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Summary. We recently proposed a strain gradient theory to account for the size dependence of plastic
deformation at micron and submicron length scales. The strain gradient theory includes the effects of both
rotation gradient and stretch gradient such that the rotation gradient influences the material character
through the interaction between the Cauchy stresses and the couple stresses; the stretch gradient measures
explicitly enter the constitutive relations through the instantaneous tangent modulus. Indentation tests at
scales on the order of one micron have shown that measured hardness increases significantly with
decreasing indent size. In the present paper, the strain gradient theory is used to model materials
undergoing small-scale indentations. A strong effect of including strain gradients in the constitutive
description is found with hardness increasing by a factor of two or more over the relevant range behavior.
Comparisons with the experimental data for polycrystalline copper and single crystal copper indeed show
an approximately linear dependence of the square of the hardness, H2, on the inverse of the indentation
depth, 1/, i.e., H? o< 1/h, which provides an important self-consistent check of the strain gradient theory
proposed by the authors earlier.

1 Introduction

The indentation hardness of a ductile metal is usually considered to be a measure of its yield
stress in compression. According to conventional plasticity theory, in which all material
properties are length scale independent, the measured hardness values should be independent of
the indentation size. Recently, hardness has been shown to be size-dependent when the width of
the impression is below about fifty microns [1]-[4]. The measured hardness may double or even
triple as the size of indent decreases from about fifty microns to one micron. In fact, the smaller
the scale, the stronger the solid. Similar size effects have been observed for a wide range of
plasticity phenomena. For example, thin-wire torsion and micro-thin beam bending have
shown that materials display strong size effects when the characteristic length scale is on the
order of microns [5], [6]. The strength of particle-reinforced metals increases with decreasing
particle diameter at a fixed volume fraction of the particle [7].

The conventional plasticity cannot predict the size dependence. Therefore, new constitutive
theories involving a material length are needed in order to characterize and predict such
phenomena. Fleck and Hutchinson [8] developed a phenomenological strain gradient theory
based on the reduced couple stress theory, and a material length scale was introduced for
dimensional grounds. When explaining experimental findings of indentation and fracture, they
found it was necessary to introduce two length parameters [9]. One length refers to the rota-
tional gradient as originally proposed in connection with the torsion measurements. The other
refers to the stretch gradient, which is needed to rationalize length scale phenomena found in
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indentation and fracture. Gao et al. [10] proposed a mechanism-based theory of strain gradient
plasticity (MSG).

However, the above strain gradient plasticity theories introduce the higher order stress,
which is required for this class of strain gradient theories to satisfy the Clausius-Duhem
thermodynamic restrictions on the constitutive model for second deformation gradients [11].
In contrast, no work conjugate of the strain gradient has been defined in the alternative
gradient theories [12]-[14]. Retaining the essential structure of conventional plasticity and
obeying thermodynamic restrictions, Acharya and Bassani [15] conclude that the only pos-
sible formulation is a flow theory with strain gradient effects represented as an internal
variable, which acts to increase the current tangent-hardening modulus. In 2000, Chen and
Wang [16] established a hardening law based on the incremental version of conventional J
deformation theory, which allows the problem of incremental equilibrium equations to be
stated without higher-order stress, higher-order strain rate or extra boundary conditions. The
new hardening law has been used to investigate microtwisting and microbending experiments.
The predictions based on the hardening law agree well with the experimental data. Fur-
thermore Chen and Wang [17] proposed a new rotation gradient theory with independent
micro-rotation degrees of freedom, w;, which has no relation with the displacement u;. When
the rotation gradient is considered only, the phenomena found in the thin-wire torsion and
ultra-thin beam bending tests can be explained successfully. When the fracture and inden-
tation problems are considered, the hardening law proposed in [16] must be used, in which
the stretch gradient is introduced. A new kind of strain gradient theory was established [18],
which consists of the new rotation gradient theory [17] and the hardening law [16]. The new
strain gradient theory [18] was used and successfully explained the cleavage fracture in
homogeneous material [19] and bimaterial [20], which was found by Elssener et al. [21]. The
size effect in particle-reinforced metal matrix composites [22] is also successfully investigated
by the new strain gradient theory [18].

