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Abstract Classical theories have successfully provided an
explanation for convection in a liquid layer heated from below
without evaporation. However, these theories are inadequate
to account for the convective instabilities in an evaporating
liquid layer, especially in the case when it is cooled from
below. In the present paper, we study the onset of Marangoni
convection in a liquid layer being overlain by a vapor layer. A
new two-sided model is put forward instead of the one-sided
model in previous studies. Marangoni-Bénard instabilities
in evaporating liquid thin layers are investigated with a lin-
ear instability analysis. We define a new evaporation Biot
number, which is different from that in previous studies and
discuss the influences of reference evaporating velocity and
evaporation Biot number on the vapor-liquid system. At the
end, we explain why the instability occurs even when an
evaporating liquid layer is cooled from below.

Keywords Evaporation · Marangoni-Bénard instability ·
Convection

1 Introduction

The first systematic study of the convective pattern in a thin
liquid layer was made by Bénard [1]. Rayleigh [2] developed
a theory to explain the results of Bénard’s experiments. The
convection observed in Bénard’s experiments was believed to
be driven by buoyancy according to Rayleigh’s theory. Now-
adays this kind of buoyancy-driven convection is referred to
as Rayleigh-Bénard convection. In Bénard’s experiment, the
liquid layer is so thin that the buoyancy effect is too weak
to initiate the convection. Therefore, Rayleigh’s theory is
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unsuitable for the convections in Bénard’s experiment. In
1956, Block [3] introduced a new theory to explain the con-
vections observed in Bénard’s experiment. He demonstrated
that the convection cells in a thin liquid layer are driven by
variations in surface tension instead of buoyancy. Pearson [4]
proposed a new theoretical model and demonstrated analyt-
ically that Bénard convection can be driven by variations in
surface tension. This surface-tension-driven convection is re-
ferred as Marangoni-Bénard convection. Nield [5] found that
buoyancy and surface tension are tightly coupled in Bénard’s
experiment. Pearson’s and Nield’s theories have successfully
explained the onset of convection in a thin liquid layer with-
out an evaporation interface. According to these theories,
convective instability occurs only when the temperature gra-
dient in the liquid is negative, i.e. the liquid is heated from
below. In Block’s qualitative description of the convection,
the evaporating liquid layers were overlooked. Up to now,
these theories still could not explain completely the convec-
tion in an evaporating liquid layer, especially in an evaporat-
ing liquid layer cooled from below. The convection instability
induced by the coupling of evaporation and Marangoni effect
in thin-liquid layers is not well explored. But a number of the
industrial applications such as thin-film evaporators, boiling
technologies and heat pipes involve evaporation processes,
therefore, evaporative convection and instability may hold
both theoretical and technological interests.

Various possible mechanisms, such as vapor recoil effect
and nonlinear mass transfer effect, were suggested to explain
instabilities in evaporation layers. Palmer [6] investigated the
hydrodynamic stability of the rapidly evaporating liquids at
a reduced pressure. Prosperetti [7] et al. proposed a phys-
ical model with a liquid layer of infinite depth undergoing
steady evaporation. In his model, influence of viscosity is
neglected and the destabilizing mechanisms only operative
at short wavelength do not work. Bruelbach and Bankoff [8]
considered a horizontal static liquid 1ayer which is evaporat-
ing when the plates are heated or condensing when the plates
are cooled and analyzed its instabilities. In his model, vapor
recoil, thermocapillary and rupture instabilities are discussed.
Colinet and Legros [9] considered an evaporating liquid layer
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Fig. 1 Schematic diagram of the liquid-vapor layer system of definite
depth

in contact with its own vapor and examined the possibility of
the thermocapillary instabilities. In this model, dynamics of
the vapor layer is decoupled from that of the liquid layer. The
influence of evaporation only changes the boundary condi-
tions in consequence. Since the dynamical coupling between
liquid and vapor is not really considered in one-sided mod-
els mentioned above, they can not explain the instabilities in
evaporating liquid layers.

Zhang and Chao [10,11] conducted a systematic exper-
imental investigation on fluid motions in evaporating liquid
layers. The evaporation rate and the depth of the liquid have
been found to be important parameters of the instability in an
evaporating liquid layer. They proposed a new mechanism to
explain the convection instabilities in an evaporating liquid
layer. Modified forms of Marangoni number and Rayleigh
number were used to describe stability status of evaporating
layers. They pointed out that the modified form of Marangoni
number is more suitable for describing the stability status of
the liquid layer, but the convection as it is cooled from below
was not considered in their work.

2 Problem formulation

In the present paper, we discuss the physical process of the
evaporation in a vapor-liquid system. In our investigations,
the dynamics of vapor is taken into account. A new theoreti-
cal two-sided model with an evaporating interface instead of
one-sided one is proposed.

