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Abstract The initial small inhomogeneity of saturated sand could be amplified during
the sedimentation process after liquefaction, and cracks could be observed in the sand
column. Layers of fine sand could aiso he found at the exact place where cracks
developed and disappeared. The phenomena and the whole process were experimentally
shown by X-rays images. To account for the phenomena, a linearized stability analysis of
the sedimentation of saturated sand was conducted; however, it did not produce a
satisfactory result. A three-phase flow model describing the transportation of fine sand is
presented in this paper. It is shown that such a kind of erosion/deposition model was
gualitatively in good agreement with the experimental observation.
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1 Introduction

Experimental studies on the formation of horizontal cracks in vertical columns of
saturated sand contained in circular cylinders have been reported in two recent papers“’zl.
In ref. [1] the cylinder was subjected to an axial impact. In ref, [2] a steady flow of water
was driven upward through the sand column sitting on a perforated rigid diaphragm. In
both cases, care was taken in preparing the sand sample by feeding wetted uniform sand
continuously into a column to avoid intentional stratification. However, a small degree
of inhomogeneity still existed.

Although the detailed description on experimental phenomena in sedimentation and
drainage process was presented in refs. [1,2], the horizontal cracks could only be seen
outside of a sand column and small drainage outlets could be observed at the upper sur-
face of the sand column. Further experiments showed that the size distribution of sand
grains was important. The cracks appeared only when the range of the size distribution
of sand grains was broad, especially when fine sand played a important role in the for-
mation of cracks.
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It seems that the boundary effect is the main cause for cracks developing in saturated
sand and no drainage pathway exists for pore water flowing upward.

To show if cracks can develop throughout the whole cross-section where they are ob-
served from outside and drainage pathways do exist not only at the upper surface of sand
but also throughout the depth of the sand skeleton, an X-ray machine was used to get the
image of the sedimentation process of saturated sand. It showed that the inhomogeneity
of a sand sample plays a significant role for the formation of cracks, and some longitu-
dinal drainage pathways can develop during the closing of horizontal cracks.

In the literature, the concept of “water film” was first suggested by Seed”! in at-
tempting to explain slope failure observed in earthquakes. Such a slope failure was de-
veloped in a sand bed containing an impermeable layer. Fiegal and Kutter! also demon-
strated the formation of water films in layered sand in a centrifugal shake table test.
Kobusho™ performed shaking table tests using a sand sample containing a seam of
non-plastic siit about 4 mm thick subjected to horizontal shocks to simulate earthquakes,
and showed that a water film was formed underneath the silt layer. In the present paper
we prefer to use “crack” to “water film” in order to give attention to the change of sand
skeleton.

Both refs. [1] and [2} mentioned that liquefaction was a necessary condition for the
initiation and development of cracks. In ref. [1], the cracks were initiated at about 20 s
after liquefaction but impact loading only lasted several milliseconds. So it is natural to
reason that the cracks are developed during the sedimentation process, and the stability
of the sedimentation process should be analyzed first.

Prosperitti and Satrape[61 discussed the stability and hyperbolic properties of a very
broad class of two-phase flow models that included many specific examples proposed in
the earlier literature. In spite of the presence of non-differential “source” terms in the
equations, their study showed that the stability of steady uniform flows was independent
of the wave number of the perturbation. As a consequence, hyperbolicity was only nec-
essary, but not sufficient, for stability. In the present paper, we also conduct a stability
analysis of the sedimentation and percolation process for liquefied saturated sand,
thereby trying to find the reason for the formation of cracks.

The stability analysis obviously cannot give the condition for the initiation of cracks.
Cheng et all’ proposed a model to discuss the formation of horizontal cracks in a verti-
cal column of saturated sand, in which they introduced the third phase, namely fine sand
having the same velocity as the pore water. The three-phase flow model was thus used in
this study to discuss the transportation of fine sand in general cases, but only the appli-
cation of this kind of model in a specific case is presented. Theoretical result of the ac-
cumulation of fine sand in the transportation process can be verified using X-ray images.