The indentation problem has been investigated with several strain gradient theories. Shu and
Fleck [23] failed to explain the indentation behavior using the strain gradient theory proposed by
Fleck et al. [8] to analyze the indentation test, because only the rotation gradient is considered.
Begley and Hutchinson [24] used the theory proposed by Fleck and Hutchinson [9] to determine
the effect of the material length scale on the predicted hardness for small indents. Huang et al.
[25] used the MSG theory to analyze this kind of problem, a linear dependence of the square of
the hardness, 72, on the inverse of the indentation depth, 1/A, i.e., H? oc 1/h is obtained.

In the present paper, the recently proposed strain gradient theory [18], [19] will be used to
investigate the microindentation hardness tests. This study will serve as an important consis-
tency check of the present theory. The strain gradient theory [18], [19] is summarized in Sect. 2.
In Sect. 3, the indentation problem is investigated for the new strain gradient theory by means
of the finite element method. Finite element formulas are given and the method of dealing with
the contact problem will be shown in this section. The indentation model and comparisons of
the numerical results and the experimental data are presented in Sect. 4.

2 Summary of strain gradient theory

The strain gradient theory proposed by Chen and Wang [18], [19] is briefly reviewed here. In a
Cartesian reference frame x;, the strain tensor ¢; and the stretch gradient tensor 5, [26] are
related to the displacement u; by
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1
&j =75 (Uig + i)y My = Ukgj- (1)
The rotation gradient is related to the independent micro-rotation vectors w;,
Lij = Dij- (2)

The effective strain, effective rotation gradient and effective stretch gradient are defined as

2 2 1
g =\t Lo = \[ghyly M= nfjk)n;k), 3)

where &}, z;; are the deviatoric parts of the counterparts, and the definition of r]Uk can be found
in [26].
The constitutive relations are as follows:
2%, 2%
Gij SE +K8m5U7 mij 3E li/y +K1l(5/m54/7 (4)
E2 - F + lreye 2" (O—E + l(‘_zmg)l/z’ (5)
‘72 ZSLJSZ/ m; = %m mu

E, is called the effective generalized strain and X, is the work conjugate of E,; I s is an intrinsic
material length, which reflects the effects of the rotation gradient on the material behaviors; K is
the volumetric modulus and K is the bend-torsion volumetric modulus.

In order to consider the influence of the stretch gradient, the new hardening law [16] is
introduced,

So = A (1+ ) B = BE.hn)Be %o > ov, )
X, = 3uk, %, < oy,

where B(E,, l17,) is the hardening function; ; is the second intrinsic material length associated
with the stretch gradient, gy is the yield stress and p the shear modulus.
The equilibrium relations in V are

a5 =0, my;=0. (7)
The traction boundary conditions for force and moment are

oy =T) onSr, mynj=q) onS,. (8)
The additional boundary conditions are

u; = u? onS,, ;= w? on S,. 9)

. . 1z . .
It is an assumptlon that the term (1 + “G) in Chen and Wang’s theory is characterized by

(1 + ljp—”;) . According to MSG theory, it should be [1 +f§1(;9>} 1/2, we tried to use this formula
to investigate the thin-wire torsion and thin beam bending in Chen and Wang’s strain gradient
theory. Unfortunately, the theorletzical results were not consistent with experimental results.
While we use the term (1 + l;i / in our theory, the results were good.

One should note that at each incremental step both the effective strain ¢, and the effective
stretch gradient 7, could be obtained from the updated displacement fields u;; the effective
rotation gradient y, can be obtained from the updated rotation fields w;. Hence, #; is an
internal parameter in Eq. (6), and it doesn’t invoke higher-order stress or higher-order strain
rates.
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When the stretch gradient is introduced, Eq. (6) is in the incremental form in order to ensure
that there is no higher-order stress associate with the stretch gradient. The constitutive relations
are written in the incremental form:

G = 2 + Kindy
{ " oo 3, < oy (10)
my = Znulcsxij + Kl lcs Xm()ij
2%, ., 2% 2%, , .
e 3;]_ e g,lbj — ; a;J,E'e + K&,,04
3B, 3K, 3E2 s - 1)
. 2%, ., ., 2% 2% : Lo e
My = SEi l?sxéi + SEj l?sxlw - 3E§ lgsxg7E£’ +K1 l?sX;;bM

where X, is the integration of 3, and 3, is expressed by Eq. (6).

