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Abstract

The pulsed liquid fluidized bed was studied using numerical simulation and experimental methods. The area-averaged two-fluid model
Ž .TFM was used to simulate the pulsed fluidization. The bed expansion and collapse processes were simulated first and the phenomena
obtained from the calculation were consistent with our previous experiments and observations. In the pulsed fluidization, the variation of
bed height, the variations of particle velocity and concentration distribution were obtained and analyzed. Experiments were carried out to
validate the simulation results. The pressure variation with time at different locations was measured using pressure transducers and
compared with the simulated results. The variations of bed height and particle concentration distribution were recorded using a digital
video camera recorder. The results were consistent with the simulation results as a whole. q 2001 Elsevier Science B.V. All rights
reserved.

Keywords: Pulsed fluidized beds; Two-fluid model; Numerical simulation; Experiment

1. Introduction

For many years, the main factor influencing the perfor-
mance of fluidized beds has been the low gas–solid con-
tact efficiency caused by the existing of bubbles. Various
means have been employed to reduce the effect of bubbles,
such as special distributors, insertion of baffles and pack-
ing. Lots of studies show that fluidization quality can be
much improved by externally applied vibrations or pulses
w x1–4 . There have been many experimental studies of
pulsed fluidized beds, but the theoretical understanding of
pulsed fluidized beds is far from complete. Quantitative
understanding the pulsed fluidization is needed for its
industry application.

We have carried out the study of pulsed fluidized beds
in recent years and our main interest is dynamics and
physical mechanisms. In our early research works, for
simplicity, we divided the whole process of pulsed flu-
idization into an expansion process and a collapsing pro-

w xcess 5 . We have intensively studied the expansion and
collapsing processes. Two mathematical models have been
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proposed to simulate expansion and collapsing processes,
respectively. The models were also used to calculate the
pressure variation in pulsed gas–solid fluidized beds with
low frequency. The simulation results were in good agree-

w xment with the experimental data 6 . When the pulse
frequency is high, the bed starts to collapse while it does
not expand completely and starts to expand while it does
not collapse completely. The previous models are not
suitable for this situation.

Our final goal is to use a general model that can be used
to simulate pulsed fluidized beds with any frequency. But
it is very difficult to simulate bubbles behavior in the bed.
So we began our study from the simulation of liquid
fluidized beds. In this paper, we will use the area-averaged
one-dimensional TFM to simulate the whole process of
pulsed fluidization of liquid–solid beds with any fre-
quency.

Ž .The two-fluid model TFM was introduced by many
w xauthors 7–9 to describe two-phase systems considering

the particle and fluid phases as interpenetrating continua.
The main problem of the two-fluid model is that most of
the constitutive relations, such as the relations between
stress and strain of solid phase and the interaction between

w xthe solid and fluid phases, are difficult to establish 10 and
some assumptions must be introduced into the model. Tsuo
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w xand Gidaspow 11 computed the flow pattern in circulat-
Ž .ing fluidized beds CFB using the two-fluid model. Gera

w xet al. 12 simulated bubbles in large-particle fluidized bed
with the two-fluid model and the distinct element model
Ž .DEM . Although the DEM has some advantages in simu-
lating the interactions among particles, if one simulates a
system with millions of particle, the DEM will take much
more time as compared to the TFM. The DEM is not
possible to simulate a fluidized bed of full industrial scale

w xwith the limitation of the computer. Di Felice 13 used the
TFM to predict the solid, liquid and gas three-phase sys-
tem; they treated the liquid and gas phases as a single
homogeneous fluid. However, up to now, no literature
about the simulation and quantitative analysis of pulsed
fluidization using the TFM has been found.

2. Mathematical model

The model is based on the following assumptions:

1. The flow is one-dimensional.
2. Fluid is incompressible.
3. All the particles have the same size.
4. The irregular motion and collision of particles are ig-

nored.
5. The friction on the wall is neglected, for it is far less

than the gravity of particles.

The continuity and momentum equations for solid and
w xfluid phases are, respectively 14 ,

Ea E a uŽ .p p p
q s0, 1Ž .

Et Ex

Ea E a uŽ .f f f
q s0. 2Ž .

