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Abstract The development of compaction bands in saturated soils. which is coupling-rate, inertial and pore-pressure-dependent, un-

der axisymmetric loading was discussed, using a simple model and a matching technique at the moving boundary of a band. It is shown
that the development of compaction bands is dominated by the coupling-rate and pore-pressure effects of material. The soil strength

makes the band shrinking, whilst pore pressure diffusion makes the band expand. Numerical simulations were carried out in this pa-

per.
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1 Introduction

Mollema and Antonellit!’ recently identified local-
ized deformation structures in high porosity sand-
stone, which they referred to as “compaction bands”.
These bands consist of thin tabular zones of pure com-
pressional deformation that were characterized by a
significant reduction in porosity (from 20-25% to a
few percent). Owing to reduced permeability, these
compaction bands could trap hydrocarbons and act as
barriers to fluid flow in otherwise more permeable
rock. Olsson'?! discussed these field observations and
experimental evidences of compaction bands associat-
ed with artificial shear cracks and stressed boreholes.
In addition, he conducted axisymmetric compression
tests on Castlegate sandstone. Several specimens ex-
hibited zones of localized compaction perpendicular to
the direction of maximum compressive stress, which
was interpreted as compaction bands. To explain the
origin of compaction bands, Olsson'?’ recognized that
the approach of Rudnicki and Rice!®!, used to predict
the occurrence of shear bands, could be applied. In
particular, he noted that for a special combination of
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material parameters, which could be appropriate for
compaction rock, the theory predicts a planar band
perpendicular to the most compressive principal
stress, as expected for a compaction band. The insta-
bility analysis gives usually the -condition for the
emergence of compaction bands. But there is no indi-
cation of the evolution of softening area.

Except for the brittle rocks, the compaction band
may occur in dense saturated soils. In this paper, we
will mainly analyze the dynamics of the compaction
band of saturated soils and the factors governing the

process by the approach of Lu et al™!.

2 Formulation of Problem

In this paper, a body of saturated soil subjected to a
axisymmetry compressive stress is considered. The
axisymmetry compressive stress is applied on the body
based on a hydrostatic pressure. The instability is as-
sumed to occur already, and our aim here is to study
the evolution of the compaction band. The x axis is
located in the vertical direction and the y axis is in
the horizontal direction(Fig. 1). The origin is located
at the center of the compact band.

Under axisymmetric compression conditions, vol-
ume equilibrium of soils and water according to the
Darcy law and dilatant relation yieldsm:

Ip _E,ap _ de
Jt KaxZ_ClEro‘eﬂr (1)
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Fig.1 The sketch of a body with potential compact band and in-
dication of displacement and stresses

in which p is pore pressure and n is porosity; K is
called drag coefficient here with the dimension [ M/
L3T),K = p,g/k, where k is the Darcy permeability
and p, is the density of water, g is the Earth gravity
acceleration; C, is a parameter and C,= C,(p); E, is
unloading module; o, is the effective stress; e is the
strain caused by axial load.

The equations of motion implies

e o _3X  2Y

pa—tz amz_ﬂ dy’

(2)

where p=(1—n)p,; n is the porosity; X,Y are the
volume forces in the « and ¥ directions respectively,
and X is a constant (is equal to the gravity accelera-
tion), Y equals zero. Therefore, Eq.(2) becomes

Fe o, _
L3tz g2

(3)

Now, the governing equations can be rewritten as

2
QR_EZ_:E: CIETaeg—;!

dt K gx?
Fe oo, @
o™ 9x2°

where C; and E, are both the functions of p.
Now give the dimensionless form of the control
equations, and they may be simplified as

E,Ekpé _ aZ&e

UCOK at—axz’
_ _ . (5)
Ip_Pp_oee
at axz 2 °

where D= D/, e = /64,6, 0./0cgs t = t/tg,y =
y/8,. Let t, =1/2C,E£, and 8% = E,t,/K. Because
the dimensions of the parameters are as follows: o4~
10® Pa, K ~ 10" kg/m3s, €, ~10"'""%/s, n ~
107!, p,~10*kg/m®, E,~10°"7 Pa, the smallness of
E,e p/04 K reduces Eq. (5) to Eq. (6). From now

on the over-bar used to indicate a dimensionless quan-
tities will be omitted.

Therefore the approximate model for compaction
bands is as follows:

32%_0

2 — Yy

o (6)
Ip _9°p _ Get

at gyt 2’

o 9P _

y=0, ay—O, (6a)
y=38(t),p; =ps, (6b)
3 3

5513_:5513 : (6c)
vl, =RV(2), (6d)
t=0,p=poly), (6e)

where R = vy/0,¢ 5 po(y) and v, are the initial dis-
turbances of pore pressure and velocity respectively;
V(t) is dimensionless boundary velocity at V =1 and
t=0; &_ and &, express the inner and outer of the
boundary of the compaction band respectively. Eqs.
(6b) and (6c) mean that the pore pressure and its
gradient at the boundary are continuous. Eq. (6d)
gives the compaction velocity at the boundary of the
compaction band. Eq. (6e) gives the pore initial pore
pressure distribution.