3 Finite element formulation

In this section, the finite element formulas are presented for the new strain gradient theory. The
principle of virtual work requires

/V(Uz:jfsﬁz:/+mzj5%;7)d‘/:/S(tkéu/c + qidwy)ds, (12)

where V' and S are the volume and surface of the material, respectively. The virtual strains de;;
are related to the virtual displacements Juy via Eq. (1) and Jy,; are related to the virtual
rotation vector dwy. tj is surface stress traction and gy is the surface torque traction.

The displacement field can be interpolated by the element shape functions N; and the nodal
displacements. Similarly, the micro-rotation field can be obtained through interpolating the
element shape functions N; and the nodal rotation vectors. The strains and strain gradients can
be obtained from the kinematic relations (1)—(3). The stresses are then obtained via the con-
stitutive relations of Eq. (4). The nodal displacements and rotation vectors have to be solved
incrementally due to the new incremental hardening law, i.e. Eq. (6). Therefore, the nodal
displacements and the rotation vectors are solved for each loading step by rewriting the
principle of virtual work Eq. (12) about the current solution as

/ (AS,LJ-(S%I;]- + Aoy, 08 + Amgjé/;j + Amméx,{k)dV — / (Atkéuk + Aqkéwk)dS
14 S
(13)

=_ / (sijée;j + ook + mijéxij + Ay Oy ) AV + / (txduk + qrdwy)ds,
v s

where the superscript prime denotes the deviatoric quantities, A on the left-hand side stands for
increments, whereas the right-hand side involves the current quantities.

3.1 The nodal degrees of freedom

It is convenient to express the field quantities in terms of the circular cylindrical coordinate
system (7, 0,2) as shown in Fig. 1. Both the geometry and loading are axis-symmetric, and
without loss of generality we consider the section 0 = 0. The indented solid is subjected to the
displacement field

U = Up(1,2), =0, ur=1u,(r,2) (14)
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Fig. 1a. Geometry of the axis-symmetric indentation model and boundary conditions; b Finite element
calculation model

and the micro-rotation field
wg = wy(r,2) w =w; =0. (15)

Due to the independent parameter w; is introduced in addition to the displacement u; in the
present strain gradient theory, which is different from the theory proposed by Fleck and
Hutchinson [8], one node has three degrees of freedom, i.e., u;», u;z and w;y for the axis-
symmetric indentation case. The displacement field and the rotation vector field can be obtained
through the shape function and the nodal displacement and nodal rotation vectors, i.e.,

n
Uy = ZNium (16)
i1
n
U, =Y Nitiz, (17)
p
4
wp =Y Niw. (18)
i1

3.2 The components of strain gradient

The components of stretch strain gradient terms can be obtained from the current nodal
displacements through the shape functions. For the axis-symmetric case they can be written as

m m

Ny = Z o7 Uri Nyre = Z a2 Wi
=1 i=1
m
P >
— _ _1 ON; L=t
Nroo = Noro = Noor = 7 or Uri P
=1
m m
— B Y _ PN 19
Mrzr = Nerr = Z Jrae Uri Nezw = 922 Uzis ( )
i=1 i=1
m 02]\/‘ 1 m N,
— p— i . —_— 1 .
Mrzz = Nere = 5ras Wzi Moo= = 7 o Wzis
=1 =1
125 9N, N N,
Noz0 = Mz00 = & > Tz Wri Mewr = 2. 522 Wris
i=1 i=1
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where N; is the shape function and m is the node number of the element; u,; and u,; are the ¢-th
nodal displacements in the directions of the x-axis and z-axis, respectively.

3.3 Choice of element

Many researchers [22], [23], [27], [28] have found that the choice of the element for gradient
plasticity is complicated and in particular quite sensitive to details of the constitutive relation.
Xia and Hutchinson [27] have discussed some choices of finite elements for strain gradient
plasticity with the emphasis on plane strain cracks. Several elements have been developed for
the phenomenological theory of strain gradient plasticity to investigate the crack tip field,
microindentation experiments and stress concentrations around a hole.