Et Ex

E a u E a u2 EpŽ . Ž .p p p p
r q sya ya r gqF ,p p p p pž /Et Ex Ex

3Ž .

E a u E a u2 EpŽ . Ž .f f f f
r q sya ya r gyF , 4Ž .f f f f pž /Et Ex Ex

where a and a are the volume fraction of solid and fluidp f

phases, respectively, a qa s1. F is the interactionp f p

force per unit volume between the solid and fluid phases;
w xit can be expressed 15 ,

Ž .1yn
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Fig. 1. Map of wave series in expansion process.

where the exponent n depends on the particle Reynolds
number, u is particle setting velocity in a stable liquidT

and defined as,

r yrp f
u s gt , 6Ž .T ž /rp

and the relaxation time of a particle t is defined as,

d2 rp p
ts . 7Ž .

kmf

Ž . Ž .Adding Eq. 1 to Eq. 2 and integrating it along the
bed height yields,

a u q 1ya u sU t , 8Ž . Ž .Ž .p p p f

Ž .where U t is the instantaneous liquid flux and is a given
function.

Ž . Ž .Using Eqs. 3 and 4 , an equation without pressure
term can be obtained,

E a u E a u2Ž . Ž .p p p p
a r qf p ž /Et Ex

E a u E a u2Ž . Ž .f f f f
ya r qp f ž /Et Ex

s r yr a a gqF . 9Ž . Ž .f p f p p

Ž . Ž .Adding Eq. 3 to Eq. 4 , one can get the pressure
equation,

Ep E a u E a u2Ž . Ž .p p p p
y sr qp ž /Ex Et Ex

E a u E a u2Ž . Ž .f f f f
qr qf ž /Et Ex

q r a qr a g . 10Ž . Ž .f f p p
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Fig. 2. Surface of discontinuity in collapse process.

The boundary conditions are:
Ž .1r nq1

U tŽ .
xs0,u t ,0 s0, a t ,0 s1y ;Ž . Ž .p p ž /uT

11Ž .
dh

xsh t ,u t ,h s ; 12Ž . Ž . Ž .p d t

xsH , p t , H s0. 13Ž . Ž .bed bed

The initial conditions are:

ts0: a 0, x sa 0 , u 0, x s0. 14Ž . Ž . Ž .p p p

Ž . Ž .Particle concentration a t, x , velocity u t, x andp p
Ž .liquid velocity u t, x can be obtained by solving the setf

Ž . Ž . Ž . Ž . Ž . Ž .of Eqs. 1 , 8 , 9 , 11 , 12 and 14 ; pressure p can be
Ž . Ž .calculated by using Eqs. 10 and 13 .

The finite difference method was used to solve the set
Žof equations. A BTBS backward time and backward

.space difference scheme was used. The Euler coordinate

Ž .Fig. 3. Schematic diagram of the experimental apparatus. 1 Fluidized
Ž . Ž . Ž . Ž .bed; 2 pressure transducer; 3 plate distributor; 4 spheric valve; 5

Ž . Ž .time-lag relay and electromagnetic valve; 6 lower water tank; 7
Ž . Ž . Ž .centrifugal pump; 8 upper water tank; 9 amplifier; 10 ArD con-

Ž . Ž .verter; 11 computer; 12 water gathering vessel.

Table 1
Physical properties of the particles used

3Ž . Ž . Ž .Particles d mm r kgrm u mrs np p T

Glass beans 1.8 2500 0.172 1.37

system was used except the node on the upper boundary
Ž Ž ..xsh t . The upper boundary of the calculation region,
i.e., the interface between the single liquid phase region
and the particle–liquid two-phase region is a moving
boundary during a pulsed fluidization process. The posi-

Ž .tion of the upper boundary is determined using Eq. 12 ,
the concentration and velocity on the upper boundary is

Ž .calculated using a special scheme see the Appendix .

3. Brief introduction to Slis model

w xSlis et al. 16 have studied the simple expansion and
collapse processes using analysis method. The equations

Ž . Ž .they used included Eqs. 1 and 8 and the following
equation,1

Uyu su a Žnq1. . 15Ž .p T f

It is a generalization of the relationship of Richardson
w x Žnq1.and Zaki 17 , i.e., Usu a for a steady fluidization.T f

Ž . Ž . Ž .Using the Eqs. 1 , 8 and 15 , they have demon-
strated that there is a concentration wave propagating with
velocity V in the fluidized bed,

n nq1Vs nq1 a y nq2 a u qU. 16Ž . Ž . Ž .f f T

During the propagation of the wave, the concentration
on the wavefront is constant.