2 Experimentation

To study the initiation and development of cracks, we used a video camera to record
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the whole process from the lateral side. This method was proved to be effective!. The
opening and closing of cracks could be observed clearly at any time, but this method
could not be used in the study of the drainage pathways because the visible light could
not penetrate the sand column. We also tried to use ultrasonic waves to detect the exis-
tence of drainage pathways, but our efforts failed because of the small size of pathways
and strong chromatic dispersion of waves in saturated sand. The so-called X-ray method
was adopted by Baxter et al.?*! to study the flow pattern of dry sand in a flat hopper.

Both a pulse X-ray machine and a clinical X-ray machine were used to compare
the experimental result, since these two kinds of X-rays’ wavelengths and penetration
capabilities are different. Some characteristics of these two kinds of X-rays are given in
Table 1.

Table 1 Comparison of Characteristics

Advantages and

Type Wavelength/A Voltage/kV Amperage Duration time disadvantages
Pulse X-ray  0.006—0.6 0—450 10°A 20 0s high censity, thicker,
ut one image
Clinical X-ray 6—60 0—120 several mA several ms continuous images

In order to distinguish drainage pathways on images obtained by using pulse X-rays,
some materials possessing larger atomic number elements such as BaSQOy, ZnO and TiO,
were used as tracing materials. Each of their densities is about twice as much as that of
the saturated sand sample (1.9x 10° kg/m3). The tracing materials could be shown clearly
in X-ray films, but no drainage pathway could be distinguished. When the upper surface
of the sand sample was inspected, we found that the main material carried by upward
flowing water was fine sand. The averaging process of the image blurred the profile of
the drainage pathways. Therefore, the pulse X-ray method is not suitable to study the
flow of porous water in saturated sand. bt is mainly used to detect damage in metal or in
the case that the difference between densities of materials is large.

To show the effect of the clinical X-ray method, we installed some thin plastic pipes
in a sand sample contained in a flat plexiglas box of 145 mmx33 mmx280 mm. The di-
ameters of the plastic pipes range from 2 to 5 mm. Each plastic pipe was filled with wa-
ter, coarse sand, fine sand, and dense or loose sand, separately. Experimental results
proved that the plastic pipes could be seen clearly on the monitor. One of such images is
shown in Fig. 1.

It is obvious that such a kind of method can be used to detect cracks and drainage
pathways in saturated sand. Figs. 2—4 were taken using the same experimental proce-
dure. Figs. 2 and 4 demonstrate respectively the states of a sand sample before liquefac-
tion and after reconsolidation, while Fig. 3 shows the state of cracks in sand sample at
one moment in the sedimentation process.

In Fig. 2, it is shown that the initial inhomogeneity still existed although the sand
sample was filled continuously to avoid intentional stratification. In Fig. 3, some cracks
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Fig.1. X-ray image of plastic pipes in saturated sand. Fig. 2. X-ray image of initial sand sample.

were initiated just underneath fine sand layers, and drainage pathways might form at the
ends of cracks. It could also be seen that horizontal stratification became concave up-
ward because of sedimentation and boundary effect. Fig. 4 shows that the initial inho-
mogeneity was amplified and formed several layers of fine sand.

The experimental results showed that cracks and drainage pathways indeed existed in
saturated sand during the sedimentation process. The initial inhomogeneity might be
amplified and further developed into layers of fine sand because of transportation. Some
drainage pathways were initiated at the end of cracks, and some near the boundary.

Fig. 3. X-ray image of cracks in saturated sand. Fig. 4. X-ray image of sand sample after reconsolidation.

3 Linear stability analysis

In ref. [1], cracks appeared at about 20 s after the fluctuating process began, and in ref.
[2], cracks also developed in the liquefied region of saturated sand. It 1s thus reasonable
to speculate that cracks developed during the sedimentation process may have some re-
lationship to the stability of the seepage of pore water.
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In this study, we conducted stability analysis using a two-phase flow model. Consid-
ering the sedimentation of a mixture of sand particles and water contained in a vertical
column, we assumed that the following properties were satisfied for the solid-fluid sys-
tem: (i) The mixture of saturated sand is completely liquefied before the sedimentation
begins and the sand skeleton loses any resistance; (ii} the sand particles are small with
respect to the container and have the same density; (iii) the solid and fluid constituents
of the liquefied sand are incompressible; (iv) there is no mass transfer between the solid
and the fluid during sedimentation; (v) the void of liquefied sand in the same
cross-section is equal.