We examine the stability of a liquid-vapor system sub-
jected to a vertical temperature gradient. The physical model
is depicted in Fig. 1. A liquid layer of depth H2 is covered
by its own vapor of depth H1. The system is infinite in the
horizontal direction and is finite in the vertical direction.
The liquid layer is bounded from below by a rigid plate,
and the vapor layer is bounded from above by a porous
plate. The bottom and the top plates are considered as per-
fectly conducting boundaries. The temperature is Ttop at the
top plate and Tbottom at the bottom plate. The liquid-vapor
interface is located at z = 0. The gravitational acceleration,
g, is in the negative z-direction. We assume that the velocity
in y direction is zero and all physical variables do not vary in
y direction. In this model, the vapor can be evacuated through

the top porous plate by a pump that maintains a reduced pres-
sure in the vapor layer. In reality, deformations will occurs
as a result of hydrodynamic stresses caused by fluid motions.
Here we assume that there is no deformation at the interface
temporarily, and we will account for the deformation in fu-
ture. The deformation concerns surface tension and gravity,
and the conditions under which surface deformation is of sec-
ond-order and can be safely neglected indeed exist. Colinet
and Legros’ analyses [9] indicate that in the limit Ga → ∞
and Ca → 0, the expression of the critical Marangoni num-
ber in the deformed interface system reduces to Pearson’s
relation where the interface is flat. Ga is the Galileo number
defined as

Ga = ρgd2

σ
(1)

and Ca is the capillary number defined as

Ca = µκ

σd
, (2)

where ρ is the density of liquid; g is the acceleration of grav-
ity; d is the thickness of the liquid layer; σ is the surface
tension; µ is the dynamic viscosity coefficient and κ is the
thermal diffusion coefficient of the liquid. Their theoreti-
cal results also indicate that the influence of deformations
is effective only in the limit of long-wave, the effect of sur-
face deformation quickly becomes negligible while increas-
ing wavenumber k. For normal experimental situations, the
Galileo number is very large while the capillary number is
small, thus the effects of interface deformation are negligi-
ble. Hence, the evaporating interface may be assumed to be
flat here.

Colinet and Legros [9] have considered a layer of evap-
orating pure liquid in contact with its own vapor of a depth
of infinity, and examined the possibility of thermocapillary
instability. The temperature in the vapor must not diverge
when z → ∞, which implies that the temperature is con-
stant in the vapor. In this case, the vapor is like a passive gas
and has little influence on the instability of the vapor liquid
system. Introducing a coefficient, Biot number, to describe
the heat exchange condition at the interface, the dynamics
linking the liquid and vapor is decoupled, and the problem is
reduced to Pearson’s. In experiments, the temperature distri-
bution is not as simple as that in Colinet’s model and there is
a nonuniform temperature distribution in the vapor layer.

In our model, the basic state is assumed to be one dimen-
sional, i.e. all variables only depend on the vertical coordi-
nate z, and the only non-zero component of the velocity in
the vapor is the vertical one. We can imagine that there is
an isothermal porous plate near the interface so as to intro-
duce a temperature difference in the vapor layer instead of
an isothermal vapor layer in Colinet’s model. It is due to the
porous plate that the level velocity is zero (non-skip condi-
tion) and the vertical one is non-zero(filtration condition).
As discussed above, the two-sided model is more close to the
real physical conditions than the one-sided model.

The interfacial tension satisfies a linear relation: σ =
σ0 − σT (T − T0), where T0 is the reference temperature of
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interface and −σT the surface tension variation per unit tem-
perature.

Many investigators have studied the relations of the
evaporation flux at the interface theoretically [12,13] and
experimentally [14,15]. In our model, we assume that the
evaporating mass flux J obeys the Hertz-Knudsen equation
[16] at the interface:

J = β

√
M

2π RT
(ps(T ) − p0(T )), (3)

where β is the accommodation evaporation coefficient, M is
the molecular weight of vapor, R is the universal gas con-
stant, ps(T ) is the saturation pressure at surface temperature
T , p0(T ) is the vapor pressure just beyond the interface.
Equation (3) gives a general description of evaporation flux
at the interface for a given local temperature. In the evap-
oration process, the pressure in vapor can be controlled by
a pump, so the evaporating flux is a controllable physical
parameter in our model.

2.1 Dimensional controlling equations and boundary
conditions

For an incompressible viscid fluid, the equations governing
the Marangoni convection of the liquid-vapor system with an
evaporating interface are given as follows with Boussinesq
approximation [17,18]:

∂ui

∂x
+ ∂wi

∂z
= 0, (4)

∂ui

∂t
+ ui

∂ui

∂x
+ wi

∂ui

∂z

= − 1

ρi

∂pi

∂x
+ νi∇2ui ,

∂wi

∂t
+ ui

∂wi

∂x
+ wi

∂wi

∂z
(5)

= − 1

ρi

∂pi

∂z
+ νi∇2wi + βi g(Ti − T0i ), (6)

∂Ti

∂t
+ ui

∂Ti

∂x
+ wi

∂Ti

∂z
= κi∇2Ti , (7)

where ui ,wi denote the horizontal velocity and vertical veloc-
ity, pi is the pressure, Ti the temperature, and Ti0 the reference
temperature. The subscript i(i = 1, 2) denotes the physical
variables and properties of vapor or of liquid, respectively.

At the top plate, the horizontal velocity satisfies the non-
slip condition, and the vertical velocity satisfies the filtration
condition. The temperature there maintains a constant value.
The boundary conditions are given as:

z = H1 : u1 = 0, w1 = Wref1, T1 = Ttop. (8)

At the bottom plate, the velocity satisfies the nonslip con-
dition and the temperature maintains a constant value, that
is,

z = −H2 : u2 = 0, w2 = 0, T2 = Tbottom. (9)

At the vapor-liquid interface z = 0, and the interfacial mass
balance equation is given by:

J = ρ1(w1 − wint) = ρ2(w2 − wint), (10)

where wint is the velocity of the interface. The tangential
components of velocities of liquid and vapor at the interface
are continuous:

u1 = u2. (11)

We may assume that there is a thermodynamic equilibrium
at the phase change interface, hence the temperature is con-
tinuous at the interface.