Ea Eaf f
qV s0. 17Ž .

Et Ex

Ž .The map of the wave series on the x–t plane Fig. 1
Ž . Ž .can be given using Eqs. 15 – 17 to study the expansion

process, with the flux U varying from UsU to U )U .1 2 1

The expansion duration is,

h a2 f ,2
T s , 18Ž .ex U nq1 1yaŽ . Ž .2 f ,2

where h is the terminate height of the bed after it2

expanses completely, and a is the fluid fraction corre-f,2

sponding to UsU .2

If the sudden expansion disturbance is replaced with a
series of small expansion disturbances, from Fig. 1 and Eq.
Ž .16 , one can know that the propagation velocity of a later

1 w xThe exponent n in literature 16 equals nq1 in this paper.
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Fig. 4. Illustration diagram of flow rate varying with time.

small expansion disturbance is slower than that of the
earlier one. The variation of all variables in the bed is
continual.

When we study the collapse process, with the flux U
changing from UsU to UsU -U , if the sudden2 1 2

collapse disturbance is replaced with a series of small
Ž .collapse disturbances, from Eq. 16 , one can know that

the propagation velocities of later small collapse distur-
bances are quicker than those of the earlier ones. The later
disturbances overlie the earlier ones in the propagation
process, and a certain limited intensive discontinuity is
formed. Each variable has a discontinuity on both sides of

Ž .the surface of discontinuity Fig. 2 . The collapse duration
w xthat Slis et al. 16 got using analysis method is,

h a ya h yhŽ .2 f ,2 f ,1 2 1
T s s , 19Ž .col 1ya U yU U yUŽ . Ž .f ,1 2 1 2 1

where h is the terminate height of the bed after it1

collapses completely, and a is the fluid fraction corre-f,1

sponding to UsU . The propagation velocity of the dis-1

continuity surface is,

U yU 1yaŽ . Ž .1 2 f ,1
V s . 20Ž .s

a yaŽ .f ,1 f ,2

w xSlis et al. 16 have studied the single expansion and
collapse processes using this model in uniform solid–liquid

fluidized bed, and the results were well consistent with
their experimental results.

In the pulsed fluidization, the expansion and collapse
processes alternatively take place and there is a complex
interaction among the concentration wave series. The Slis
model has not been used to simulate the pulsed fluidization
up to now.

Comparing the Slis model with the equation set in
Section 2, the two models are very similar. Neglecting the

Ž .inertia terms on the left hand of Eq. 9 and introducing
Ž .Eq. 5 of the interaction force between the two phases,

Ž .one can get the same equation as Eq. 15 .
One can know that the Slis model is the simplification

of the TFM neglecting the inertia terms. The pressure
Ž .distribution can be calculated using Eq. 10 . Because the

inertia was neglected, there is a discontinuity between the
upper section, a sa , u sU yU , and the lowerf f,2 p 1 2

section, a sa , u s0, in the collapse process. Whenf f,1 p

the inertia is considered from above to below, there is a
transition section from a sa , to a sa , and thef f,2 f f,1

< <order of the transition section is t W , where W is the
particle velocity above the surface of discontinuity. In the
expansion process, there is a very thick transition section
between the upper and lower sections even when using the
Slis model. The thickness of this transition section is much

< <larger than t W . The characters of the transition section in
expansion are hardly changed neglecting the inertia.

4. Experimental apparatus

Fig. 3 is the schematic diagram of the experimental
apparatus. The experiments were carried out under ambient
conditions in a 29-mm ID and 1150-mm-high Perspex
column fitted with a porous plate distributor. The pressures
at different locations of the bed were measured simultane-
ously by four pressure transducers. The signals were col-
lected and treated by a computer after magnification and
ArD conversion, and the sampling frequency was 100 Hz.

Fig. 5. Bed height variation with time in collapse process.
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Fig. 6. Bed height variation with time in expansion process.