Mass and momentum conservation laws can form the constitutive equations and the
interactive term between fluid and solid obeys Darcy’s law:

o¢  deu

= =Q, 1
8t+ ax 0 W
a(l_g)ps +a(1_8)psus =0 (2)
dt ox ’

ou  du op

£p(§+ ax)”a +&pg+ F =0, 3)
du

- S)p‘(T+ Saa ]+(l s) +(1 gpg—F=0, ()]

where ¢ 1s time, and x is the coordinate pointing upward with an origin at the bottom of
the sand column. £is the porosity of the sand sample, u the velocity of the pore water,
and u, the velocity of sand grains. p and p; are the densities of pore water and sand
grains respectively. Both of them are constant according to assumption (3) above. g is
the gravitational acceleration, and F is the interactive term. Given that F is related to
the porosity and permeability of the sand sample, we assumed that it is expressed in the
following form:

_ (- 8).‘:‘2

—u_ ), 5
Ko(l"fﬂ)(u' u&) ()

where # is the coefficient of viscosity, £ and Kj are the initial porosity and permeability
of the sand sample respectively.

Eliminating a_p in eqs.(3) and (4), eqs. (1) —(5) can be simplified as
x
08 deu
—+-—=0, 6
Jdt Ix ©
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de _ol-&u, _

0, 7
ot ox M
(aﬁs‘PuS aus}__?_(a_u.*u%J.}- l_ﬁ g_—w__(u_us):o (8)
ot ox ) pldt  ox ya Pk (1-g)
The basic constant solutions satisfying the problem are
£ =&, = const, (9a)
U = Uty = const, (9b)
i, =i = const, (9¢c)
dp 9,
PP ep-6)p,) (9d)
dx dx
F=F =% w-u). (%)
K,
Now we take p., g and K independent quantities, the dimensionless
forms of other guantities in egs. (6) —(8) are
2
Fo_ A, ;J_#_} x
Pk (L - &) \Hpk(-&)) &
ﬁ:ﬁ, E:#.u, _sz_w.#—.us
Ps pko(l—&)g Pk (1-€y)g

Transforming eqs. (6)—(8) into dimensionless form, we have

de  dem
_aF+_éf_-0’ (103)
o o(l-&, |
——— o, 10b
Jr dx (100)
Jdu, _du |\ _(du _di — _
= 2 |-p|l—=+u-— |+{1-p)— —u,)=0. 10

We assume that the solution 1o this perturbation problem can be expanded in such a
way that, for any quantity @,

D{x,t) =@ + ¢ explke;t) -explik(x ~c.1), (11)
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with @ the constant solution, k& the real wavenumber, kc¢; the ratio of the increase of
perturbation amplitude, ¢, the propagating velocity of perturbation, and ¢ the amplitude.

After eq. (11) is substituted into eqs. (10a)—(10c) and the terms with high order are

ignored in the three resultant algebraic equations, the condition for the system having a
solution is that the determinant is zero. We obtain

(1+m)C2 +2€(uo +muso +%'%J+u2 +mu520 50 =0, (12)
where
£ :
m= -p and c=c +ic,. (13)
1-80

Then we can get the ratio of the increase of perturbation amplitude

—
)

1121

(14)
where wy =i, —ugy.

The contours of kc; on k-w, plane are shown in Fig. 5 (+ is taken for the sign
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Fig. 5. Contour of ke, on k-wy plane.
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tin eq. (14)). It should be noted that kc, is always positive in the first quadrant with

k >0 and wy>0. This indicates that the sedimentation and seepage process is always un-
stable with such a kind of two-phase flow model.