In order to consider the strain gradient, the constant strain element is excluded since there is
no strain gradient in this kind of element. For the two-dimensional case, such as the problem of
plane strain and the axis-symmetry, a second-order element can be used, such as the eight-node
and nine-node elements. In the present paper, a nine-node element has been used to analyze the
indentation problem. The displacement and rotation vectors in the element are interpolated
through the shape function, whereas the strain and the rotation gradient tensors in the element
are then obtained via Eq. (1) and Eq. (2). This element is only suitable for solids with vanishing
higher-order stress traction on the surface. For example, the element has worked very well in
the fracture analysis of strain gradient plasticity [28], where the higher-order stress tractions
vanish on the crack face and on the remote boundary. This element also works well in the study
of microindentation experiments [25] because the higher-order stress tractions are zero on the
indented surface. Since the new strain gradient theory does not include higher-order stress and
higher-order stress tractions, these kinds of elements will work well in the present study of axis-
symmetric indentation as discussed in the next section.

3.4 Assumptions in the numerical simulation

The assumptions made in the present calculation are: (i) The indenter is assumed to be axis-
symmetric, which greatly simplifies the finite element analysis. This assumption has been
adopted by previous strain gradient plasticity analyses of micro-indentation experiments.
Furthermore, we simulate a conical indenter shown in Fig. 1. The half-angle of the indenter is
taken to be oy = 72°, corresponding to a Vickers indenter. The displacement at the tip of
indentation is J, whereas the contact radius of the indentation is a. (ii) We assume that the
indenter is frictionless such that there is no sticking between the indenter and the substrate.

3.5 Calculation model

In this section, the indentation calculation model is not the same as those in all other references.
The elastic stress field corresponding to the indentation of classical elastic theory is loaded on
the outer boundary as shown in Fig. 1, and the tip of the indenter is assumed to be static.
(r,0,2) is the cylindrical coordinate and (R, 0, ¢) is the spherical coordinate for the cross
section as shown in Fig. 1. The materials are compressed to slide up and down the face of the
indenter by the outer stress field loaded on the external boundary of the materials. In Fig. 1,
there are the following relations:

R*=7"+2", r=Rsing, z=Rcosg, 20
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P 1-—2v 3gin?
0y = =— |————— — 3sin” g cos
" 2nR2 |1+ cos g peose
0, =——cos’ ¢
2nR?
(21)
Grz:ﬁsin(pcosz(p
(1-2v)P 1
) =~———"—|cosp — ——|.
v 2nR? ¢ 1+coso

The outer elastic field o;; loaded on the outer boundary in Fig. 1 denotes the stress components
orr and o,p, which can be obtained from Eq. (21). The couple stresses loading on the outer
boundary are

MRR = O7 Mer = 07 Mor = 0. (22)

Due to the vanishing couple stress on the outer boundary, the independent rotation vectors in
this problem vanish, from where one can see that the rotation gradient has no effect on the
indentation problem and the results will only be influenced by the stretch gradient. The value of
the length scale I,s will not be considered. Only the length scale related to the stretch gradient,
l1, will be taken as a parameter.

3.6 Boundary condition

Since the calculation model in the present paper is different from other existing models, the
boundary conditions are different from them, too. The displacement 2, is zero along the axis of
symmetry, where (7,2) are cylindrical coordinates. The displacement u, at the point of the
indenter tip is also zero. The elastic stress field is loaded on the external boundary and the
couple stress field vanishes on the outer boundary. The contact boundary conditions are added
to simulate the real indent process as follows.

The contact between the indenter and indented material is simulated by assuming a
contact radius a of indentation, and iterating to find the proper outer elastic stress field in
order to satisfy the normal stress traction ¢, at the periphery of contact vanishing as shown
in Fig. 2,

ZL7’7/|r<ot < 0’ t”|r2a = 0’ (23)

where the subscript 7 denotes the normal of the contact face.

YA}

v

Fig. 2. Contact model for the calculation in the
n present paper
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The contact boundary is assumed to be frictionless, i.e.,
ts =0, (24)

where the subscript S denotes the tangent of the contact face.