The variations of bed height and particle concentration
were recorded using a digital video camera recorder. The
fluid used was water. The properties of particles used are
shown in Table 1.

Particles were fluidized by pulsed liquid. The liquid
flowing into the bed includes two parts: one was steady
flow and the other was pulsed flow. The flux was mea-
sured using a turbine flowmeter. The ideal variation of flux
with time is illustrated in Fig. 4. The pulse frequency, the
time of on-period and off-period were controlled by the
graded time-lag relay.

5. Results and discussion

5.1. Simulation of collapsing process and expansion pro-
cess

In order to verify the model proposed in this paper, we
simulated the bed collapsing process resulting from a
sudden decrease of the fluid flux from U to U , and the2 1

bed expansion process resulting from a sudden increase of
fluid flux from U to U .1 2

Fig. 7. Distribution of particle concentration in collapse process.

Fig. 8. Distribution of particle concentration in expansion process.

Figs. 5 and 6 are the simulated variation of the bed
Ž .surface h t with time in collapsing process and expansion

process, respectively. The shape of hy t curve for collaps-
Ž Ž ..ing process is nearly a straight line Fig. 5 a , but at the

beginning of the line there is short transformation period
Ž Ž .. Ž .because of the inertia the solid line in Fig. 5 b . Fig. 5 b

shows the difference between the result gotten from our
w xmodel and that from the Slis model 16 . The inertia takes
Ž .effects only at the incipient period dtft ; as a whole,

the two results are so similar that the two lines almost
parallel each other. The line gotten from our model is
delayed by a period of t as compared to the line gotten

Ž Ž ..from Slis model Fig. 5 b .
Fig. 7 is the variation and distribution of particle con-

centration in different times during the collapsing process,
where x is the space coordinate measured vertically up-
ward from the bottom of the bed. For example, at ts4 s,

Ž .from above to below, particle concentration a t, xp

sharply transits from a , which accords to the initialp, 2

particle concentration before the collapse to a , whichp,1

accords to the ultimate particle concentration after the
collapse, the thickness of the transition section is very thin.

ŽThe velocity of the transition section or the surface of

Fig. 9. Variation of characteristic variables at the bed surface with time,
Ž .in case A on-period 4 s, off-period 4 s .
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Fig. 10. Distribution of particle concentration in the pulsed fluidized bed in case A.

. Ž .discontinuity is consistent with Eq. 20 ; the bed surface
falls at the same time. When the surface of discontinuity
reaches the bed surface, the particle concentration of the
whole bed becomes a , and the collapsing process ends.p,1

Fig. 8 is the variation and distribution of particle con-
centration during expansion process at different times. For
example, at ts4 s, from above to below, particle concen-

Ž .tration a t, x gradually transits from a , whichp p,1

accords to the initial particle concentration before the
expansion to a , which accords to the ultimate particlep,2

concentration after the expansion, the thickness of the
transition section is much thicker. The transition section
broadens on its way up the bed; the bed surface travels
upward at the same time. From Fig. 6, one can see that the

Ž .bed height h t increases with time t linearly at the
beginning and the curve begins to blend when the upper of
transition section reaches the bed surface. When the lower
of the transition section travels through the bed surface, the
particle concentration of the whole bed uniformly equals
a ; the expansion process ends.p,2

Comparing Figs. 5 and 7 with Figs. 6 and 8, one can
see the essential differences between the collapsing pro-
cess and the expansion process.

w xThe simulated results are consistent with Slis et al. 16
w xand our previous experimental observation 5 .

5.2. Simulation of the pulsed fluidized beds

When the fluid flux changes periodically and the on-
period and the off-period are less than the expansion
duration and the collapse duration, respectively, the bed
starts to collapse while it does not expanse completely and
starts to expanse while it does not collapse completely.
Thus, the pulsed fluidization occurs.

We simulated the pulsed fluidized beds with different
on-periods and off-periods. The variations of the bed sur-

Ž . Ž .face h t , particle concentration distribution a t, x andp
Ž .pressure distribution p t, x were obtained from the calcu-

lations.
In case A, the on-period is not long enough for the bed

to expand completely and the off-period is not long enough

for the bed to collapse completely. The variations of liquid
flux, bed height, particle velocity and particle concentra-

Ž . Ž . Ž .tion at bed surface with time are shown in Fig. 9 a , b , c
Ž .and d . The distribution of particle concentration at differ-

ent times is shown in Fig. 10. In this example, the on-period
for expansion and the off-period for collapse are both 4 s,
while it takes about 9 s to expand completely and about 7 s
to collapse completely.

