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Summary. We recently proposed a strain gradient theory to account for the size dependence of plastic

deformation at micron and submicron length scales. The strain gradient theory includes the effects of both

rotation gradient and stretch gradient such that the rotation gradient influences the material character

through the interaction between the Cauchy stresses and the couple stresses; the stretch gradient measures

explicitly enter the constitutive relations through the instantaneous tangent modulus. Indentation tests at

scales on the order of one micron have shown that measured hardness increases significantly with

decreasing indent size. In the present paper, the strain gradient theory is used to model materials

undergoing small-scale indentations. A strong effect of including strain gradients in the constitutive

description is found with hardness increasing by a factor of two or more over the relevant range behavior.

Comparisons with the experimental data for polycrystalline copper and single crystal copper indeed show

an approximately linear dependence of the square of the hardness, H2, on the inverse of the indentation

depth, 1=h, i.e., H2 / 1=h, which provides an important self-consistent check of the strain gradient theory

proposed by the authors earlier.

1 Introduction

The indentation hardness of a ductile metal is usually considered to be a measure of its yield

stress in compression. According to conventional plasticity theory, in which all material

properties are length scale independent, the measured hardness values should be independent of

the indentation size. Recently, hardness has been shown to be size-dependent when the width of

the impression is below about fifty microns [1]–[4]. The measured hardness may double or even

triple as the size of indent decreases from about fifty microns to one micron. In fact, the smaller

the scale, the stronger the solid. Similar size effects have been observed for a wide range of

plasticity phenomena. For example, thin-wire torsion and micro-thin beam bending have

shown that materials display strong size effects when the characteristic length scale is on the

order of microns [5], [6]. The strength of particle-reinforced metals increases with decreasing

particle diameter at a fixed volume fraction of the particle [7].

The conventional plasticity cannot predict the size dependence. Therefore, new constitutive

theories involving a material length are needed in order to characterize and predict such

phenomena. Fleck and Hutchinson [8] developed a phenomenological strain gradient theory

based on the reduced couple stress theory, and a material length scale was introduced for

dimensional grounds. When explaining experimental findings of indentation and fracture, they

found it was necessary to introduce two length parameters [9]. One length refers to the rota-

tional gradient as originally proposed in connection with the torsion measurements. The other

refers to the stretch gradient, which is needed to rationalize length scale phenomena found in
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indentation and fracture. Gao et al. [10] proposed a mechanism-based theory of strain gradient

plasticity (MSG).

However, the above strain gradient plasticity theories introduce the higher order stress,

which is required for this class of strain gradient theories to satisfy the Clausius-Duhem

thermodynamic restrictions on the constitutive model for second deformation gradients [11].

In contrast, no work conjugate of the strain gradient has been defined in the alternative

gradient theories [12]–[14]. Retaining the essential structure of conventional plasticity and

obeying thermodynamic restrictions, Acharya and Bassani [15] conclude that the only pos-

sible formulation is a flow theory with strain gradient effects represented as an internal

variable, which acts to increase the current tangent-hardening modulus. In 2000, Chen and

Wang [16] established a hardening law based on the incremental version of conventional J2

deformation theory, which allows the problem of incremental equilibrium equations to be

stated without higher-order stress, higher-order strain rate or extra boundary conditions. The

new hardening law has been used to investigate microtwisting and microbending experiments.

The predictions based on the hardening law agree well with the experimental data. Fur-

thermore Chen and Wang [17] proposed a new rotation gradient theory with independent

micro-rotation degrees of freedom, xi, which has no relation with the displacement ui. When

the rotation gradient is considered only, the phenomena found in the thin-wire torsion and

ultra-thin beam bending tests can be explained successfully. When the fracture and inden-

tation problems are considered, the hardening law proposed in [16] must be used, in which

the stretch gradient is introduced. A new kind of strain gradient theory was established [18],

which consists of the new rotation gradient theory [17] and the hardening law [16]. The new

strain gradient theory [18] was used and successfully explained the cleavage fracture in

homogeneous material [19] and bimaterial [20], which was found by Elssener et al. [21]. The

size effect in particle-reinforced metal matrix composites [22] is also successfully investigated

by the new strain gradient theory [18].