T1 = T2. (12)

The surface tension and its gradient with respect to the inter-
facial temperature are involved in the stress balance equation
at the flat interface. By taking the dot product of the stress
balance with the tangential and normal vectors, we will get
the tangential and normal stress balance equations. The tan-
gential stress equation at the interface is expressed by:

µ2
∂u2

∂z
− µ1

∂u1

∂z
= ∂σ

∂x
. (13)

The normal stress equation at the interface is expressed by:

J (w2 − w1) +
(

p2 − 2µ2
∂w2

∂z

)

−
(

p1 − 2µ1
∂w1

∂z

)
= 0. (14)

The energy balance equation is given by

J
{

L + 1

2
(w2 − wint)

2 − 1

2
(w1 − wint)

2
}

+χ2
∂T2

∂z
− χ1

∂T1

∂z
= 0. (15)

In addition, we need a relation connecting the mass flux J
to the local temperature, which is written as the linearized
constitutive equation [8]:

J = βρ1L

T 3/2
0

( M

2π R

)1/2
(Tint − T0), (16)

where L is the evaporation latent heat, Tint the temperature of
the liquid at the interface and T0 the reference temperature.

2.2 Dimensional perturbation equations and boundary
conditions

In unperturbed (base) state, we assume that there is no flow
in the liquid layer and the velocity in the vapor layer is a
constant, thus the components of the velocities in the base
state are: Uref1 = 0, Wref1 = constant, Uref2 = 0, Wref2 = 0.
If the evaporation rate is small, the temperature profile in the
vapor layer is approximately linear.

To study the stability of the base state to small-ampli-
tude perturbations, we follow the standard procedures of
describing each flow variable as the sum of its base state
value and a perturbation quantity. Here we will introduce
two-dimensional small disturbances on the basic flow:


ui
wi
Ti
pi


 =




Urefi
Wrefi
Trefi
Prefi


 +




u′
i

w′
i

T ′
i

p′
i


 . (17)
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Substituting these expressions into the governing equations
and boundary conditions, and retaining only the terms that
are linear in the perturbation quantities, we obtain :

∂u′
i

∂x
+ ∂w′

i

∂z
= 0, (18)

∂u′
i

∂t
+ Wrefi

∂u′
i

∂z
= − 1

ρi

∂p′
i

∂x
+ νi∇2u′

i , (19)

∂w′
i

∂t
+ Wrefi

∂w′
i

∂z
= − 1

ρi

∂p′
i

∂z
+ νi∇2w′

i + βi gT ′
i , (20)

∂T ′
i

∂t
+ Wrefi

∂T ′
i

∂z
= κi∇2T ′

i . (21)

It is possible to reduce the above set of equations to a sim-
ple one, by first taking ∂/∂x for Eq.(19) plus ∂/∂z Eq.(20)
and using Eq.(18). We then get two equations for the pressure
perturbations in vapor and liquid:

∇2 p′
1 = ρ1β1

∂T ′
1

∂z
, (22)

∇2 p′
2 = ρ2β2

∂T ′
2

∂z
. (23)

These allow eliminating p′
1, p′

2 as well as u′
1, u′

2 from this
set of equations, by applying the operator ∇2 to Eq.(20). We
then obtain:
∂

∂t
∇2w′

1 + Wref1
∂

∂z
∇2w′

1 = ν1∇2∇2w′
1 + β1g∇2

k T ′
1, (24)

∂T ′
1

∂t
+ ∂Tref1

∂z
w′

1 + Wref1
∂T ′

1

∂z
= κ1∇2T ′

1, (25)

∂

∂t
∇2w′

2 = ν2∇2∇2w′
2 + β2g∇2

k T ′
2, (26)

∂T ′
2

∂t
+ ∂Tref2

∂z
w′

2 = κ2∇2T ′
2. (27)

In this new set of equations only w′
1, w

′
2 and T ′

1, T ′
2 are

coupled, and Eqs.(24)–(27) are equivalent to Eqs.(18)–(21).
They along with the corresponding boundary conditions are
complete in the mathematical sense:

At z = H1:

w′
1 = ∂w′

1

∂z
= T ′

1 = 0, (28)

At z = H2:

w′
2 = ∂w′

2

∂z
= T ′

2 = 0, (29)

At z = 0:
∂w′

1

∂z
= ∂w′

2

∂z
, (30)

T ′
2 = T ′

1, (31)

µ2

(∂2w′
2

∂z2 + ∂2w′
2

∂x2

)
− µ1

(∂2w′
1

∂z2 + ∂2w′
1

∂x2

)

= −σT
∂2T ′

2

∂x2 , (32)

−J ′L + χ1
∂T ′

1

∂z
= χ2

∂T ′
2

∂z
, (33)

ρ1ρ2

ρ2 − ρ1
(w′

1 − w′
2) = βρ1L

T 3/2
0

√
M

2π R
T ′

2, (34)

in which the evaporation flux at the interface is:

J ′ = ρ1ρ2

ρ2 − ρ1
(w′

1 − w′
2). (35)

With these equations and corresponding boundary condi-
tions, we can solve the vertical velocities and temperatures
in the liquid and vapor layers.