At ts t , the distribution of particle concentration in1
Ž .the bed is shown in Fig. 10 a . When the flux decreases

suddenly from U to U during a transitory period from2 1

t to t , a very thin transition section that can be1y 1q
regarded as a discontinuity appears near the distributor.
The distribution of particle concentration in the bed almost

Ž . Ž .remains the same, a t , x sa t , x . From the Eq.p 1q p 1y
Ž . Ž . Ž . Ž .15 , we know that u t , x yu t , x sU t yp 1q p 1y 1q
Ž .U t sU yU . But it changes from a sa to a s1y 1 2 p p,2 p

a , from the lower side of the discontinuity surface to thep,1

upper side near the distributor. The variation of particle
Ž Ž .. Ž Ž ..velocity at the bed surface, u t , h t yu t , h t ,p q q p y y

Ž Ž ..also equals U yU see Fig. 9 c .1 2

From time ts t to ts t , the discontinuity surface1 2

travels to the position xs0.20 m. a sa and u s0p p,1 p

Fig. 11. Variation of characteristic variables at the bed surface with time,
Ž .in case B on-period 11 s, off-period 4 s .
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Fig. 12. Distribution of particle concentration in the pulsed fluidized bed in case B.

in the section between the discontinuity surface and the
distributor. The dilute section above the discontinuity sur-
face and the transition section produced in the expansion

Žprocess travels upward accordingly. The bed surface xs
Ž ..h t that lies in the upper part of the transition section a

Ž Ž ..moment ago is in the middle of it Fig. 10 b . The
velocity of the bed surface decreases with the decreasing

Ž Ž .of the particle concentration at the bed surface Eq. 15 ;
Ž . Ž ..Fig. 9 c and d , and the falling velocity becomes faster

Ž Ž . Ž ..gradually Eq. 15 and Fig. 9 c .
From time ts t to ts t , the discontinuity surface, the2 3

dilute section and the transition section continue to travel
upward, and the bed surface is in the lower part of the

Ž Ž .. Ž Ž ..transition section. a t, h t and u t, h t also continuep p

to decrease and the falling velocity of the bed surface
becomes much larger.

During the transitory period from ts t to ts t ,3y 3q
the flux increases suddenly from U to U , the particle1 2

concentration near the distributor decreases from a top,1

a accordingly, while the most section of particle con-p,2

centration in the bed keeps the same, but the particle
Ž . Ž . Žvelocity u t, x increases suddenly by U yU Eq.p 2 1

Ž . Ž .. Ž .15 and Fig. 9 c . With the sign of u t, h changingp

from negative to positive, a turning point appears in the
Ž Ž ..curve of the bed surface Fig. 9 b , and the whole bed

begins to travel upward with the velocity in equilibrium to
Ž Ž ..local particle concentration Eq. 15 .

From time ts t to ts t , a transition section is formed3 5

gradually near the distributor and travels upward, the bed
surface is out of the transition section and goes into the
dilute section. At time ts t , there is a dilute section5

Ž Ž ..above the distributor Fig. 10 d and the discontinuity
surface reaches the bed surface.

From time ts t to ts t , the discontinuity surface5 6

travels across the bed surface, the particle concentration at
the bed surface changes from a to a quickly, and ap,1 p,2

turning point occurs in the curve of the bed surface line
Ž Ž ..Fig. 9 b . At time ts t , the flow state comes back to7

that at time ts t , a cycle ends, and another begins.1

In case B, the on-period is long enough for the bed to
expand completely but the off-period is not long enough
for the bed to collapse completely. The results are shown
in Figs. 11 and 12.

At time ts t , the whole bed has a uniform particle1

concentration corresponding to U and the particle velocity2

equals zero. Then the liquid flux decreases suddenly from

Fig. 13. Distribution of particle concentration in the pulsed fluidized bed in case C.
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ŽFig. 14. Bed height variation with time in case C on-period 11 s,
.off-period 9 s .

