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NOTE
Effect of Weak Brownian Motion on Gravitational Coagulation

2. FORMULATION OF THE PROBLEM
The effect of a small amount of Brownian diffusion on gravita-

tional coagulation is numerically calculated by incorporating grav- In order to find the effect of a small amount of Brownian diffusion on
gravity-induced coagulation, we need to solve the conservation equation (5):itational and interparticle forces (both attractive and repulsive) , as

well as hydrodynamic interactions. It is found that weak Brownian
diffusion, the effect of which is nonlinearly coupled with gravity, Ìpij

Ìt
/ ÇrHpijVij 0 pijDijrÇSFij

kTD 0 DijrÇpijJ Å 0. [4]
can act to decrease the coagulation rate. q 1998 Academic Press
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Peclet number. Here pij is a pair-distribution function, defined as the probability that the

center of a sphere j (with radius aj , density rj , and number density nj)
within unit volume at position r relative to the center of sphere i (with
radius ai , density ri , and number density ni ) . Vij is the relative velocity1. INTRODUCTION
of the two sphere centers due to the imposed gravitational force, Dij is the
relative Brownian diffusivity tensor of the two spheres, k is the Boltzmann

According to the well-known DLVO theory, the total interparticle poten-
constant, and T the absolute temperature. The form of the solution for pijtial is obtained by summing the individual attractive and repulsive contribu-
depends on the dimensionless parameters Pe and Qij , namely,

tions, namely,

Fij Å VA / VR. [1] Pe Å
(ai / ai )V (0)

ij

2D (0)
ij

, [5]

An analytical expression for the electrostatic repulsion potential between
Qij Å

pgDra 4
i

3A
(1 / l)2(1 0 gl 2) , [6]

unequally sized spheres under conditions of a constant surface potential
was given by Hogg et al. (1):

where V (0)
ij and D (0)

ij are representative magnitudes of Vij and Dij , and are
the relative gravitational velocity and Brownian diffusivity of the spheresVR Å

eaiajC
2
0

(ai / aj)
ln{1 / exp[0k(s 0 2)]}, [2]

when they are far apart. g is the local acceleration of gravity, Dr is the
density difference between the spheres i and the suspending medium, and
g Å (rj 0 r) / (ri 0 r) is the reduced density ratio, where r is the densitywhere s Å 2r / (ai / aj) is the dimensionless distance between the centers
of medium. Pe describes the relative importance of gravitational force toof the two spheres, while ai and aj are radii of sphere i and sphere j ,
Brownian motion. Qij describes the relative importance of gravitational torespectively, k Å K(ai / aj) /2 the dimensionless reciprocal of the Debye–
attractive forces. The coagulation rate Fij is the net flux of sphere j acrossHückel double layer thickness, e the dielectric constant of the medium, and
the contact surface A enclosing the sphere i , viz.C0 the surface potential of the particle. Equation [2] is valid only for thin

double layers (k @ 1), low surface potential (C0 õ 25 mV), symmetrical
electrolytes, and constant surface potentials.

Fij Å nj *
A
H0Vijpij / pijDijrÇSFij

kTD / DijrÇpijJrn dA . [7]
Hamaker (2) was the first to describe the potential energy of attraction

between unequal spheres of radius ai and aj . He obtained the following
expression: When Pe @ 1, the case of weak Brownian motion/strong gravitational

coagulation is a regular perturbation problem (6, 7) . Expanding the solution
pij in inverse Peclet number, we have

VA Å 0
A

6 H 8l
(s 2 0 4)(1 / l)2

/ 8l
s 2(1 / l)2 0 4(1 0 l)2

pij Å p (0)
ij / P01

e p (1)
ij / 0(P02

e ) . [8]
/ lnS (s 2 0 4)(1 / l)2

s 2(1 / l)2 0 4(1 0 l)2DJ , [3]

p (0)
ij and p (1)

ij are the first- and second-order approximations of the pair-
distribution function pij , respectively, and they can be obtained by integrat-

where A is the composite Hamaker constant which depends on the nature ing the perturbation equation (7):
of the material of the particles and the medium. l Å aj/ai is the particle
size ratio.