The dynamic boundary condition at the interface is:

2Jref(w
′
2 − w′

1) +
(

p′
2 − 2µ2

∂w′
2

∂z

)

−
(

p′
1 − 2µ1

∂w′
1

∂z

)
= 0. (36)

Boundary condition (36) is decoupled from Eqs.(24)–(27)
and boundary conditions (28)–(34). Since we only want to
investigate the instability of the system and do not want the
complete variables including the pressure p1 and p2 , the
dynamic boundary condition at the interface is not applied in
our analyses.

2.3 Scaled perturbation equations and boundary conditions

We choose the depth of the liquid layer H2 as the length
scale, ν2/H2 as the velocity scale, H2

2 /ν2 as the time scale,
the temperature difference 	T = Tbottom − Ttop as the tem-
perature scale. The dimensionless ratio of thermal diffusive,
thermal volumetric expansion coefficient, thermal conductiv-
ity, dynamic viscosity, density, kinematic viscosity are κ∗ =
κ1/κ2, β∗ = β1/β2, χ∗ = χ1/χ2, µ∗ = µ1/µ2, ρ∗ =
ρ1/ρ2, ν∗ = ν1/ν2, respectively. In the next parts of the
present paper, the scaled equations, along with the boundary
conditions are used to analyze the stability of small perturba-
tions. For the sake of simplicity, all the variables are scaled
unless it is explicitly stated that they are dimensional.

In order to carry out the instability analysis on the liquid-
vapor system, the perturbations are then expanded in terms
of normal modes, with the forms:



u′
i

w′
i

T ′
i

p′
i


 =




Ũi (z)
W̃i (z)

̃i (z)
P̃i (z)


 exp[λt + ikx], (37)

in which λ is the time growth factor, k the wavenumber, and
Ũi (z), W̃i (z), P̃i (z), 
̃i (z) are the amplitudes of horizontal
velocity, vertical velocity, pressure and temperature, respec-
tively.

Substituting these expansions into Eqs.(24)–(27) and
boundary conditions (28)-(34),we have,

ν∗(D2 − k2)2W̃1 − Wref1D(D2 − k2)W̃1

−β∗Grk2
̃1 = λ(D2 − k2)W̃1, (38)
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κ∗(D2 − k2)
̃1 − Wref1 PrD
̃1 − Pr
∂Tref1

∂z
W̃1

= λPr
̃1, (39)

(D2 − k2)2W̃2 − Grk2
̃1 = λ(D2 − k2)W̃2, (40)

(D2 − k2)
̃2 − Pr
∂Tref2

∂z
W̃2 = λPr
̃2, (41)

W̃1 = 0, DW̃1 = 0, 
̃1 = 0 at z = h1, (42)

W̃2 = 0, DW̃2 = 0, 
̃2 = 0 at z = −1. (43)
At the interface z = 0:
DW̃1 = DW̃2, W̃2 = ρ∗W̃1, 
̃2 = 
̃1, (44)

W̃1 − W̃2 = Ma · E · Biev · 
̃2, (45)

D
̃2 − χ∗D
̃1 + Biev · 
̃2 = 0, (46)

µ∗(D2 + k2)W̃1 − (D2 + k2)W̃2 = k2 Ma

Pr

̃2, (47)

where D stands for the dimensionless differential operator
with respect to the vertical coordinate d/dz, λ the dimension-
less time growth rate, and k the dimensionless wavenumber.
Dimensionless numbers include Grashof number defined as

Gr = gβ2 H3
2 	T

ν2
2

, (48)

Prandtl number defined as

Pr = ν2

κ2
, (49)

Marangoni number of the system defined as

Ma = σT 	T H2

µ2κ2
, (50)

the dimensionless number E defined as

E = κ2χ2(1 − ρ∗)
ρ∗σT L H2

, (51)

and the evaporating Biot number Biev defined as

Biev = βρ1L2 H2

√
M/2π RT 3

0 /χ2. (52)

Boundary condition (46) is obtained from the energy balance
equation at the interface. In Eq.(46), the evaporation Biot
number Biev gives the ratio between the evaporation latent
heat at the interface and the conduction heat in the liquid.
According to boundary condition (45), the evaporation Biot
number is the ratio between O(
̃2) and O(W̃1 − W̃2). Here
O(
2) is the scale of the perturbation temperature at the
interface, and O(W̃1 − W̃2) is the scale of the perturbation
velocity. When Biev → 0 and the temperature perturbation
at the interface is large, the system becomes unstable; when
Biev → ∞, and there is no temperature perturbation at the
interface, the system is absolutely stable. The critical tem-
perature difference of the system can be obtained according
to Eq.(50). Here we define a similar dimensionless number,
Marangoni number of the liquid layer

Ma2 = σT 	T2 H2

µ2κ2
, (53)

in which 	T2 = Tbottom − Tint, Ma2 will be discussed when
we consider the temperature difference (	T2) in the liquid
layer instead of that in the system (	T ).

3 Numerical method

Spectral method belongs to the general class of weighted
residual methods for which approximations are sought in
terms of a truncated series expansion, such that some quan-
tity (error or residual) which should be exactly zero is forced
to be zero only in an approximate sense. This is done through
the scalar product

(u, v)w =
β∫

α

u(x)v(x)w(x)dx, (54)

where u(x) and v(x) are two functions defined on [α, β] and
w(x) is some given weight function.