The indentation problem has been investigated with several strain gradient theories. Shu and

Fleck [23] failed to explain the indentation behavior using the strain gradient theory proposed by

Fleck et al. [8] to analyze the indentation test, because only the rotation gradient is considered.

Begley and Hutchinson [24] used the theory proposed by Fleck and Hutchinson [9] to determine

the effect of the material length scale on the predicted hardness for small indents. Huang et al.

[25] used the MSG theory to analyze this kind of problem, a linear dependence of the square of

the hardness, H2, on the inverse of the indentation depth, 1=h, i.e., H2 / 1=h is obtained.

In the present paper, the recently proposed strain gradient theory [18], [19] will be used to

investigate the microindentation hardness tests. This study will serve as an important consis-

tency check of the present theory. The strain gradient theory [18], [19] is summarized in Sect. 2.

In Sect. 3, the indentation problem is investigated for the new strain gradient theory by means

of the finite element method. Finite element formulas are given and the method of dealing with

the contact problem will be shown in this section. The indentation model and comparisons of

the numerical results and the experimental data are presented in Sect. 4.

2 Summary of strain gradient theory

The strain gradient theory proposed by Chen and Wang [18], [19] is briefly reviewed here. In a

Cartesian reference frame xi, the strain tensor eij and the stretch gradient tensor gijk [26] are

related to the displacement ui by

S. H. Chen et al.



eij ¼
1

2
ðui;j þ uj;iÞ; gijk ¼ uk;ij: ð1Þ

The rotation gradient is related to the independent micro-rotation vectors xi,

vij ¼ xi;j: ð2Þ

The effective strain, effective rotation gradient and effective stretch gradient are defined as

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2

3
e0ije
0
ij

r

; ve ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

3
v0ijv

0
ij

r

; g1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gð1Þijkg
ð1Þ
ijk

q

; ð3Þ

where e0ij, v
0
ij are the deviatoric parts of the counterparts, and the definition of gð1Þijk can be found

in [26].

The constitutive relations are as follows:

rij ¼
2Re

3Ee

e0ij þ Kemdij; mij ¼
2Re

3Ee

l2csv
0
ij þ K1l2csvmdij; ð4Þ

E2
e ¼ e2

e þ l2csv
2
e Re ¼ ðr2

e þ l�2
cs m2

eÞ
1=2;

r2
e ¼ 3

2
sijsij m2

e ¼ 3
2
m0ijm

0
ij:

(

ð5Þ

Ee is called the effective generalized strain and Re is the work conjugate of Ee; lcs is an intrinsic

material length, which reflects the effects of the rotation gradient on the material behaviors; K is

the volumetric modulus and K1 is the bend-torsion volumetric modulus.

In order to consider the influence of the stretch gradient, the new hardening law [16] is

introduced,

_Re ¼ A0ðEeÞ 1þ l1g1

Ee

� �1
2 _Ee ¼ BðEe; l1g1Þ _Ee Re � rY ;

_Re ¼ 3l _Ee Re < rY ;

8

<

:

ð6Þ

where BðEe; l1g1Þ is the hardening function; l1 is the second intrinsic material length associated

with the stretch gradient, rY is the yield stress and l the shear modulus.

The equilibrium relations in V are

rij;j ¼ 0; mij;j ¼ 0: ð7Þ

The traction boundary conditions for force and moment are

rijnj ¼ T0
i on ST ; mijnj ¼ q0

i on Sq: ð8Þ

The additional boundary conditions are

ui ¼ u0
i on Su; xi ¼ x0

i on Sx: ð9Þ

It is an assumption that the term 1þ qG

qs

� �1=2

in Chen and Wang’s theory is characterized by

1þ l1g1

Ee

� �1=2

. According to MSG theory, it should be 1þ l1g1

f 2ðEeÞ

h i1=2

, we tried to use this formula

to investigate the thin-wire torsion and thin beam bending in Chen and Wang’s strain gradient

theory. Unfortunately, the theoretical results were not consistent with experimental results.