U to U and the particles begin to move downwards. A2 1

section with higher particle concentration appears near the
bottom and becomes thicker and thicker. But the particle
concentration and velocity keep constant above the section
Ž .Fig. 12 .

At time ts t , the flux increases suddenly from U to3 1

U but the particle concentration along the bed cannot2

change suddenly; however, the particle velocity throughout
Ž .the bed increases suddenly by U yU . The dense sec-2 1

tion with particle concentration a begins to travel up-p,1
Ž .ward with the speed of u s U yU , and the velocity ofp 2 1

the dilute section with particle concentration a becomesp,2

zero again. The bed height does not change from time
ts t until the dense section reaches the bed surface at3

Ž Ž ..time ts t Fig. 11 b . At the time ts t , a sudden5 5q
change happens to the velocity of the bed surface, from
Ž . Ž .u t, h s0 to u t, h sU yU .p p 2 1

From time ts t on, the bed surface goes into the6

transition section after the dense section travels out of the
bed surface, and the particle concentration at the bed
surface decreases gradually with the velocity decrea-
sing accordingly. At time ts t , the transition section tra-10

vels through the bed surface and the expansion process
completes; the whole bed is fluidized uniformly with

Fig. 15. The flux variation in calculation to comparing with experiments.

Fig. 16. Measured pressure variation with time at different locations.

Ž .u t, x s0. This state remains constant until ts t ;p 11

another cycle begins.
In case C, both the on-period and off-period are long

enough for the bed to expand and collapse completely. The
Žvariations of the particle concentration distribution a t,p

. Ž .x and the bed height h t with time along the bed, are
shown in Figs. 13 and 14, respectively. It is a combination
of expansion and collapsing processes. The flow behavior
is similar to the above cases.

5.3. Comparing simulated results with experimental results

In order to validate the simulated results, the pulsed
fluidization experiments were carried out. The flux varia-

Ž .tion is shown in Fig. 15. The variation of bed height h t
Ž .and the distribution of particle concentration a t, x werep

recorded using a digital video camera recorder. The pres-
sure variations with time at some positions along the

Ž . Ž .fluidized bed, p t, x is1,2,3,4 , were measured usingi
Ž .pressure transducers Fig. 16 . The comparisons of varia-
Ž .tion of bed height h t , particle concentration distribution

Ž . Ž .a t, x , and pressures p t, x are shown in Figs. 17–19.p i

From Figs. 17–19, one can know that the calculation
results provide a good agreement with the experiment
results. From Fig. 16, one can know that a pressure pulse
will appear when the flux changes suddenly. This is the

Ž .contribution of the inertia term at the right hand of Eq. 9 .
The amplitude of the pulse is in inverse ratio to the
characteristic time of the flux changing process. The pres-

Fig. 17. Comparison of pressure between the measured and simulated
results at different locations.
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Fig. 18. The comparison of particle concentration distribution between the experimental and simulated results at different time.

Fig. 19. Comparison of bed height between the simulated and experimen-
tal results.

sure variation in a certain position is caused by the total
amount of the particles above it, in addition to the inertia
effect.

6. Conclusion

Ž .1 The simulation results of the two-fluid model sug-
gested in this paper are in good agreement with the
experiment results. It is shown that the model can well
describe the variation processes in the pulsed fluidized bed
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and the assumptions introduced in this paper are reason-
able.

Ž .2 This model is also suitable to the gas–solid pulsed
fluidized bed, if there are no bubbles or the bubbles are too
small to influence the flow uniformity in the bed.

Ž .3 A dense section and a dilute section appear in the
pulsed fluidized bed alternately. The particle concentration
at a certain position alters between the dense and the dilute
concentrations, which may be the reason that pulse flu-
idized bed can effectively prevent the origination of the
gas bubbles. Even though there are some gas bubbles in
the pulse fluidized bed, it is difficult for them to penetrate
through the dense section, which may be the mechanism
that the pulsed fluidized bed can prevent the gas bubbles
from growing larger.