Let us consider the solution of the differential equation

Lu − f = 0, −1 < x < 1, (55)

where L is a differential operator assumed to be linear and
of P order. Along with Eq.(55), we have the following linear
boundary conditions:

Bi u = gi , i = 1, . . . , P, (56)

where Bi is an operator determined by boundary conditions.
The solution of Eq.(55) and boundary condition (56) is sought
in the form

uN (x) =
N∑

k=0

ûkϕk(x), (57)

in which ϕk(x) is the kth expansion function, and ûk is the
kth spectral coefficient.

There are at least two methods for us to solve the gen-
eral eigenvalue problem. One is the collocation method and
the other is the tau method. The so-called tau method is a
modification of the Galerkin method allowing the use of trial
functions not satisfying the homogeneous boundary condi-
tions.

The equations determining the N + 1 coefficients ûk ,
k = 0, . . . , N are obtained by considering the Galerkin equa-
tions with RN = Lu − f and i = 0, . . . , N − P , therefore,

N∑
k=0

ûk(Lϕk, ϕi )w = ( f, ϕi )w, i = 0, . . . , N − P. (58)

These equations are completed with the boundary conditions

Bi uN = gi , i = 1, · · · , P, (59)

Theoretical studies on the approximation error may be
found in Ref. [19]. Error estimates might be obtained for
functional spaces weighted with the Chebyshev weight. For
example, the error of the Galerkin approximation, defined in
the H p

w(−1, 1)-norm, is found to satisfy

||u − uN ||H p
w(−1,1) ≤ C N−1/2+2p−m ||u||Hm

w
(−1, 1), (60)

for 1 ≤ p ≤ m, if u ∈ Hm
w (−1, 1) for some m ≥ 1. The

constant C is independent of N . The space H p
w(−1, 1) is the
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weighted Sobolev space of order p, whose norm is defined
by

||u||H p
w
(−1, 1) =

( p∑
k=0

1∫

−1

|u(k)(x)|2w(x)
)1/2

. (61)

The complete solution of the linear stability problem is deter-
mined once Eqs. (38)–(41) subject to the boundary conditions
(42)-(44) are solved. In order to discretize these equations
and boundary conditions in [−1, 1] and solve the general
eigenvalue problem using spectral method(Tau-Chebyshev
method) [20,21], we introduce these transformations:

η1 = 2

h1
z − 1,

where z ∈ [0, h1], η1 ∈ [−1, 1], (62)

η2 = 2

h2
z + 1,

where z ∈ [−h2, 0], η2 ∈ [−1, 1]. (63)

Let ϕn(x) = Tn(x), where Tn(x) denotes the nth-degree
Chebyshev polynomial of the first kind, defined by

Tn(x) = cos(n arccos x), x ∈ [−1, 1]
for all non-negative integers n. It is possible to expand a
function F(x) in interval −1 ≤ x ≤ 1 as

F(x) =
∞∑

n=0

F̂nTn(x),

where F̂n = 2

πcn

1∫

−1

f (x)Tn(x)(1−x2)−1/2dx , with c0 = 2,

cn = 1(n > 0).
We seek an approximate solution of Eqs.(38)-(41) of the

form

W̃1(η) =
N∑

n=0

Ŵ1nTn(η), (64)

W̃2(η) =
N∑

n=0

Ŵ2nTn(η), (65)


̃1(η) =
N∑

n=0


̂1nTn(η), (66)


̃2(η) =
N∑

n=0


̂2nTn(η). (67)

The Chebyshev polynomial approximations used here are of
infinite order in the sense that the error decreases more rapid
than any power of 1/N as N → ∞. In our computation, a
truncation of 21 terms (N = 20) is accurate enough.

Once tau method is selected to obtain equations for the
expansion coefficients Ŵin, 
̂in(i = 1, 2), there remains the
problem of solving the general eigenvalue problem.

Table 1 Physical properties of alcohol and alcohol vapor at 298 K in
saturated state

ρ1 = 1.87 × 10−1kg/m3 ρ2 = 0.804 × 103kg/m3

µ1 = 8.65 × 10−6Pa·s µ2 = 1.07 × 10−3Pa·s
ν1 = 4.63 × 10−5m2/s ν2 = 1.33 × 10−6m2/s
κ1 = 5.73 × 10−5m2/s κ2 = 9.36 × 10−8m2/s
β1 = 3.35 × 10−3K−1 β2 = 3.02 × 10−4K−1

χ1 = 1.53 × 10−2W/(m·K) χ2 = 1.79 × 10−1W/(m·K)
L = 9.19 × 102kJ/kg
σ = 23.5 × 10−3N/m
σT = −8.32 × 10−5N/(m·K)

AX = λBX, (68)

where A and B are two matrices of dimensions 4(N + 1) ×
4(N + 1), X is a combination of the spectral coefficients of
Ŵ1(η), Ŵ2(η), 
̂1(η), 
̂2(η) of dimension 4(N + 1).

The eigenvalue λ = 0 corresponds the onset of steady
convection. The marginal stability curves in the (k, Ma)
plane where Re(λ) = 0 separate regions of unstable modes
with Re(λ) > 0 from regions of stable modes with Re(λ) <
0.

4 Discussion of results

The calculations are carried out, using the physical proper-
ties of alcohol and alcohol vapor at its saturation temperature
Ts = 298 K. The depth of the liquid layer is 1mm and the
depth ratio between the vapor layer and liquid layer is h = 1.
The ratios of physical properties (see Ref. [22]) and dimen-
sionless numbers of the vapor-liquid system are ν∗ = 34.7,
ρ∗ = 2.3 × 10−4, χ∗ = 8.5 × 10−2, κ∗ = 6.1 × 102,
Pr = 14.9 and Gr = 0 (microgravity condition), respec-
tively.