While we use the term 1þ l1g1

Ee

� �1=2

in our theory, the results were good.

One should note that at each incremental step both the effective strain ee and the effective

stretch gradient g1 could be obtained from the updated displacement fields ui; the effective

rotation gradient ve can be obtained from the updated rotation fields xi. Hence, g1 is an

internal parameter in Eq. (6), and it doesn’t invoke higher-order stress or higher-order strain

rates.

A study of size-dependent microindentation



When the stretch gradient is introduced, Eq. (6) is in the incremental form in order to ensure

that there is no higher-order stress associate with the stretch gradient. The constitutive relations

are written in the incremental form:

_rij ¼ 2l_e0ij þ K _emdij

_mij ¼ 2ll2cs _v0ij þ K1l2cs _vmdij

;

(

Re < rY ð10Þ

_rij ¼
2Re

3Ee

_e0ij þ
2 _Re

3Ee

e0ij �
2Re

3E2
e

e0ij _Ee þ K _emdij

_mij ¼
2Re

3Ee

l2cs _v0ij þ
2 _Re

3Ee

l2csv
0
ij �

2Re

3E2
e

l2csv
0
ij

_Ee þ K1l2cs _v0ijdij

;

8

>

>

>

<

>

>

>

:

Re � rY ð11Þ

where Re is the integration of _Re and _Re is expressed by Eq. (6).

3 Finite element formulation

In this section, the finite element formulas are presented for the new strain gradient theory. The

principle of virtual work requires
Z

V

ðrijdeij þmijdvijÞdV ¼
Z

S

ðtkduk þ qkdxkÞdS; ð12Þ

where V and S are the volume and surface of the material, respectively. The virtual strains deij

are related to the virtual displacements duk via Eq. (1) and dvij are related to the virtual

rotation vector dxk. tk is surface stress traction and qk is the surface torque traction.

The displacement field can be interpolated by the element shape functions Ni and the nodal

displacements. Similarly, the micro-rotation field can be obtained through interpolating the

element shape functions Ni and the nodal rotation vectors. The strains and strain gradients can

be obtained from the kinematic relations (1)–(3). The stresses are then obtained via the con-

stitutive relations of Eq. (4). The nodal displacements and rotation vectors have to be solved

incrementally due to the new incremental hardening law, i.e. Eq. (6). Therefore, the nodal

displacements and the rotation vectors are solved for each loading step by rewriting the

principle of virtual work Eq. (12) about the current solution as
Z

V

ðDsijde0ij þ Drmdekk þ Dm0ijdv0ij þ DmmdvkkÞdV �
Z

S

ðDtkduk þ DqkdxkÞdS

¼ �
Z

V

ðsijde0ij þ rmdekk þm0ijdv0ij þ DmmdvkkÞdV þ
Z

S

ðtkduk þ qkdxkÞdS;

ð13Þ

where the superscript prime denotes the deviatoric quantities, D on the left-hand side stands for

increments, whereas the right-hand side involves the current quantities.

3.1 The nodal degrees of freedom

It is convenient to express the field quantities in terms of the circular cylindrical coordinate

system (r; h; z) as shown in Fig. 1. Both the geometry and loading are axis-symmetric, and

without loss of generality we consider the section h ¼ 0. The indented solid is subjected to the

displacement field

ur ¼ urðr; zÞ; uh ¼ 0; uz ¼ uzðr; zÞ ð14Þ

S. H. Chen et al.



and the micro-rotation field

xh ¼ xhðr; zÞ xr ¼ xz ¼ 0: ð15Þ

Due to the independent parameter xi is introduced in addition to the displacement ui in the

present strain gradient theory, which is different from the theory proposed by Fleck and

