
1. INTRODUCTION 

The float-zone technology is a containerless process, in which
the contamination and thermal stress resulted from container
boundary can be removed. Onset of oscillatory convection
relates to the appearance of striations in the crystal, and the ther-
mocapillary oscillatory convections in the liquid bridges were
observed in microgravity environment 1978 [1] and 1979 [2, 3].
Many attentions have been applied to study the thermocapillary
convection due to the importance in both the basic research in
microgravity fluid physics and the applications in space materi-
als processing.  After studying of two-dimensional and steady
thermocapillary flows [4], Smith and Davis [5, 6] analyzed the
instability on thermocapillary convection and found the
hydrothermal waves in an infinite liquid layer, which bounded
by an adiabatic bottom wall and a free surface with a constant
temperature gradient. Their conclusion shown that, the gravity
added in the normal stress condition can stabilize oscillation in
thermocapillary convection. Villers and Platten investigated the
instability in the case of coupled buoyancy and thermocapillary
convection [7]. Shevtsova et al reported the stability diagram
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The oscillatory thermocapillary convection and hydrothermal
wave in a shallow liquid layer, where a temperature difference
is applied between two parallel sidewalls, have been numerical-
ly investigated in a two-dimensional model. The oscillatory
thermocapillary convection and hydrothermal wave appear if
the Marangoni number is larger than a critical value. The crit-
ical phase speed and critical wave number of the hydrothermal
wave agree with the ones given analytically by Smith and Davis
in the microgravity environment, and it travels in the direction
opposed to the surface flow. Another wave traveled downstream
in addition to the hydrothermal wave traveled upstream was
observed in the case of earth gravity condition.
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for combined thermocapillary-buoyancy convection [8]. The
characteristics and stabilities on 2D and 3D thermocapillary
convection were studied numerically in the paper [9]. Schwabe
et al investigated the thermocapillary instability of the liquid
layer with Prandtl number of 17 in an annular gap, and the
short-wavelength and long-wave instabilities were observed in
different depth of liquid layer [10, 11]. 

In the present paper, we examine numerically the 2D ther-
mocapillary convection and hydrothermal wave in case of large
Prandtl number fluid in a shallow slot. The effect of gravity on
the hydrothermal wave is also studied in detail. 

2. PHYSICAL AND MATHEMATICAL MODEL

Consider a 2D fluid layer of silicon oil (Pr = 105.6) in a rectan-
gular cavity. The liquid layer is 4mm in height and 52mm in
width. The temperature Th at the left side of the cavity is higher
than Tc at the right wall, and ∆T = Th - Tc. The bottom boundary
is rigid, while the top free surface is a deformable and a passive
gas is above. Both the bottom and top boundaries are considered
as adiabatic. The liquid is considered as incompressible fluid
with constant viscosity and thermal diffusivity. The equations
and boundary conditions of the Boussinesq fluid are expressed
by non-dimensional vorticity ω = (ωξ ,ωθ ,ως ) and stream func-
tion ψ = (ψξ ,ψθ ,ψς ) as follows. 

∇ × ∇ × ψ = ω (1)

where V = (U, 0, W) is non-dimensional velocity, e is the unit
vector of acceleration and only the gravity is considered here,
non-dimensional temperature Θ = (T-Tc) / (Th-Tc), Non-dimen-
sional parameters 

and Ma = RePr are respectively the Grashof number, Reynolds
number and Marangoni number, where Pr = ν/κ is Prandtl
number. In the case of two-dimensional problem, only ψθ and
ωθ are not zero, which are pointed by ψ and ω in the following
text. The boundary conditions are as follows:

The free surface is described as ς = h / l = R (ξ) and R(0) = R(l)
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Grid Re -ψmin ωcore xc zc u(0.5,1) Nux=0 Nux=1

Pr = 1

A 64×64   1.0×104 3.23×10-3 -6.97×10-2 0.58 0.62 2.96×10–2 4.36 4.40

B 64×64 1.0×104 3.20×10-3 -7. 10×10-2 0.58 0.63 2.95×10–2 4.34 4.32  

Pr = 10

A 64×64 1.0×103 2.60×10-3 -10.0×10-2 ---- ---- 2.30×10–2 3.79 3.83

B 64×64 1.0×103 2.75×10-3 -9.56×10-2 ---- ---- 2.47×10–2 3.97 3.89   

Table 1. The comparison of Bradley’s results [12] with present one:  (A – Bradley’s results, B – present results)
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= 1. Here, n and s are respectively the unit vectors in the normal
and tangential direction of the free surface. The initial condi-
tions are given by the static case with a zero applied tempera-
ture difference.

