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Dynamic Behaviour of Nanoscale Electrostatic Actuators
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The dynamic behaviour for nanoscale electrostatic actuators is studied. A two parameter mass-spring model is

shown to exhibit a bifurcation from the case excluding an equilibrium point to the case including two equilibrium

points as the geometrical dimensions of the device are altered. Stability analysis shows that one is a stable Hopf
bifurcation point and the other is an unstable saddle point. In addition, we plot the diagram phases, which have

periodic orbits around the Hopf point and a homoclinic orbit passing though the unstable saddle point.

PACS: 85.85.+j, 02.30. Oz

Nanoelectromechanical systems (NEMS), young
sibling of microelectromechanical systems (MEMS),
are an emerging field of research combining fun-
damental questions in physics with applications
of nanotechnology.!!' Roughly speaking, NEMS are
about 1000 times smaller than MEMS, as a matter of
fact, the van der Waals (vdW) force and other surface
forces, which can be neglected when designing MEM
switches, play important roles in nanoscales.!?:3) NEM
switches are fundamental building blocks for the de-
sign of NEMS applications, such as nanotweezers and
some other nanoscale actuators.[*®/ Both MEM and
NEM switches are often characterized by an inherent
instability, as is known as pull-in phenomenon. The
typical electrostatic actuators are built with two par-
allel conducting planes, where one is fixed and the
other is movable. The two planes are supported by
different styles such as fixed—fixed, cantilever and so
on. In each case, a voltage difference between the two
planes causes the upper movable conductor to deflect
downward to the ground plane because of the elec-
trostatic attraction. At a certain voltage, the mov-
able conductor becomes unstable and spontaneously
collapses (or pulls in) to the ground plane. Using
one-dimensional (1D) model, Osterberg obtained the
analytical expression of the pull-in parameters about
MEM switches.[®! A lumped two-degree-of-freedom
(L2DOF) pull-in model was presented in Ref. [7] for a
direct calculation of the electrostatic actuators. The
effect of residual charges, located in dielectric coat-
ing layers, upon the pull-in parameters of electrostatic
actuators was studied.[®! The pull-in phenomenon is
widely applied in many micromachined devices that
require bi-stability for their operation, such as electri-
cal rf switches® and some other micro-opto-electro-
mechanical systems (MOEMS) devices.['?) Dequesnes
et al. studied the pull-in voltage with the vdW force

when neglecting the influence of the vdW force on
the pull-in gap.l'!! Rokinl'? considered the effect of
the vdW force on the pull-in gap, and gave the ana-
lytical expression of the pull-in gap and pull-in volt-
ages with a general model. The bifurcation analysis
for an electrostatic microactuator has been addressed
in Refs.[13,14] without the consideration of the vdW
force. It was found that zero to two equilibrium points
may exist, only one of which is stable. In this Let-
ter, the bifurcation behaviour of the nanoscale elec-
trostatic actuators considering the vdW force and its
dynamics behaviour are discussed.
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Fig.1. Schematic of actuators: (a) cantilever and (b)
fixed—fixed beam.

To simplify the analysis, the geometry model
shown in Fig.1 is usually substituted by a one-
dimensional lumped model as shown in Fig.2. The
model consists of a linear spring, a mass, and a
parallel-plane capacitor. Applying Newton’s second
law to this system, we obtain the second-order differ-
ential equation as follows

md2u/dt2 = Fres + Felec + deWa (1)

* Supported by the Distinguished Young Scholar Fund of the National Natural Science Foundation of China under Grant No
10225209, the Key Project from the Chinese Academy of Sciences under Grant No KJCX2-SW-L2, and the National Key Basic
Research Special Foundation of China under grant No G1999033103.

**To whom correspondence should be addressed.

(©2003 Chinese Physical Society and IOP Publishing Ltd



No. 11

LIN Wen-Hui et al.

2071

where m is the mass of the plane. The electrostatic
force acting between the planes with potential differ-
ence V is given by Fie. = eghLV?/2(g — u)?, where
g is the gap between the two planes, h is the width
of the rectangle, L is the length of the beam, &g
is the permittivity of vacuum within the gap, and
u is the deflection from its equilibrium position at
u = 0. The vdW force resulting from the interaction
between instantaneous dipole moments for atoms is
given by Foqw = AhL/67(g — u)3, where A = 72Cp?
is the Hamaker constant which lies in the range (0.4
4)10719]J, p is the volume density of graphite, and C
is a constant character in the interactions between the
two atoms. The restoring force of the plane is assumed

to take the standard mass-spring form F,es(u) = —ku,
where k is the spring constant for the plane, the
spring constant k = 8EI/L* for a cantilever struc-

ture, k = 384EI/L3 for a fixed—fixed structure, F
is Young’s modulus, and I = ht3/12 is the moment
of inertia. Introducing five dimensionless variables,
w=(g—u)/g, 7 =1t/T, M = m/kT?, a = AhL/7kg*,
b= eohLV?/kg®, we can transform the dynamic equa-
tion into

Md*w/dr* = —b/2w? — a/6w® + (1 — w). (2)

According to the definition of these parameters, phys-
ically relevant solutions exist in the region 0 < w < 1.
The parameter a denotes the ratio between the vdW
and the restoring forces, b is the ratio between the
electrostatic and the restoring forces, M is the ratio
between the inertia and the restoring forces, and 7 is
the dimensionless time.