Hutchinson [8], one node has three degrees of freedom, i.e., uir, uiz and xih for the axis-

symmetric indentation case. The displacement field and the rotation vector field can be obtained

through the shape function and the nodal displacement and nodal rotation vectors, i.e.,

ur ¼
X

n

i¼1

Niuir; ð16Þ

uz ¼
X

n

i¼1

Niuiz; ð17Þ

xh ¼
X

n

i¼1

Nixih: ð18Þ

3.2 The components of strain gradient

The components of stretch strain gradient terms can be obtained from the current nodal

displacements through the shape functions. For the axis-symmetric case they can be written as

grrr ¼
P

m

i¼1

@2Ni

@r2 uri grrz ¼
P

m

i¼1

@2Ni

@r2 uzi;

grhh ¼ ghrh ¼ ghhr ¼ 1
r

P

m

i¼1

@Ni

@r
uri �

P

m

i¼1

Niuri

r2

grzr ¼ gzrr ¼
P

m

i¼1

@2Ni

@r@z
uri gzzz ¼

P

m

i¼1

@2Ni

@z2 uzi;

grzz ¼ gzrz ¼
P

m

i¼1

@2Ni

@r@z
uzi ghhz ¼ 1

r

P

m

i¼1

@Ni

@r
uzi;

ghzh ¼ gzhh ¼ 1
r

P

m

i¼1

@Ni

@z
uri gzzr ¼

P

m

i¼1

@2Ni

@z2 uri;
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ð19Þ

z

a

a b

h

ra 0

s    ij

Fig. 1a. Geometry of the axis-symmetric indentation model and boundary conditions; b Finite element
calculation model
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where Ni is the shape function and m is the node number of the element; uri and uzi are the i-th

nodal displacements in the directions of the x-axis and z-axis, respectively.

3.3 Choice of element

Many researchers [22], [23], [27], [28] have found that the choice of the element for gradient

plasticity is complicated and in particular quite sensitive to details of the constitutive relation.

Xia and Hutchinson [27] have discussed some choices of finite elements for strain gradient

plasticity with the emphasis on plane strain cracks. Several elements have been developed for

the phenomenological theory of strain gradient plasticity to investigate the crack tip field,

microindentation experiments and stress concentrations around a hole.

In order to consider the strain gradient, the constant strain element is excluded since there is

no strain gradient in this kind of element. For the two-dimensional case, such as the problem of

plane strain and the axis-symmetry, a second-order element can be used, such as the eight-node

and nine-node elements. In the present paper, a nine-node element has been used to analyze the

indentation problem. The displacement and rotation vectors in the element are interpolated

through the shape function, whereas the strain and the rotation gradient tensors in the element

are then obtained via Eq. (1) and Eq. (2). This element is only suitable for solids with vanishing

higher-order stress traction on the surface. For example, the element has worked very well in

the fracture analysis of strain gradient plasticity [28], where the higher-order stress tractions

vanish on the crack face and on the remote boundary. This element also works well in the study

of microindentation experiments [25] because the higher-order stress tractions are zero on the

indented surface. Since the new strain gradient theory does not include higher-order stress and

higher-order stress tractions, these kinds of elements will work well in the present study of axis-

symmetric indentation as discussed in the next section.

3.4 Assumptions in the numerical simulation

The assumptions made in the present calculation are: (i) The indenter is assumed to be axis-

symmetric, which greatly simplifies the finite element analysis. This assumption has been

adopted by previous strain gradient plasticity analyses of micro-indentation experiments.

Furthermore, we simulate a conical indenter shown in Fig. 1. The half-angle of the indenter is

taken to be a0 ¼ 72�, corresponding to a Vickers indenter. The displacement at the tip of

indentation is d, whereas the contact radius of the indentation is a. (ii) We assume that the

indenter is frictionless such that there is no sticking between the indenter and the substrate.

3.5 Calculation model

In this section, the indentation calculation model is not the same as those in all other references.

The elastic stress field corresponding to the indentation of classical elastic theory is loaded on

the outer boundary as shown in Fig. 1, and the tip of the indenter is assumed to be static.