7. Notation

English letters
dp Ž .particle diameter m
Fp the interaction between the particle and the liquid

Ž y3 .phases per unit volume N m
g Ž y2 .gravitational acceleration m s
Hbed Ž .the highest point of the bed column m
h Ž .height of the fluidized bed m
k Ž .constant in Eq. 7
n Ž .constant in Eq. 5
p Ž .pressure Pa
Pbed Ž .pressure at the highest point of bed column Pa
t Ž .time coordinate s

U1 Ž y1 .liquid flux in off-period m s
U2 Ž y1 .liquid flux in on-period m s
U Ž y1 .instantaneous liquid flux m s
uf Ž y1 .liquid velocity m s
up Ž y1 .particle velocity m s
ut Ž y1 .particle setting velocity in stable liquid m s
x Ž .space coordinate m

Greek letters
af liquid fraction
ap particle fraction
a 0

p initial particle fraction
ap,1 particle fraction in stable fluidized state corre-

sponding to the flux U1

ap,2 particle fraction in stable fluidized state corre-
sponding to the flux U2

mf Ž .viscosity coefficient Pa s
rp Ž y3 .particle density kg m
rf Ž y3 .liquid density kg m
t Ž .particle relaxation time s
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Appendix A

Ž . Ž .The difference scheme of Eqs. 1 and 9 for inner nodes are,

a n un ya n un
p , i p , i p , iy1 p , iy1nq1 na sa y D t a-1Ž .p , i p , i

D x
2 2 2 2n n n n n n n n1 a u ya u a u ya uŽ . Ž .Ž . Ž .p , i p , i p , iy1 p , iy1 f , i f , i f , iy1 f , iy1n na qa r qŽ .p , i p , iy1 f ž /2 D x D x

nq1 nu su q D tp , i p , i n n na a r qa rŽ .p , i f , i p p , i f

U nq1yU n
n n n n 2 2n na r q r yr a a gqFŽ .p , i f f p p , i f , i p , i 1 u y uŽ . Ž .p , i p , iy1D tq D tq D t , a-2Ž .n n na a r qa r 2 D xŽ .p , i f , i p p , i f

nq1 nq1 n Ž nq1 . nq1 n nq1 n nq1where is1, 2L . . . I if I F I or is1, 2L . . . I y1 if I s I q1. If I s I q1, at the node is I ,
the following difference scheme is used,

d nq1
D x

nq1 nq1 nq1
nq 1 nq1a s a q a ,p , I p , I y1 p , snq1 nq1d qD x d qD x

d nq1
D x

nq1 nq1 nq1
nq 1 nq1u s u q u , a-3Ž .p , I p , I y1 p , snq1 nq1d qD x d qD x
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where I nq1 is the integral grids number at time nq1 and defined as,

hnq1
nq1I s int , a-4Ž .ž /D x

nq1 Ž .h is the bed height and it is determined using Eq. 12 ,

hnq1shnqun
D t , a-5Ž .p , s

un is the particle velocity at the bed surface.p, s

d nq1is the length of the fractional grid near the bed surface and defined as

d nq1shnq1y I nq1
D x . a-6Ž .

Ž .Eq. 1 can be written as

d a Eup p p
sya , a-7Ž .pd t Ex

Ž . Ž .where d rd ts ErEt qu ErEx .p p
Ž . Ž . Ž .Eq. 9 can be written as follows using Eqs. 1 and 8

Ea u2 Ea u2 EUp p f f
a r q qa r q r yr a a gqFŽ .p f p f f p f p pž /d u Ex Ex Etp p

s . a-8Ž .
d t a a r qa rŽ .p f p p f

Ž . Ž .The difference scheme of Eqs. a-7 and a-8 for the node at the bed surface is,

1 un yun
p , s p , Inq1 n n na sa y a qa D t a-9Ž .Ž .p , s p , s p , s p , I n2 d

2 2 2 2n n n n n n n n1 a u ya u a u ya uŽ . Ž .Ž . Ž .p , s p , s p , I p , I f , s f , s f , I f , In na qa r qŽ .p , s p , I f n nž /2 d d
nq1 nu su q D tp , s p , s n n na a r qa rŽ .p , s f , s p p , s f

U nq1yU n
n n n na r q r yr a a gqFŽ .p , s f f p p , s f , s p , s

D tq D t . a-10Ž .n n na a r qa rŽ .p , s f , s p p , s f
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