On the contact boundary, the face torque vanishes, too. The displacement u, of the points on
the contact boundary is not constrained a priori, which is different from all other existing cal-
culation models, i.e. u, of the contact points is the natural calculated outcome for the present
model. The points on the contact boundary must be ensured to stay on the contact face, i.e.,

Uy = —(r +u,)ctg oy = —r*ctg ay, (25)

where 7* =7 +u,, 7 is the coordinate of each node on the contact boundary before defor-
mation, and #* is the corresponding coordinate after deformation.

If one point goes beyond the contact face, it must be drawn back to the contact face as shown
in Fig. 2, i.e., x; < 0, the point must be drawn back and render x; > 0.

It should be pointed out also that for both pile-up and sink-in, the periphery of the contact
between the indenter and the indented material is governed by Eq. (25) and Eq. (23). Therefore,
pile-up or sink-in is not imposed a priori, but a natural outcome of the indentation analysis.

The relation between the contact radius a and the plastic depth of indentation 4 is given by
I —— (26)

~ tanog’

where oy = 72° is a half angle of the indenter as shown in Fig. 1.
The total force, P, exerted on the indenter is the sum of nodal forces in the 2 direction for
those nodes in contact with the indenter (i.e., » < a). The indentation hardness H is defined as

=L @7)

C na?’

4 Numerical results for indentation
4.1 Deformation characteristics

In this section, the numerical results are shown in the following. First, the classical plasticity
theory, i.e., the intrinsic length scales I; = I,s = 0, is used to calculate the indentation, and the
indented material is perfectly elastic-plastic material, we find that the hardness is almost 3 times
the yield stress, which proves that the finite element program is correct.

For power-law hardening materials, the deformed surface under the indenter is shown in
Fig. 3 for different contact radius. In this figure, the radius and vertical locations have been
normalized by the material length scale /1, which is assumed to be a material property. It must
be noted that in Fig. 3 the radius »* for each point is the original coordinate » plus the
displacement u, of this point, and in the following figures »* has the same meaning. From
Fig. 3, we find that for the same hardening exponent, the larger the contact radius, the larger
the external loading but the smaller the hardness.

In Fig. 4, the normalized vertical displacements near the contact face are shown with the
same contact radius and different hardening exponent 72. From Fig. 4, we could find that while
the indented material tends to be an elastic one, pile-up will transfer to be sink-in, which
denotes that hard material tends to sink-in and soft material tends to pile up. It is consistent
with all experimental observations.
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placements due to indentation by a
frictionless conical indenter for differ-
r*la ent hardening exponents
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The normalized vertical displacements near the contact face for the same indented material but
two kinds of theories, i.e., the classical plasticity theory and the strain gradient theory, are
shown in Fig. 5. From Fig. 5, we find that for the same contact radius the hardness with strain
gradient is larger than that without strain gradient and pile-up transfers to be sink-in while the
effect of strain gradient is considered, which means that the strain gradient considered will
render the material stiffer. It is consistent well with the results in [24].

4.2 Comparison with experiment

In this section, the exponential hardening law is used for the polycrystalline copper and single-
crystal copper when no strain gradient effects are considered. The conventional hardening law
is as follows:

oo = Eee, & < &, (28)

O = 00E), & > &. (29)

From the above equations, we can obtain the yield stress g,

G, = (g)l_ (30)
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theory proposed by Chen and Wang
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The indentation hardness calculated by the finite element method for the strain gradient theory
and indentation model in the previous sections are presented as following. In particular, we
focus on the comparisons between the experimentally measured microindentation hardness
data for polycrystalline copper and single crystal copper given by McElhaney et al. [2] and the
numerical calculation hardness data obtained in this paper.

From the experimental data given in [2], we know that the plastic work-hardening expo-
nent for polycrystalline copper is 7 = 0.3. Other material parameters are Young’s modulus
E =109.2 GPa, the shear modulus p = 42 GPa, Poisson ratio v =0.3. While the indent
depth is very large, i.e., the influence of the strain gradient becomes very small, the hardness
of the polycrystalline copper is Hy = 834 MPa. Combining the experimental data given in [2]
and the hardness, we obtain the reference stress oy = 688 MPa, and the yield stress is
oy = 78.4 MPa.