ðr; h; zÞ is the cylindrical coordinate and ðR; h;uÞ is the spherical coordinate for the cross

section as shown in Fig. 1. The materials are compressed to slide up and down the face of the

indenter by the outer stress field loaded on the external boundary of the materials. In Fig. 1,

there are the following relations:

R2 ¼ r2 þ z2; r ¼ R sin u; z ¼ R cos u; ð20Þ

S. H. Chen et al.



rr ¼
P

2pR2

1� 2m
1þ cos u

� 3 sin2 u cos u

� �

rz ¼
�3P

2pR2
cos3 u

rrz ¼
�3P

2pR2
sin u cos2 u

rh ¼
ð1� 2mÞP

2pR2
cos u� 1

1þ cos u

� �

:
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>
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>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

ð21Þ

The outer elastic field rij loaded on the outer boundary in Fig. 1 denotes the stress components

rRR and ruR, which can be obtained from Eq. (21). The couple stresses loading on the outer

boundary are

mRR ¼ 0; muR ¼ 0; mhR ¼ 0: ð22Þ

Due to the vanishing couple stress on the outer boundary, the independent rotation vectors in

this problem vanish, from where one can see that the rotation gradient has no effect on the

indentation problem and the results will only be influenced by the stretch gradient. The value of

the length scale lcs will not be considered. Only the length scale related to the stretch gradient,

l1, will be taken as a parameter.

3.6 Boundary condition

Since the calculation model in the present paper is different from other existing models, the

boundary conditions are different from them, too. The displacement ur is zero along the axis of

symmetry, where ðr; zÞ are cylindrical coordinates. The displacement uz at the point of the

indenter tip is also zero. The elastic stress field is loaded on the external boundary and the

couple stress field vanishes on the outer boundary. The contact boundary conditions are added

to simulate the real indent process as follows.

The contact between the indenter and indented material is simulated by assuming a

contact radius a of indentation, and iterating to find the proper outer elastic stress field in

order to satisfy the normal stress traction tn at the periphery of contact vanishing as shown

in Fig. 2,

tnjr<a < 0; tnjr�a ¼ 0; ð23Þ

where the subscript n denotes the normal of the contact face.

y

i
S xi

n

x

Fig. 2. Contact model for the calculation in the

present paper
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The contact boundary is assumed to be frictionless, i.e.,

ts ¼ 0; ð24Þ

where the subscript S denotes the tangent of the contact face.

On the contact boundary, the face torque vanishes, too. The displacement ur of the points on

the contact boundary is not constrained a priori, which is different from all other existing cal-

culation models, i.e. ur of the contact points is the natural calculated outcome for the present

model. The points on the contact boundary must be ensured to stay on the contact face, i.e.,

uz ¼ �ðr þ urÞctg a0 ¼ �r�ctg a0; ð25Þ

where r� ¼ r þ ur, r is the coordinate of each node on the contact boundary before defor-

mation, and r� is the corresponding coordinate after deformation.

If one point goes beyond the contact face, it must be drawn back to the contact face as shown

in Fig. 2, i.e., xi < 0, the point must be drawn back and render xi � 0.

It should be pointed out also that for both pile-up and sink-in, the periphery of the contact

between the indenter and the indented material is governed by Eq. (25) and Eq. (23). Therefore,

pile-up or sink-in is not imposed a priori, but a natural outcome of the indentation analysis.

The relation between the contact radius a and the plastic depth of indentation h is given by

h ¼ a

tan a0
; ð26Þ

where a0 ¼ 72� is a half angle of the indenter as shown in Fig. 1.

The total force, P, exerted on the indenter is the sum of nodal forces in the z direction for

those nodes in contact with the indenter (i.e., r � a). The indentation hardness H is defined as

H ¼ P

pa2
: ð27Þ

4 Numerical results for indentation

4.1 Deformation characteristics

In this section, the numerical results are shown in the following. First, the classical plasticity

theory, i.e., the intrinsic length scales l1 ¼ lcs ¼ 0, is used to calculate the indentation, and the

indented material is perfectly elastic-plastic material, we find that the hardness is almost 3 times

the yield stress, which proves that the finite element program is correct.