It is obviously not coincident with the experimental results described in refs. [1] and
[2], especially for the case in which the size of sand grains is uniform and no cracks or
eroded pathways would be observed. Because the size distribution of sand grains and the
stress in the sand skeleton are not taken into account and the initial liquefied sand is
considered to be even in this model, the stability analysis with this kind of two-phase
flow mode] cannot produce a satisfactory explanation for the development of cracks and
eroded pathways in liquefied sand.

4 Transportation and erosion of fine sand grains

To give an explanation of the formation of extended horizontal cracks in a vertical
sand column, Cheng et al. proposed a three-phase flow model'”, It has been shown that
unevenness in permeability along the length of the sand column is essential in causing
cracks to develop. In this study we examined the transportation of the fine component of
sand through an erosion/deposition process and how small initial unevenness in perme-
ability or stratification is amplified by percolation.

As the fine sand grains may be washed away by the percolating water, the percolating
water becomes turbid and the initial porosity will be altered in both time and space. An
eroded fine sand shury percolating through porous sand can be described in terms of a
three-phase flow in the following manner. In addition 1o porosity £(x,t), we define

g{x,t) as the volume fraction or specific volume of sand carried in the percolating
slurry and (x,¢) as the specific mass of sand lost to the percolating slurry. Then the
simplified governing equations for the liquefied part of saturated sand can be written as

8(5_9)P+a(5_‘?)pu=01 (15)
ot dx
dqp,  d9qpu _ 90
ST —= 16
ot * ox of {16}
A-g)p, A-e)pu, 0
=—— 17
ot N ox a’ a7
ap £
e—+—u-u)+le-q)p+gp.lg =0, {18)
ox K
dp
§+(£—q)pg +(-e+g)pg =0. (19
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We can further simulate the erosion/deposition process using the following empirical
relations:

———==0, otherwise, (20)
K=K(e,q),

where the first term on the right side of the first equation in eq. (20) shows how sand is
transferred to water. The second term describing deposition places a limit on the amount

of sand that can be carried in the fluid. Q. (x) is the maximum amount of sand avail-
able that can be washed away from a unit volume element at x. For simplicity, Q.(x) is

assumed to be given and to be independent of the flow rate and the state of sand. T and
u are empirical constants. A is a small parameter and is employed to obtain an as-
ymptotic solution. K(€,g), the permeability, is now assumed to be a fast varying or

sensitive function of g as well as £
Ke,g)=Ke ™, 1l f=a. 21

We let <« in order to make K more sensitive to g than to €. Egs. (15) to (20)
form a closed set of equations describing the three-phase system.

Given that the assumption of incompressibility is stil! valid, the first three mass con-
servation equations (15}—(17) can then be integrated to yield

cu+(1-ew, =U(), (22)
where U/(f) is the flow rate of water and sand per unit cross-sectional area of the sand

column, which can be determined by boundary conditions. By eliminating 3_;1 from the
x

two momentum conservation equations (18) and (19), we obtain
K 1
U, =u “‘f[(g—q}ﬁ‘*‘(l —&+ Q)ps —E[qps + (E_ Q)pJJ
K
=u-=£(1-£)Xe~4)p, - p). (23)

Then we get the velocity of water u(€,q):

1— 2
u=U{t)+ ( gf) -Kg(e—gXp, — p)- (24)
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Substituting eq. (24) into egs. (15) and (16), we obtain equations to solve &(x,f) and
g(x,1)

@+aﬂ:ia_Q:i[i__;‘i_q]’ (25)
o dx p ot T\ u

dg dgqu 1 3@ /l(u—us J )

he 4 = == -q|. 6
% x g T\ & ¢ 26)

From egs. {24)—(26) combining initial and boundary conditions, u, &, and g can be
calculated by a numerical method.