Fig. 2. One-dimensional lumped model for pull-in param-
eters estimation.

Set w = y, Eq.(2) can be transformed into the
following form

dw _

dr Y
dy b a
— = — 1—w). 3
dr w2 6w3 +( w) (3)

At equilibrium points, the system is at rest. The sec-
ond equation is equivalent to

f(w,a,b) = =3bw —a +6w3(1 —w) =0. (4)

This equation has two parameters a and b. We nu-
merically solve Eq. (4) for as functions of a and b. The
solution number is shown in Fig.3. From this figure,
we know that: no solution exists in 0 < w < 1 when
the value of a is larger than the critical values of a*;
less than a*, two solutions exist in 0 < w < 1 for any
given by > 0. The critical value of a can be deter-
mined by f(w,a,bp) =0 and df/0w(w,a,by) = 0. If
we set bg = 0, we can obtain the corresponding critical
values of a* = 81/128 and w* = 0.75.

1.0 =

a=81/128

0
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Fig. 3. Variation of equilibrium points with parameter b
for different a values.

From the above discussion, we know that Eq.(3)
has two equilibrium points with parameter a less than
some critical value for any given b. The diagram is
shown in Fig. 4.
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Fig.4. Bifurcation diagram: variation of equilibrium

points with parameter a for given different b.

In order to check for stability, we need the Jacobian
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We first discuss the stability of the equilibrium points
with the given parameters b = 0 and ag < a*. Accord-
ing to Fig. 4, there are two equilibrium points (wy,0)
and (ws,0) satisfying the inequality wy > w* > ws.
Substituting the equilibrium point (w1, 0) into the
Jacobian matrix, we can know that its corresponding
eigenvalue satisfies A\? = ao/2w} — 1 < 0. It has two
pure imaginary roots, which means that the equilib-
rium point (wy,0) is a stable Hopf bifurcation point.
Applying the same method for the other equilibrium
point (ws,0), we know that it is an unstable saddle
point. Then we can plot the phase diagram as shown
in Fig.5. There exist periodic orbits around a Hopf
bifurcation point, and there is a homoclinic orbit pass-
ing through the saddle point.
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Fig. 5. Phase diagram with given a = 1/2 and b = 0.

With the same method, we discuss the stability of
the two solutions with any different given a and b, and
plot its corresponding phase diagram. These results
are plotted in Figs. 4 and 6.
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Fig. 6. Phase diagram with given a = 0.3 and b = 0.1.

The detachment length is the maximum length for
cantilever or fixed—fixed plane that will not adhere
with the substrate due to the vdW force.
teresting to note that the detachment length of the
cantilever and fixed—fixed plane can be obtained by
the critical value a* = 81/128. That is, the detach-
ment length of the cantilever that will not adhere with
the substrate due to the vdW force is

V6 ./3TEt
794 A (5)

It is in-

Lyax =
and the detachment length of the fixed—fixed is

’ 3\/§ 4 7TEt3

From Fig.7, we could see the variation of the mini-
mum gap with length of the cantilever and fixed—fixed
switches, respectively.
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Fig. 7. Variation of the detachment length with the initial gap.

As an alternative case, if the length is known, we
can calculate the minimum gap. The detachment
lengths of the cantilever and fixed—fixed beam have
been determined by critical value a* = 81/128, which
are fundamental design parameters for NEM actua-
tors.

In conclusion, we have presented a theoretical anal-
ysis of dynamics behaviour of nanoscale electrostatic
actuators. Using a simple mass-spring model we show
that there exists bifurcation from the case excluding
an equilibrium point to the case including two equilib-
rium points as the geometry of the device is altered.
From Fig. 3, no solution exists in 0 < w < 1 to satisfy
b > 0 when the value of a is larger than the critical
values a* = 81/128. From the expression of the crit-
ical value a*, we can obtain the detachment length
Liax = V693/3nEt3/A/4 for cantilever plane, and
L. = 3V2gVnEt3A/2 for fixed-fixed plane. This
means that the movable plane will collapse onto the
ground plane without any voltage difference when the
length of plane is longer than the detachment length.
The pull-in voltage is increasing with the ratio a being
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less seen from Figs.3 and 4. Compared these results
with Refs. [13,14], the vdW force will not change the
number of equilibrium points and their corresponding
stability. The attractive ability of the vdW force just
decreases the pull-in voltage.
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