For power-law hardening materials, the deformed surface under the indenter is shown in

Fig. 3 for different contact radius. In this figure, the radius and vertical locations have been

normalized by the material length scale l1, which is assumed to be a material property. It must

be noted that in Fig. 3 the radius r� for each point is the original coordinate r plus the

displacement ur of this point, and in the following figures r� has the same meaning. From

Fig. 3, we find that for the same hardening exponent, the larger the contact radius, the larger

the external loading but the smaller the hardness.

In Fig. 4, the normalized vertical displacements near the contact face are shown with the

same contact radius and different hardening exponent n. From Fig. 4, we could find that while

the indented material tends to be an elastic one, pile-up will transfer to be sink-in, which

denotes that hard material tends to sink-in and soft material tends to pile up. It is consistent

with all experimental observations.

S. H. Chen et al.



The normalized vertical displacements near the contact face for the same indented material but

two kinds of theories, i.e., the classical plasticity theory and the strain gradient theory, are

shown in Fig. 5. From Fig. 5, we find that for the same contact radius the hardness with strain

gradient is larger than that without strain gradient and pile-up transfers to be sink-in while the

effect of strain gradient is considered, which means that the strain gradient considered will

render the material stiffer. It is consistent well with the results in [24].

4.2 Comparison with experiment

In this section, the exponential hardening law is used for the polycrystalline copper and single-

crystal copper when no strain gradient effects are considered. The conventional hardening law

is as follows:

re ¼ Eee; ee < e0; ð28Þ

re ¼ r0e
n
e ; ee � e0: ð29Þ

From the above equations, we can obtain the yield stress ry,

ry ¼
r0

En

� � 1
1�n

: ð30Þ

0.0

0 1 2 3

r*/l
1

u z/l 1

4 5

81

157.76

P/(syl1
2
) = 464.5
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Fig. 3. Deformed surface profiles for
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material length scales. Given in the
figure are normalized values of the

indent load
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The indentation hardness calculated by the finite element method for the strain gradient theory

and indentation model in the previous sections are presented as following. In particular, we

focus on the comparisons between the experimentally measured microindentation hardness

data for polycrystalline copper and single crystal copper given by McElhaney et al. [2] and the

numerical calculation hardness data obtained in this paper.

From the experimental data given in [2], we know that the plastic work-hardening expo-

nent for polycrystalline copper is n ¼ 0:3. Other material parameters are Young’s modulus

E ¼ 109:2 GPa, the shear modulus l ¼ 42 GPa, Poisson ratio m ¼ 0:3. While the indent

depth is very large, i.e., the influence of the strain gradient becomes very small, the hardness

of the polycrystalline copper is H0 ¼ 834 MPa. Combining the experimental data given in [2]

and the hardness, we obtain the reference stress r0 ¼ 688 MPa, and the yield stress is

rY ¼ 78:4 MPa.

Figure 6a presents the microindentation hardness predicted by the present strain gradient

theory, ðH=H0Þ2, versus the inverse of the indentation depth, 1=h, for polycrystalline copper,

where H is the microindentation hardness, H0 ¼ 834 MPa is the indentation hardness without

the strain gradient effect and h is the depth of indentation. Figure 6b shows the relation

between the normalized indentation hardness, H=H0, versus the inverse of the square root of the

indentation depth, 1=h1=2. The experimental data given by McElhaney et al. [2] are also pre-

sented in Fig. 6a and b for comparison. It is clearly observed that the predicted hardness based

on the present strain gradient theory agrees very well with the experimentally measured

microindentation hardness data over a wide range of indentation depth, from 0:1 lm to several

microns when l1 ¼ 0:55 lm. Furthermore, the numerical results based on the present strain

gradient theory do give an approximate straight line in Fig. 6a, which is consistent with the

estimate by Nix and Gao [29]. While in Fig. 6b, instead of linearity, a relatively complex

function, approximately a parabolic relation, exists between H=H0 and 1=h1=2, due to which

simple linear relation between ðH=H0Þ2 and 1=h is used commonly for describing the size effects

in microindentation.