The evaporation is rather complicated, and it is helpful to
study different aspects of its influences on the system sepa-
rately whenever possible. The evaporation Biot number and
the evaporating velocity are two parameters responsible for
the instabilities of the system. The Biot number is related
to the influence of the evaporation on the interface heat ex-
change, whereas the evaporating velocity influences the tem-
perature distribution in the unperturbed liquid layer and vapor
layer. The evaporation Biot number is close to zero as β → 0.
From Eq.(3), we obtain

0 ≤ Wref1 ≤ 91.0β (69)

for alcohol. For a given β, the evaporation velocity is not an
arbitrary parameter and varies only in a limited range accord-
ing to Eq.(69). No matter how small β is, the velocity is not
necessarily very small. For example, when β = 0.001, the
evaporation velocity can reach 0.0091 m/s. In experiment, the
evaporation velocity is about 0.1mm/s or even smaller. As
discussed above, even though β is close to zero, we can still
get an evaporating velocity not close to zero. In some sense,
the evaporation accommodation coefficient is free from the
limitation of evaporating velocity and vice versa, except in
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Fig. 2 Marangoni number versus dimensionless wavenumber for differ-
ent evaporation velocities in a definite depth system(Gr = 0, Biev = 0)

the case when β is too small. Since there is little difference
between zero Biot number and a very small Biot number for
the instability of the system, we extend our computation to
zero Biot number with a non-zero evaporating velocity. The
case that Biev = 0 and Wref1 > 0 can be envisioned as a
physical limit of very weak evaporating ability, whereas a
relatively greater pressure difference drives a greater evapo-
rating flux at the interface.

We wish to examine how the evaporation influences the
instability of the liquid-vapor system of definite depth. From
our numerical results, the evaporation influences the con-
vection instability of the system through two ways: the refer-
ence evaporation velocity influences the stability of system by
changing the reference temperature distribution of the liquid
layer; the evaporation Biot number, which is related to the
degree of temperature perturbation at the interface, influences
the stability of the system through boundary conditions.

4.1 Influence of reference evaporation velocity on the
critical values (when Biev = 0)

When Biev = 0, there is no perturbation of evaporation
velocity. If the evaporating velocity is zero, the instability
analysis gives the classic Marangoni-Bénard convection in a
two-layer system without evaporation as described in Refs.
[23,24].

The curves in Fig. 2 represent the loci of neutrally stable
perturbations in a liquid-vapor system of definite depth. At
a given evaporating velocity, the base state is stable against
disturbances with a given wavenumber k, provided that the
Marangoni number is below the value given in Fig. 2. Once
the Marangoni number exceeds this threshold, the perturba-
tion with wavenumber k has a positive growth rate. In Fig. 2,
the smallest Marangoni number in each locus corresponds
the critical Marangoni number of the system.

In Fig. 2, the greater the evaporation velocity is, the smaller
the critical Marangoni number of the system is, i.e.,the liquid

Fig. 3 Comparison between the relation of Marangoni number of the
liquid layer versus dimensionless wavenumber in two-sided model and
that in one-sided model (Bi = 0 in the curve of the one-sided model,
Biev = 0 in the curve of the two-sided model)

layer becomes more stable with the decrease of the evaporat-
ing velocity. The locus with evaporation velocity Wref1 = 0
is the most stable in Fig. 2.

When the evaporating velocity is greater than a certain
value, for Example, Wref1 ≥ 0.1, the critical Marangoni
number is less than zero. In this case, the system is insta-
ble even though it is cooled from below. This phenomenon
could not be found in previous one-sided models. In a classi-
cal one-sided Marangoni-Bénard model, Marangoni-Bénard
convection is established only when the temperature gradi-
ent is negative, i.e.,the convection occurs only when the layer
is heated from below according to classical theories. In our
two-sided model, the temperature distribution of the refer-
ence state plays a major role in the stability of the system.

From Ma, we can only get the temperature difference
between the top and the bottom plates. It is necessary to intro-
duce Ma2 in order to get the temperature difference in the
liquid layer. Note that the actual value of the liquid layer Ma-
rangoni number Ma2 defined in Eq.(53) is in direct propor-
tion to the evaporation-driven temperature difference 	T2,
which can be calculated according to Eq.(15). For a given
temperature Tbottom and Ttop, with the vapor pressure p1 as the
control parameter, the evaporating velocity is proportional to
ps − p1 according to the Hertz Knudsen equation (Eq.(3)). So
when we change the pressure of the vapor layer, the temper-
ature distribution will be changed with respect to the evapo-
rating velocity.

Figure 3 shows the Marangoni number of the liquid layer
Ma2 versus wavenumber. The relation linking the tempera-
ture difference of the two layers and that of the liquid layer
in the definite depth liquid-vapor system is:

	T2 = (J L H1 + χ1	T )H2/(χ2 H1 + χ1 H2). (70)

From Eq.(70), even the liquid-vapor system is cooled from
below (	T < 0 and Ma < 0 in Fig. 2), the temperature
difference in the liquid layer can be positive( 	T2 > 0 and
Ma2 > 0 in Fig. 3), because the value of J L H1 is positive. In
Fig. 3, the corresponding critical Marangoni numbers of the
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Fig. 4 Marangoni number versus dimensionless wavenumber for differ-
ent evaporation Biot numbers in a definite depth system(Gr =
0, Wref1 = 0.2)

liquid layer, Ma2, for different evaporation velocities are all
positive. It is notable that no matter what value the evapora-
tion velocity is, the convection occurs as long as Ma2 exceeds
a certain value. Since Ma2 is independent of the evaporation
rate, the curve of Ma2 for different evaporation rates is the
same. From the discussion above, even the liquid layer is
cooled from below, the temperature difference in the liquid
layer can be negative for the cooling effect of evaporation at
the interface.