3. NUMERICAL METHOD 
AND VALIDATION OF NUMERICAL CODE

We solved the equations (1-3) with the initial and boundary
conditions by using the hybrid finite element method of frac-
tional steps. The numbers of the cell are 121×21 in the direc-
tions x, z respectively, and the calculated domain was divided in
to 4800 triangular elements with 2541 nodes. The initial free
surface is adopted as a plane at t = 0. The temperature at the
right wall is taken as 0°C for simplification. The temperature
difference is gradually increased, with a heating rate 0.5°C/sec,
to a determined value, then the temperature difference keeps
unchangeable. The flow field and temperature distribution in
the liquid layer can be then obtained numerically. The configu-
ration of free surface is calculated by using condition (10). In
comparison the present program with that obtained by Bradley

et al in the case of the thermocapillary convection in a square
container, the results are shown in table 1 where, -ψmin is the
minimum of stream function in the region, and ωcore is the vor-
ticity at point (xc, zc). The velocity at x = 0.5 and z = 1 is point-
ed by u (0.5,1). Nusselt number is defined as 

The results obtained by the hybrid finite element method of
fractional steps are coincident with those given by Bradley, and
the present calculation method and program are valid.

4. NUMERICAL RESULTS

4. 1 Results for g = 0
The time-dependent velocity, temperature and the height of the
free surface are divided in to two parts as u = u0 (x, z) + u’(x, z,
t), where u0 is a time-average and steady velocity. The oscilla-
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Fig. 4 The steady shape of the free surface (g = 0, ∆T = 25°C)

Fig. 5 The steady temperature distribution at the free surface (g = 0, ∆T
= 25°C)

Fig. 2: The steady velocity at the free surface of the liquid layer (g = 0,
∆T = 25°C)

Fig.3 The non-dimensional velocity U distribution along the height ζ at
ξ = 0.5 (g = 0, ∆T = 25°C) (--- present result, •  the result of Smith and Davis)



tory component u’ can be obtained from u - u0. When ∆T equals
9°C the oscillatory flow and traveling wave appear in the mid-
dle region of the liquid layer, and then expends to the whole liq-
uid layer at about ∆T =25°C. The results at ∆T =25°C will be
consider as the critical state. Distribution of steady velocity u0

at the free surface is shown in figure 2. The velocities are larg-
er in the regions near the left and the right walls. The distribu-
tion of non-dimensional velocity U along the height ς at ξ = 0.5
quite agree with the basic solution of Smith and Davis [5] as
shown in Fig.3, where the solid line was the computational
results and the dark dots were given by Smith and Davis. The
configuration of the free surface and the temperature distribu-
tion along the free surface are shown respectively in figures 4
and 5. The temperature decreases linearly in the central region
of the free surface. The oscillatory components of velocity,
temperature and the height of the free surface are given respec-
tively in Fig.6, Fig.7 and Fig.8, the figures show the traveling-
wave propagating in the opposite direction of the velocity at
free surface and was named as upstream traveling wave. The
oscillatory components u’ are shown at three instants in Fig. 9,
it relates to the wavelength of 10.39 mm. The temperature
decreases linearly and the wave is regular in the central region,
where has less influence by the sidewalls. Therefore, the tem-
perature gradient and wavelength are determined from the
results in the central region from x = 15 mm to x = 40 mm. The
data are organized similar to the form as Smith and Davis [5] for
comparison. Non-dimensional wavenumber and phase velocity
in the present paper are respectively 2.417 and 0.0666, which
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Fig.7 The evolution of temperature T’ at the free surface (g = 0, ∆T =
25°C)

Fig. 8 The time-dependent height h’ of free surface (g = 0, ∆T = 25°C) Fig 10 The steady velocity u0 at Free surface (g = ge, ∆T = 15°C)

Fig. 9 Oscillatory velocity u’ at the free surface (g = 0, ∆T = 25°C)

Fig. 6 The evolution of velocity u’ at the free surface (g = 0, .T = 25oC)



are close to the critical wave number 2.47 and critical phase
velocity 0.0622 given by Smith and Davis for Pr→∞.