Here, the constitutive equation is assumed to be the
one for pore pressure dependent and strain rate de-
pendent:

ae—'-ae(e',p). (7)

Outside the band, the material is assumed to re-
main rigid( which means the deformation outside the
band may be neglected compared with that inside the
band), no matter how high the pore pressure is. The
governing equation here is the one for homogeneous
diffusion with

p(0,x)=B, (8)
where B is the assumed to be uniform initial pore
pressure.

3 Analytical Solution

In this section, an analytical solution is obtained by
making some approximations.

One of the simplifications is a linear version of the
constitutive equation:

c.=€+1-p. (9)
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The variations in the above equation are dimen-
sionless( the over-bar has been omitted after Eq. (5)).

For an example, when ¢, =0, ¢ =0, it means that p
= go. For the saturated soils, p and o, cannot both
equal zero. The linear softening approximates the be-
havior of a variety of soils between the statistic pore
pressure and the effective stress, so it is easy to ob-
tain the solutions. The minus before p in Eq. (9) de-
notes the softening effect on the soil and the positive

sign before ¢ denotes the hardening effect on the soil
in this model.

Substitution of Eq. (9)-into Eq. (6) leads to an in-
homogeneous equation in p. The solution to it then
can be expressed as
o1

5 dc |, (10)

p=exp<H<t))[p1+ ie_H(’)ae

L4
where H(t) = £ gz—edrl, 7 is a variable in integration,

and because the strain is assumed to be rigid at the
boundary of the band, we can obtain

o.(t) =1-ps(1t), (11)

in which ps(t) is the pore pressure at the boundary of
the compaction band.
The pore pressure p; satisfies the equation

Ipy _ Py _dePy

3t Ik 2 (12)

To deal with the moving boundary 6(t), we con-
sider the initial boundary conditions

_n 9P1_
CC—O, 5—0,

_ s 9P1_ _
w—SS,am—S(t)exp( H(t)), (14a)
t=01 pI:pO(x)i (14'b)

where 6, is an imaginary fixed boundary chosen to be
greater than 86(¢), and S(t) is an arbitrary function
determined by matching the condition at ¥ = §(t), .
e., Eqs. (6¢) and (6d).

The solution p to the problem, but with initial
boundary values (6¢), can be expressed as the Fourier
cosine series:

- 1 ‘ - t 1-0e -n)
_eH(t)—é: Cy, + (J; S(17)e H(ﬂ)dn_as (J)’ e Te H(t d'!]] +
o t
g—;exp(H(t)—a,ﬁt)- Cot (D" S(pexp(a,’p= H(p))dy] cosaye, (15)

where a, = nn/8,,0< £<8§,, C, are constants determined by the initial condition (6d) as

3
8

C, = £ po(&)cos(a,)de, (16)
where ¢ is a variable in integration, and Eq. (6d) requires that
)
RV(t)=vl, = [ede
22 w b - 8 | . a0(t) a,8(t) a,0(1)
=(—5\:?exp(H(t)—an2t)!Cn+(—1) ({S(7])exp(anzr]‘1‘l(17))€17]};l7r sin === —cos =&

The solution for the rigid material outside the band
can be easily obtained as

1 M T
p=[Ip"(t-p) B]Z«/n—ris

If it is assumed that B is constant and the edge ef-
fect is neglected, p " (t) here is the pore pressure at
an imaginary boundary y =0.

In all, there are four unknown functions: p~ (t),
S(t),6(t) and o.(t). They can be determined by
solving equations (12),(15),(17) and (18) simulta-
neously.

exp( ‘Z—;)dr). (18)

4 Mechanics of Compaction Band

Equation (15) shows that three factors control a
non-uniform compaction field, namely S(t), H(t)
and a,?t. The first one is related to the pore pressure
diffusing out the band, the second represents the ac-
cumulative effect of the stress(the yield stress or the
strength), and the third concerns the decaying mode
of pore pressure diffusion within the band. The sec-
ond and the third are both exponential ones, and so
are much more important than the first. Even at the
early stage of compaction band development, the pore
pressure diffusion (accounted for by S(t)) to sur-
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rounding soil appears to be negligibly small, because
Ip/dxl, =0, where 8= 3(0). Therefore H(t) and

«,’t are bound to be the governing factors in com-
paction band formation.

With the two assumptions that of S(¢) =0 and ¢,
=0(n+#1), which represent the most influential part
of pore pressure diffusion and the simplier case, Eq.
(15) becomes

sin(a;8(t))— L =a;8(t)cos(a;8(1)),
{ (19)

_nRV 24 _

L= 2C, exp(a,°t - H(t)).
Assume that 8y = &, and a constant-velocity boundary
condition can be introduced. It is clear from Eq. (19)
that thrinkage of the compaction deformation field re-

quires a decreasing valueof L, i.e

%(H(t)—alzt)>o (20)
or
o (t) 72> (x/8(0))%. (21)

Therefore the shrinkage is due to the strength o,
whereas pore pressure diffusion tends to smooth the
compaction.