Figure 6a presents the microindentation hardness predicted by the present strain gradient
theory, (H /Ho)z, versus the inverse of the indentation depth, 1/, for polycrystalline copper,
where H is the microindentation hardness, Hy = 834 MPa is the indentation hardness without
the strain gradient effect and A is the depth of indentation. Figure 6b shows the relation
between the normalized indentation hardness, H/H, versus the inverse of the square root of the
indentation depth, 1/2'/2. The experimental data given by McElhaney et al. [2] are also pre-
sented in Fig. 6a and b for comparison. It is clearly observed that the predicted hardness based
on the present strain gradient theory agrees very well with the experimentally measured
microindentation hardness data over a wide range of indentation depth, from 0.1 um to several
microns when [; = 0.55 um. Furthermore, the numerical results based on the present strain
gradient theory do give an approximate straight line in Fig. 6a, which is consistent with the
estimate by Nix and Gao [29]. While in Fig. 6b, instead of linearity, a relatively complex
function, approximately a parabolic relation, exists between H/Hy and 1/h'/%, due to which
simple linear relation between (H /Hy)® and 1/h is used commonly for describing the size effects
in microindentation.

We also analyze the single-crystal copper. The reference stress is 09 = 436 MPa and the work
hardening exponent 7 = 0.3, Poisson’s ratio v = 0.3. Young’s modulus is £ = 109.2MPa. The
yield stress is o, =41 MPa. The hardness in a large-scale test is Hy = 581 MPa, i.e., the
hardness without strain gradient effects.
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Figure 7a shows the normalized numerical calculation hardness data predicted by the present
strain gradient theory, (H /Ho)z, versus the inverse of the indentation depth, 1/h, for single-
crystal copper. The relation between the normalized indentation hardness, H/Hy, versus the
inverse of the square root of the indentation depth, 1/k!/2, is shown in Fig. 7b. The experi-
mentally measured hardness data are also shown in Fig. 7a and b in order to compare with the
numerical results. From Fig. 7, one can see that the predicted hardness based on the present
strain gradient theory agrees very well with the experimentally measured microindentation
hardness data over a wide range of the indentation depth, from 0.1 um to several microns when
I = 2.1 ym. The relation between (H /Ho)2 and 1/h is almost linear, which is also consistent
well with the estimate by Nix and Gao [29]. Also, an approximately parabolic relation exists
between H /Hy and 1/h'/? in Fig. 7b.

Figure 8a shows the relation between the square of the normalized indentation hardness,
(H/HO)Z, and the inverse of the square root of the contact area, 1/v/A, for polycrystalline
copper. The relation between the normalized indentation hardness, H/H,, and A~1/4 s shown
in Fig. 8b. Experimental results with the corresponding relations for polycrystalline copper are
also shown both in Fig. 8a and b for comparison. From the two figures, one can see that a
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linear function describes the relation between (H/H)® and 1/v/A and a nonlinear relation
exists between H/H, and A~/%, which can be proved from the relations between (H/Hy)* and
1/h since VA has the same dimension as /. The relations for single crystal copper between
(H/Hy)* and 1/+/A and that between H /H, and A~'/4 are shown in Fig. 9a and b, respectively.
The corresponding relations existing between these two groups of variables are the same as
those in Fig. 8a and b.

The agreements between the predicted hardness based on the present strain gradient theory
and the experimentally measured microindentation hardness in Figs. 6-9 provide a validation
of the present theory. Both the numerical analysis and the microindentation experiments show
approximately linear dependences of the square of the indentation hardness on the inverse of
the indentation depth, which is an important result obtained also by [29]. However, nonlinear
relations exist between H /Hy and 1/k'/? or between H /Hy and A~'/4. The agreements between
the numerically predicted results and the experimental results serve as a self-consistent check of
the present strain gradient theory.
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5 Concluding remarks

We have shown that the recently proposed strain gradient theory by Chen and Wang
reproduced the linear dependence of the square of indentation hardness on the inverse of the
indentation depth observed in microindentation experiments. A rigorous finite-element
analysis of microindentation experiments is performed, and the results show a good agree-
ment with the indentation hardness data. The length scale related to the stretch gradient is
predicted. This study validates the strain gradient theory proposed by Chen and Wang as a
new theory of Mechanics, which can easily analyze engineering problems for advanced
microscale materials technology.
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