An example to use the three-phase flow model

In ref. [7], although discussion was focused on the formation of horizontal cracks, the
specific volume of sand carried in the percolating fluid, g(x,t), was also given under a
further assumption. As the sand sits on a perforated rigid diaphragm, u; can be set to zero.
Then eqgs. {15)—(20) yield

et —ey()=2, @7
2,

£(x,u(x,1) =U (@), 28)

dg Odgu O&

e SO Wl 2ol 29

o o o 29

de Af u

o _Afw _ 3 30

o T(M* qJ (30)

The unknown quantities can be solved subject to the following initial and boundary
conditions:

&x,0=¢,(x), g(x,0)=0, Qx,00=0, £0,nNu0,5)=U(), ¢(0,2}=0. 3D

Carrying out the asymptotic solution, we obtain

Uq@) uiy o 2
= -A U(ndr+0(1°), 32
D= S [u@ar+o@?) (32)
_ 1 i 2
E(I,t)—go(x)+l—Tu*En(x) | U@dr+oad), (33)
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o) _, 1
fo2 Tu*g,{x)

[ ;U(r)dr+ 0A%). (34)

The calculation of g is somewhat complicated. The zeroth order term in g is

clearly equal to zero. The first order term ¢, (x,z) satisfies the following equation:

o, UM dg  U® &) U®

, 35
ot g(x) ox ! gg (x) dx Tu*e,(x) (35)
of which the characteristics satisfy the following equation:

& _U0® (36)

dr  g(x)

The characteristics relating x and # are implicitly given by
[ &@ng=[u@az,

’ 37

[ e&ag=[vapar

The first set of curves based on the parameter xy gives characteristics originating from
the x axis. The second set of curves based on the parameter #y gives those originating
from the time axis. Integrating along a characteristic originating from the x axis,
x=x(x,, t} and xo between 0 and H (the height of sand column), we obtain a formal

expression for g,(x,#):

1 x d&
g (x) =m€o(3€) LD;(E; (38)

To show how gvares with x and ¢, we assume U(f)=U, =const; namely, there

is a steady water flow through the diaphragm on which the sand sample sits, and
£(&)=03(01-0.1cos4né), &= % (39)

q,(£) along characteristics can then be calculated using eq. (38) and is shown in Fig.

6 for & =0, 0.1, -, 0.9. The corresponding characteristics are shown in Fig. 7. To

find g (£) ata given time _t%), we can draw a horizontal line in Fig. 7. The intersec-

tion of this line with the &, =0 characteristic locates a & (note that &=£(5;, 0)).
These two values together determine the value of ¢,(£) from Fig. 6. Repeating the
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same procedure for other values of & we find all values of ¢(£) for this particular
time. To obtain q,(£) for smaller values of & we note that all characteristics originat-
ing from the time axis are constructed by simply displacing the characteristic for & =0
along the time axis by appropriate amounts. Hence, the initial portion of the ¢-& curve

for & =0 is shared by all g-& curves. The characteristic for & =0 reaches the top

of the sand column at t=¢_ which in our numerical example is tmg“ =0.3. For all

times greater than ¢, on the first order of approximation, £=¢£,(£) and the distribution
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of g along x no longer changes with time. The first order perturbation in g in the
Tu tU
¢ (X)Tu at

dimensionless form 0 =0.12 is shown in Fig. 8.

05

0.0 L ! L —

0.0 02 04 0.6 0.8 1.0
x
H

U,
Fig. 8. at —2=0.1.
g q i

It should be noted that transport of the fine component of sand tends to increase g
along x inageneral way, and g is the principal cause for the decrease in permeability.

5 Remarks

Since cracks occur where the permeability is close 1o being the smallest, the experi-
mentally observed inhomogeneity in permeability both spacial and temporal is a ques-
tion deserving further examination. X-ray image analysis is useful to detect cracks and
drainage pathways in saturated sand and is helpful to construct a new model to study the
mechanism of the transportation of fine sand and the formation of cracks. The two-phase
flow model employed in this paper cannot generate the expected result coincident with
that observed in the experiment. A three-phase flow model was then introdnced in this
paper, and it proved that small initial unevenness in permeability or stratification can be
amplified by percolation which transports the fine component of the sand through an
erosion/deposition process. The erosion/deposition model does appear to include the
main features of the transportation and accumulation of fine sand. However, to get more
quantitative results, further experimental and theoretical work needs to be done.
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