The most important feature of the DLVO theory is the presence of a ds

F1

Å du

F2

Å dp (0)
ij

F3p (0)
ij

Å dp (1)
ij

F3p (1)
ij / Çr(DijrÇp (0)

ij )
. [9]

potential energy barrier and the primary and secondary minima when electro-
static repulsion is significant. Transmutations between stable and unstable sols
can occur with increasing gravity (3, 4). The purpose of the present paper is The first two sets of equations in [9] represent relative spheres trajectories

in the absence of Brownian motion, and since the functions Fi are known,to treat the effect of weak Brownian motion on gravitational coagulation.
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where L is a longitudinal scalar function of the relative gravitational velocity
of the two spheres and G is a longitudinal scalar function of the relative
Brownian diffusivity of the two spheres. They can be calculated by using
the mobility functions obtained by Jeffrey and Onishi (8) .

3. NUMERICAL RESULTS AND DISCUSSION

Numerical results for E (1)
ij are shown in Fig. 1 for the case l Å 1

2, g Å
1, k Å 1000, and Nr Å 400. It is found from Fig. 1 that Brownian diffusion
can act to decrease the gravitational capture efficiency, i.e., E (1)

ij ° 0. It
should be the consequences of nonlinear interaction between the gravity-
induced convection and Brownian diffusion. We can do some explanation
for the result with the distribution of p (0)

ij which is shown in Fig. 2 for the
case l Å 1

2, g Å 1, Qij Å 105, k Å 100, and Nr Å 400. From Fig. 2, a
maximum exists for p (0)

ij and the maximum occurs at upstream area, i.e.,
at u Å 0 and s Ç 2.006. In the wake of the test sphere i (u Ç p) p (0)

ij drops
significantly below unity, but the larger p (0)

ij can extend to the position u
É 3p /4. It is different than the result without considering electrostatic
double-layer repulsion (7).

According to stability criteria (4) , when Qij numbers are large, the parti-
cle coagulation is the primary coagulation which occurs at small separationsFIG. 1. Predicted values of E (1)

ij , the effects of a small amount Brownian
(i.e., s õ 2.006). From Fig. 2 we see that p (0)

ij decreases with increasingmotion on gravitational coagulation (l Å 1
2, g Å 1, k Å 1000, Nr Å 400).

u: there is a region of high probability density of sphere j in the upstream
area and a region of low probability density of sphere j in the downstream
area. When Brownian motion is included, the Brownian diffusion will thusp (0)

ij can be calculated along the trajectories. Solutions for p (1)
ij are of course

transfer sphere j from the upstream area along the stream lines into themore difficult to obtain because of the presence of Çr(DijrÇp (0)
ij ) . We

downstream area, from where it will be convected downstream further bystate here the general step in the algorithm.
the strong gravity-induced convection without collection by sphere i . It
thus decreases the coagulation rate. When Qij numbers are small, the particle( i) A primary trajectory was chosen by selecting initial coordinates on
coagulation is the secondary coagulation which occurs at large separationsan upstream portion of the surface A*. In close proximity to this initial

position, coordinates were chosen for three auxiliary trajectories, thus form-
ing a trajectory bundle from which the term Çr(DijrÇp (0)

ij ) could be esti-
mated. A finite-difference approximation was found for Çr(DijrÇp (0)

ij )
along the primary trajectory.

( ii ) A fourth-order Runge–Kutta method was used to solve for p (0)
ij

along each trajectory in a bundle and p (1)
ij along each primary trajectory

from Eq. [9] .
( iii ) When the primary trajectory reached the collision surface, or passed

downstream through A*, the calculation was terminated.
( iv) Steps (i–iii ) were repeated until p (0)

ij and p (1)
ij were known for a

sufficient number of positions to permit calculation of capture efficiency.

The rate of coagulation is expressed in terms of the capture efficiency
Eij defined as the ratio of Fij to the Smoluchowski impact flux F (0)

ij (Åbp(ai

/ aj)2njV (0)
ij , and b Å 1 for the case of gravitational coagulation), i.e.,

Eij Å
Fij

p(ai / aj)2njV (0)
ij

. [10]

The expansion of Eij can be obtained by substituting [8] in [10] with [7];
we then have

Eij Å E (0)
ij / P01

e E (1)
ij / 0(P02

e ) . [11]

The first of the expansion is the capture efficiency of pure gravity-induced
coagulation. It has been calculated in Ref. (4) . The second term is the
modification of weak Brownian motion on the gravity-induced coagulation.
The efficiency E (1)

ij can be obtained by using numerical integration (7) ,

FIG. 2. Contours of constant p (0)
ij in gravitational convection (l Å 1

2,E (1)
ij Å

s 2

2 *
p

0
HFL cos u / G

Qij

d

ds SFij

A DGp (1)
ij / G

Ìp (0)
ij

Ìs Jsin u du , [12]
g Å 1, Qij Å 105, k Å 100, Nr Å 400).
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