4.2 Results for g = ge

Usually, the effect of gravity is considered in the normal-stress
boundary condition, and the stabilization effect of gravity on the
interface of liquid layer has been suggested [5]. The buoyancy
effect is considered in this section. The steady velocity compo-
nents u0 and the temperature T0 at the free surface are shown in
Fig. 10 and Fig.11 respectively. Figs.12 and 13 correspond to
the traveling wave of u’, and T’’. There are two traveling waves
in each figure, one of them propagates upstream and another
one downstream. Both of them have the same oscillatory fre-
quency. The wavelength of the upstream wave is obviously
smaller than that of the downstream wave. In these figures the
traveling waves are observed in the region near the hotter left
wall. The calculations were conducted at ∆T = 25°C for g = ge,
and the data of the upstream hydrothermal wave are organized
according to the form in paper [5]. When g = ge. Owing to the
effect of buoyancy the stronger convection exists in the liquid
layer, therefore the temperature gradient ∂T / ∂x, Reynolds num-
ber Re and Marangoni numbers Ma are larger than that for g =
0. Comparing with the results of g =g0, the phase velocity of the
hydrothermal wave is smaller due to the larger wavenumber
although the frequency is larger for g = ge.

6. CONCLUSIONS AND DISCUSSION

If the free surface is considered as a plane, all results are the
same as that with changeable free surface. It means that the

deformation of the free surface is not the reason of exciting the
traveling wave, and the oscillation of the free surface is only the
response to oscillation of flow and temperature in the liquid
layer. The steady maximum deformation of the free surface at g
= 0 and ∆T = 25°C is 4.18 micron meter, about 0.1% of the
height of the liquid layer, and the amplitude of h’ is only about
0.1 micron.

The wavenumber and phase velocity of the two-dimensional,
upstream traveling wave, obtained at the present paper for g =
0, ∆T = 25°C , are close to the values presented by Smith and
Davis [5]. But the Marangoni number 297 is less than critical
value 398.5 evaluated as Pr→∞.in paper [5]. 

In the present calculation the Bond number Bo = ρgh2 / σ =
7.29, the gravity effect is important. The effects of gravity on
the thermocapillary convection of liquid layer are included in
the following three aspects.

(1) The surface velocity in the wave region is about 4 times
larger than that in the region near the cold wall as shown in
Figure 10. The temperature decreases linearly in the left region
of figure 11. These results are different from that for g = 0.

(2) Two traveling waves are observed for gravity g = ge, the
upstream hydrothermal wave is superimposed on the down-
stream long wave. The downstream long wave originates at the
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Fig.11 The steady temperature T0 at free surface (g = ge, ∆T = 15°C)

Fig. 12 The evolution of velocity u’ at the free surface (g = ge, ∆T =
15°C)

Fig.13 The evolution of temperature T’ at the free surface (g = ge, ∆T
= 15°C)

g ∂T/∂x Re Ma f(1/sec) κ c

0 2.74 2.81 297 0.04508 2.417 0.0666

ge 3.10 3.18 336 0.04782 3.131 0.0482

Table 2. The comparison of upstream hydrothermal wave at g = 0
with that at g = ge, ∆T = 25°C



place near the left hot wall.
(3) The amplitudes of oscillatory velocity u’ and oscillatory

temperature T’ are about one order larger on the ground than
those in microgravity environment. 

Smith and Davis found the long-wave instability in the case
of shear flow in small Reynolds number [13]. They pointed that
the unstable long-wave disturbance always travel in the direc-
tion of decreasing pressure, which agrees with the computation-
al results of figures 12 and 13. We also notice the preferred
long-wave mode was observed at h >1.4mm in Schneider’s
experiment [10].

The results for g = ge will be compared with that of the exper-
iment on the ground. It is interesting to study the effects of
parameters on hydrothermal wave, for example the length l, the
depth h of liquid layer, Pr number and gravity level. The bifur-
cation process of hydrothermal wave as increasing Ma number
will be discussed in the future.
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