In Fig. 3, the continuous line locus is the result of classi-
cal one-sided model. In one-sided model, the dynamics of the
vapor is overlooked. In our two-sided model, the Maragoni
number of the liquid layer is greater than that in one-sided
model for all wavenumbers. This means that the vapor layer
has a stable effect on the system while only considering the
dynamics effect of the vapor layer on the liquid layer.

4.2 Influence of evaporation Biot number on the critical
values (when Biev 	= 0)

Figure 4 shows the neutral stability curves with different
evaporating Biot numbers. The evaporating Biot number rep-
resents the capability of heat exchange by evaporating at the
liquid interface. If there is no evaporation velocity perturba-
tion, the correspondent Biot number is zero. When the evap-
orating accommodation coefficient or the evaporating latent
heat of the vapor is close to zero, the instability status of the
system is close to that of a system with zero Biot number.
When Wref1 = 0.2 and Biev = 0, the Maragoni number is
negative. The critical Marangoni numbers increases with the
evaporation Biot number. When Biev exceeds a certain value,
the Marangoni number becomes positive. This means that the
vapor-liquid system becomes more and more stable with the
increase of the Biot number.

Table 2 gives the critical Marangoni number of the liq-
uid layer for different evaporating Biot numbers. The liquid
Marangoni number also increases with the evaporating Biot
number. The Marangoni number is always positive even when

Table 2 Critical Marangoni number of the liquid layer versus different
evaporation Biot numbers in a definite depth system(Gr = 0, Wref1 =
0.2, h = 1)

Biev 0 1 5 10 20
Ma2 86.6 123.7 260.1 424.7 749.4

the Marangoni number of the system is negative, for example,
when Biev = 0, Wref1 = 0.2.

In classical theories, the Biot number is introduced into
the boundary conditions of thermal equilibrium, i.e., dT/dz+
BiT = 0, in which Bi is defined as qd/χ , q is the Newton
cooling coefficient, d the depth of the liquid layer, and χ
the thermal conductivity coefficient. The problem of a liquid
cooling by evaporation may be treated in this fashion. In this
case, the one-sided model can be used, for which the dynam-
ics of the vapor phase can be decoupled from that of the
liquid phase. The effect of evaporation may be reasonably
represented by a given heat loss from the surface. The Biot
number is considered to depend on the rate of evaporation and
the latent heat, and the stronger the evaporation is, the larger
the Biot number will be. But according to classical results,
the system becomes more and more stable with the increase
of the Biot number. This result is obviously inconsistent with
the observations in experiment because the evaporating liquid
layer is more unstable than a non-evaporating one in experi-
ments and convection cells in evaporating layers are observed
even with a lower critical Maranogni number.

In our two-sided model, the evaporation Biot number de-
pends on the perturbation evaporation rate, i.e., the accom-
modation evaporation coefficient and latent heat, instead of
the reference evaporation rate. Biev = 0 or ∞ presents a
different special case, respectively. In the former case, the
liquid-vapor interface is an adiabatic boundary and the sys-
tem is the most instable; in the later case, the liquid-vapor
interface is an isothermal boundary and the system is uncon-
ditionally stable because the Marangoni convection can not
be established without the temperature difference along the
interface.

Fig. 5 Critical Marangoni number Mac versus evaporating velocity for
different evaporation Biot numbers (Gr = 0)
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Fig. 6 Critical Marangoni number Mac versus evaporating Biot number
Biev for different evaporating velocities

Figure 5 shows that the relation between the critical Ma-
rangoni number and the evaporating velocity is close to a
linear one.

Figure 6 shows that the relation between the critical Ma-
rangoni number of the system and the evaporation Biot num-
ber is close to a linear one.

4.3 Comparison between observations and experiments

In order to validate our physical model and the analyses in
the present paper, we present our numerical results in com-
parison with the experimental observations and results.

4.3.1 Comparison with Block’s description

The experimental results show that the convective flow occurs
in a thin evaporating liquid layer as long as the evaporation at
the interface is strong enough even though the layer is cooled
from below. It is taken for granted that a positive tempera-
ture gradient comes into being as long as the layer is cooled
from below. In our model, “cooling from below” does not
mean that the temperature at the bottom is lower than that at
the interface, but means that it is lower than that of the top
plate (the environment temperature). The so called “cooling”
is relative to the environment.

4.3.2 Comparison with experimental results

In An-Ti Chai and Nengli Zhang’s work [11], Marangoni-
Bénard instability and convection in evaporating liquid layers
were investigated through flow visualization and tempera-
ture profile measurement. By varying the thickness of the
layer, the stability status of the evaporating liquid layer can
be changed. The Marangoni numbers obtained from the mea-
surement in the experiment are given in Table 3 for two typical
cases.

