flow theory
are consistently high [4]. "

The buckling stress of a simply supported circular arc
with semi-angle « and radius R, as shown in Fig. 3, sub-
jected to uniformly distributed radial pressure is

_ B (T (31)
Cop = - ,
T 121 - )R\ &2
where H is the thickness of the arc, Eq. (31) can be re-
written into the form

6a (RN 1 n*
a0 = () = e (1)

The buckling stress for a circular ring with radius R and
thickness H subjected to uniformly distributed radial
pressure is a special case of circular arc when a = 7/2, i.e.,
we have

(32)

1
4(1—v¥) (33)

for a complete circular ring under the condition of plane
strain. The stress for plastic buckling for the same circular
ring is

nG H\?
o, =—0ol =) .
PT4\R
It is obvious that equation (34) can be rearranged into
2
gy (R T
Rn=-2L{=) ==
[ H 4

The buckling stress of a axially compressed thin-walled
cylindrical shell is

Rn{3) =

(34)

(35)

Fig. 3. Simply supported circular arc
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T RB - W) 6
i.e.,

o [ R B 1
Ra(1) === (—§> Ve (37)

The buckling twisting stress of this thin-walled cylindrical
shell when v=10.31s

H 3/2
e = 0.292E(——> , (38)
R
ie.,
3 R\>?
Ra (5) = %‘ <ﬁ) =0.292 . (39)

Consider a simply supported circular plate subjected to a
uniform radial stress o, the elastic bifurcation stress for
compressive loading obtained from the so called Donnell-
Mushtari-Vlasov (DMV) criterion is

E (H\’
1-v3\R/ ~’
or

2
oc (R\> 122
=2 (L) =2 a1
Rn E(H) 1w (41)

The dimensionless equation for axially compressed fully
clamped circular plate is

2
_ o (R\"_ 035
Rn"E(H) T1-

In the plastic range, the lowest bifurcation stress according
to DMV theory can be obtain by using E, and v, instead of
E and v, for example, Eq. (42) is changed into

ag = % (R P22
n=—|—=} =-—— |

E, \H 1—v:
where E, and v, are given by Eq. (25) for J; flow theory.
For J, deformation theory,

0. =1.22 (40)

(42)

(43)

1 ..1{1 3
E“Z<E+E> ‘
Y, 1 12(1-2%) 1 3 (44)
Ef:“z[“r+§*z} :

3.2

Buckling under dynamic leading

Slender copper rods dropped on to a rigid anvil buckle;
the length of the waves created are the shorter the higher
the speed of impact and the deformation is concentrated
near to the impact end of the rod {6]. The stress to which
such a rod is subjected at impact with speed Vj is

(45)

where ¢ = \/E/p is the elastic stress wave speed in the rod.
Recalling the Euler buckling stress formula (19) for a

c=pcVy ,

simply supported strut of length 2L, then Eq. (19) is
changed to the form as follows

2\* L E
=) =gt 46
(k> TV (46)
which can be rewritten into the form of
4 4
pVE[I\® =
Rnd)=—{-}) =— . 47
a) =" (k 16 (47)

The dynamic elastic buckling condition of a complete
spherical shell subjected to impulsive loading is presented

by (7]

Vo\? 2 [/H\? .
Yo' AN 48
B -G (9
where ¢ = E/[p(1 - v)], Eq. {48) can be rearranged into
2 2
ra=PVe(Ry o2
E \H 1+v)(1-v)

The dynamic plastic buckling condition of a complete
spherical shell to loaded impulsively is given by {7]

(49)

pVE 2 1 1H
g 1—-v|[5(1+v)] R’

where 4 = E/E, is the ratio of the Young’s and tangent
moduli. Equation (50) can be rewritten into the form of

):E‘V‘@) :Ti‘?[suiv)} |

The threshold initial impact velocity of a mass to cause the
dynamic axial plastic buckling of a thin cylindrical shell,
shown in Fig. 4, is given by (8]

(50)

Rn(1

(51)

HO'()
Vi 0 (52)
® " pR(1+4) :
ie.,

pV3 (R 1
Rn(1) =222 (=) = ——— | 53
) =22 (F) = 7 (53)

where m and M are the mass of the shell and the flying
block, respectively.
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Fig. 4. Buckling of a cylindrical shell impacted axially by a mass
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Table 1. Dimensionless numbers

in solid mechanics Name Expression Physical significance or reference
Deborah number De = 1/T Ratio of relaxation time to load period [10]
Cauchy number Ca=pV/E Ratio of inertia force to Young’s modulus {11}
Irwin number Ir =oyv]1 /Kic Square root of ratio of crack characteristic
dimension to the size of the plastic zone
ahead of crack tip {11]
Johnson’s damage Dn = pV* /0, Ratio of inertia force to yield stress of
number , material [12]
Response number Rn = %:‘ (%)2 Ratio of inertia force to plastic limit load
, of structure (beams and plates) [1]
Response number Rn(n) = 2= (47, This paper

4
Discussion and concluding remarks

Scaling (power-law) relationships have wide application in
science and engineering, bifurcation buckling of structures
is a good example. A very common view is that these
scaling or power-law relations are nothing more than the
simplest approximations to the available experimental
data, having no special advantages over other approxi-
mations. It is not so. Scaling laws give evidence of a very
deep property of the phenomena under consideration -
their self-similarity {9]. As a matter of fact, dimensional
analysis has not be used previously to the analysis of bi-
furcation buckling problems.

This paper first analyzes, by using dimensional analysis,
the general scaling property of structural bifurcation
buckling problems, then this paper extends the application
of response number Rn suggested in [1] to the analysis of
structural bifurcation buckling problems. A generalized
response number Rn(n) is suggested for elastic or plastic
structural bifurcation buckling problems under static or
dynamic loading. Some examples illustrate the validity of
the use of this dimensionless number to represent the
critical condition for structural bifurcation buckling.

Appendix A

Some dimensionless numbers in solid mechanics

Some dimensionless numbers in solid mechanics is given
in Table 1. Similar to Irwin number in fracture mechanics,
Zhao [12, 13] also suggested a dimensionless number

Z = EV/1/Kic, its application in fracture mechanics is
discussed in detail in [12].
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