We also analyze the single-crystal copper. The reference stress is r0 ¼ 436 MPa and the work

hardening exponent n ¼ 0:3, Poisson’s ratio m ¼ 0:3. Young’s modulus is E ¼ 109:2MPa. The

yield stress is ry ¼ 41 MPa. The hardness in a large-scale test is H0 ¼ 581 MPa, i.e., the

hardness without strain gradient effects.
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n=1.0

n=0.2

l1= 0.55µm
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0 1 2

r*/a

u z
/a

3 4 5

Fig. 5. The normalized surface dis-
placements for both the strain gradient

theory proposed by Chen and Wang
[18], [19] and the classical theory
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Figure 7a shows the normalized numerical calculation hardness data predicted by the present

strain gradient theory, ðH=H0Þ2, versus the inverse of the indentation depth, 1=h, for single-

crystal copper. The relation between the normalized indentation hardness, H=H0, versus the

inverse of the square root of the indentation depth, 1=h1=2, is shown in Fig. 7b. The experi-

mentally measured hardness data are also shown in Fig. 7a and b in order to compare with the

numerical results. From Fig. 7, one can see that the predicted hardness based on the present

strain gradient theory agrees very well with the experimentally measured microindentation

hardness data over a wide range of the indentation depth, from 0:1 lm to several microns when

l1 ¼ 2:1 lm. The relation between ðH=H0Þ2 and 1=h is almost linear, which is also consistent

well with the estimate by Nix and Gao [29]. Also, an approximately parabolic relation exists

between H=H0 and 1=h1=2 in Fig. 7b.

Figure 8a shows the relation between the square of the normalized indentation hardness,

ðH=H0Þ2, and the inverse of the square root of the contact area, 1=
ffiffiffiffi

A
p

, for polycrystalline

copper. The relation between the normalized indentation hardness, H=H0, and A�1=4, is shown

in Fig. 8b. Experimental results with the corresponding relations for polycrystalline copper are

also shown both in Fig. 8a and b for comparison. From the two figures, one can see that a

4.5 Experiment data
(McElhaney et al., 1998)
Present results
l1=0.55µm
For polycrystalline copper
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linear function describes the relation between ðH=H0Þ2 and 1=
ffiffiffiffi

A
p

and a nonlinear relation

exists between H=H0 and A�1=4, which can be proved from the relations between ðH=H0Þ2 and

1=h since
ffiffiffiffi

A
p

has the same dimension as h. The relations for single crystal copper between

ðH=H0Þ2 and 1=
ffiffiffiffi

A
p

and that between H=H0 and A�1=4 are shown in Fig. 9a and b, respectively.

The corresponding relations existing between these two groups of variables are the same as

those in Fig. 8a and b.

The agreements between the predicted hardness based on the present strain gradient theory

and the experimentally measured microindentation hardness in Figs. 6–9 provide a validation

of the present theory. Both the numerical analysis and the microindentation experiments show

approximately linear dependences of the square of the indentation hardness on the inverse of

the indentation depth, which is an important result obtained also by [29]. However, nonlinear

relations exist between H=H0 and 1=h1=2 or between H=H0 and A�1=4. The agreements between

the numerically predicted results and the experimental results serve as a self-consistent check of

the present strain gradient theory.
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5 Concluding remarks

We have shown that the recently proposed strain gradient theory by Chen and Wang

reproduced the linear dependence of the square of indentation hardness on the inverse of the

indentation depth observed in microindentation experiments. A rigorous finite-element

analysis of microindentation experiments is performed, and the results show a good agree-

ment with the indentation hardness data. The length scale related to the stretch gradient is

predicted. This study validates the strain gradient theory proposed by Chen and Wang as a

new theory of Mechanics, which can easily analyze engineering problems for advanced

microscale materials technology.
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