For a material governed by the pore-pressure-inde-
pendent constitutive relation ¢, = o.(e), the solution

to (6) is
N
p=pyt )+ | = (22)
Ips  Fps_
W_ axz - (23)

Unlike the solution (11), this solution shows that
the strength o, will not be incorporated into a non-
uniform compaction field. This case corresponds to
simple pore-pressure diffusion, whereas o, = . (p)
would lead to a trivial solution. Therefore, one can
conclude that the pore pressure diffusion makes the
band expanding while the soil strength makes the band
shrinking.

With decreasing ¢.( t), which usually happens in
the saturated soil under vibration load, a narrowing
compaction band will change to a expanding one at a
certain time, because the right-hand side of the in-
equality (21) is constant. This means that there is a
stable phase deformation dominated by pore pressure
diffusion.

Figure. 1. based on the inequality (21), shows that
the width of compact'band decreases with the increase

of the effective stress.
0.0032 |
0.0028 |-
e 0.0024

N

DS
0.0020

T

0.0016

T

1 1 1 1 A1 1 i

2 3 4 5 6 7 8
O (MPa)

Fig.2 The changes of compaction band 8/8, with compaction
load s./o¢
By introducing Eq. (11) and the condition el y=08=
0 into Eq. (15), we may obtain

= i(p—pa(t))dx. (24)

Differentiation of (24) with respect to time { un-
der the constant-velocity boundary condition leads to

25032 -E RV 92\ - s(0) 2k (28)

For ap /2 y70 and 6(t)¥0, Eq. (28) becomes an
expression for compaction band development:

/32 (29)

When ¢ > 0, within the compaction band, 9 p/
dy| s must be negative. Moreover, dp/dt|, = p/

dx?| 5. Then Eq. (19) becomes

IS)/ (30)

It is obvious that the term o, € /2 is always posi-
tive and therefore governs compaction band contrac-
tion. However, there is usually a simple monotonic
decreasing pore pressure distribution,

ge e (t) e(t)

aZP 3_2|
2 a

8_3_(de e_
dt 2 dx?

25 #p
a—ml? |s<o (31)

from which it is seen that pore pressure diffusion in
the compaction band tends to expand the band.

5 Conclusions

The analytical solution has been obtained in this
paper to understand the mechanism of the compaction
band of saturated soil. It shows the development of
compaction bands is dominated by pore pressure diffu-
sion and compressive strength. The first often makes
compaction bands expanding while the second makes
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the bands shrinking.
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Appendix

The procedure to obtain the solution of Eq. (15)

3209_0

ax?

T (32)
dp _9°p _ It

It 3yt 2

Substituting Eq. (9) into the second of last equation,
and assuming that p = p,(x,t) + p,(t), we can ob-
tain

Ip: _z(z=1) , P2
Ip2 _py_ 7P
at di? T2 (34)
Solving Eq.(33), we can obtain
t -
p2=(c+ i——’(fz 1)e‘”(”’d7;)e”“’. (35)

Then, we can assume the solution of Eq. (32) has the
following form

{

. -1) _
Py = (p2+ 4; T(Tz )e H(ﬂ)dv)eH(E). (36)
Substituting Eq. (36) into Eq. (32), gives
a a2
BB (37)

dat dx2 2
Solving the Eq. (37) under the following conditions,
in which p, = pze :

Ip,

’
r=0 dix

9Py

—_ -H

(37.1)

r=4
L3

Pilice=po(y). (37.2)

We solve the above equation. First, we rewrite the
above equation in the following form, assuming p, =

P2t Pa:

Ip, _2'pi_ 7Py

at dux? 2

ad a

<9p, =0, 21 =0, (38)
E)x r=0 &£ xzt?x

Pilico=p0(¥)s

Ipi _pi_ Py

at dx? 27

9P| _o, 9P _ -H (39)
a‘.l'/' _73:0— ’ T -r:&_s(t)e y

Pili-p=0.

Then, it is easy to obtain the solutions by the Fourier
series method.

p1= Xc,cosa, yexp(H(t) —aft) +

4
5. | s(mexe(~H(p))dr,
in which
6

; [ po(n)cos —Hdvz

Therefore, the solution of Eq. (32) is

¢, = (40)

pi=exp(H(1))3-|co+ 3 | s(nexp( - H(p)dy-

8, (J)l Tr(r;)exp(—H(vj))dﬂﬁL

é“_\z}lexp(H( t) - ait) 4 ¢, t

(-1)" j) s(wy)exp(a,,t—H(t))dfji nn.}c
(41)

The procedure to obtain the solution of Eq. (18)
Out of the shear band, ¥ =0, therefore,

Ip_Pp_

3t op Y- (42)
B.C. pl,_o=p"(t) and x— + o, p should be a fi-
nite value.

I.C. pl,_.,=B.

It is easy to obtain the solution by the Laplace transfor -
mation

= f[p'(t-9-B
iLp 7 ]2

exp(~;)dq (43)
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