In the experiment, the main source of uncertainties comes
from the measurements of temperature difference and evapo-
ration rate. The maximum uncertainty in these measurements

Table 3 Two sets of experimental cases and correspondent Marangoni
number

Tbottom/(◦C) Wref1/(m·s−1) H2/mm Ma2

Case 1: 25 6.75×10−4 1 351
Case 2: 25 6.75×10−4 2 1228

Table 4 Minimum and maximum possible values for Ma2

Min Max

Case 1: 430 645
Case 2: 982 1473

of temperature difference is estimated to be 22.7% for alco-
hol. The values of Ma2 estimated by the method of single
sample experiments are listed in Table 4.

In our computation, relation (52) can be used to evalu-
ate the evaporation Biot number, however, the evaporation
accommodating coefficient has not been given in the exper-
iments. For alcohol with an accommodation coefficient β =
1.0, we find Biev � 15.0 with h = 1 mm, and Biev � 30.0
with h = 2 mm. The accommodation coefficient could be

Fig. 7 Ma2 versus evaporating Biot number Biev for the experiment
Case 1

Fig. 8 Ma2 versus evaporating Biot number Biev for the experiment
Case 2
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significantly reduced by impurities at the interface, leading
to a much lower value. Here we assume that the interface is
not impure and in this case β = 1.0. As the evaporation Biot
number may vary over a wide range, plots of our computa-
tional results are extended from Biev = 1.0 to the value of
Biev for β = 0.0 in Fig. 7 and Fig. 8. The Marangoni number
is seen to increase linearly with the evaporating Biot number.
In Fig. 7, the evaporation velocity and depth in our model is
the same as that in experiment Case 1. The Marangoni num-
ber for β = 1.0 or Biev = 15 is 587, while the Marangoni
number in the experiment is between 430 and 645. In Fig. 8,
the Marangoni number for β = 1.0 or Biev = 30 is 1080,
and this result agrees with the experimental result in Table 4
as well.

5 Conclusions

A linear stability analysis for normal modes is carried out
to study the onset of Marangoni-Bénard convection in a liq-
uid layer underlying a vapor layer. Our main results can be
summarized as follows. First, the temperature difference in
the liquid increases with the reference evaporation velocity,
and the system becomes more and more unstable. Second,
the evaporation Biot number increases with the evaporation
accommodation coefficient, which represents the evapora-
tive ability, and the stability of system is enhanced with the
increase of Biot number.

In summary, classical theories have only successfully pro-
vide an explanation to convection in a liquid layer heated
from below without evaporation. However, these theories
can not account for the convection in an evaporating thin
layer, especially, with the liquid layer cooled from below. In
our two-sided definite depth model, instability occurs even
when the evaporating liquid layer is cooled from below. This
new phenomenon could not occur in the classical one-sided
model.

6 Scope for future work

In the present paper, we only consider the Marangoni-Bénard
problem in an evaporation liquid-vapor system. There are
some key issues that remain to be solved in the evapora-
tion convection problem. In our further work, influence of
the interface deformation and the vapor-recoil effect on the
instability of the system will be discussed in detail.

Nomenclature

Notations
H1 depth of vapor layer
H2 depth of vapor layer
Ttop the temperature at the top plate
Tbottom the temperature at the bottom plate

Wref1 the base evaporation velocity of
the vapor

Wref2 the base vertical velocity of
the liquid

Jref the base evaporation flux of
the vapor

ui horizontal velocity
wi vertical velocity
pi pressure
Ti temperature
	T temperature difference of system
	T2 temperature difference in the liquid layer
wint vertical velocity of the interface
u′

i perturbation of horizontal velocity
w′

i perturbation of vertical velocity
p′

i perturbation of pressure
T ′

i perturbation of temperature
w′

int perturbation of vertical velocity
of the interface

Ũi amplitude of u′
i

W̃i amplitude of w′
i

P̃i amplitude of p′
i


̃i amplitude of T ′
i

Ûik spectral coefficient of Ũi

Ŵik spectral coefficient of W̃i

P̂ik spectral coefficient of P̃i


̂ik spectral coefficient of 
̃i
g acceleration of gravity
ps(T ) saturate evaporation pressure
J evaporation flux
L evaporation latent heat
M molecular weight of the vapor
R universal gas constant
x horizontal coordinate
z vertical coordinate
Ca Capillary number
Ga Galileo number
Bi Biot number
Gr Grashof number
Pr Prandtl number
Ma Marangnoni number of the system
Biev evaporation Biot number
Ma2 Marangnoni number of liquid layer
E dimensionless parameter defined in Eq.(51)
Mathematical symbols
w(x) weight function
L differential operator
Bi differential operator of Boundary conditions
uN truncated series
RN residual
ϕk(x) expansion function
ûk spectral coefficient
(, )w scalar product
H p

w the weighted Sobolev space of order p
|| ||p

w normal defined by Eq.(61)
Tn(x) n-th degree Chebyshev polynomial
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D differential operator
∇ Laplace operator

Greek symbols
νi kinetic viscocity
µi dynamic viscocity
ρi density
χi thermal conductivity
βi thermal expansion coefficient
β evaporation accommodating coefficient
λ time growth factor
ν∗ ratio of kinetic viscocity
µ∗ ratio of dynamic viscocity
ρ∗ ratio of density
χ∗ ratio of thermal conductivity
β∗ ratio of thermal expansion coefficient

Superscripts
′

a perturbation quantity

Subscripts
1 a property of the vapor layer
2 a property of the liquid layer
int a property at the interface
ref a property of the base state
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