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In#uence of liquid bridge volume on the onset of oscillation
in #oating-zone convection

III. Three-dimensional model
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Abstract

An unsteady and three-dimensional model of the #oating-half-zone convection on the ground is studied by the direct
numerical simulation for the medium of 10 cSt silicon oil, and the in#uence of the liquid bridge volume on the critical
applied temperature di!erence is especially discussed. The marginal curves for the onset of oscillation are separated into
two branches related, respectively, to the slender liquid bridge and the fat liquid bridge. The oscillatory features of the
#oating-half-zone convection are also discussed. ( 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The #oating-zone technique is one of the impor-
tant methods for high-quality crystal growth, and
has been applied to grow silicon and other
semiconductor crystals. The #oating-zone tech-
nique is performed successfully for grown crystal of
larger diameter and is a favorable method in the
space processing. Because of the limited opportuni-
ties of space experiments, most studies have been
completed on the ground, and the liquid bridge
of small typical scales is adopted to simulate
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the thermocapillary convection, which dominates
the process in the microgravity environment.

The thermocapillary oscillatory convections in
the #oating-half-zone were observed for the "rst
time in 1978 [1,2]. Because of the pressure gradient
in the direction of the earth's gravity, the con"g-
uration of the liquid bridge cannot be cylindrical,
but is usually a shape of calabash. Many theoretical
analyses assume a simpli"ed model, in which the
liquid bridge is a cylinder. The di!erent volumes of
the liquid bridge relate to di!erent shapes. The
critical condition for the onset of oscillation in a
cylindrical liquid bridge of the #oating-zone con-
vection may be di!erent from the one in a cala-
bash liquid bridge; and also the situation in a
slender liquid bridge may be di!erent from that in
a fat liquid bridge. The conclusions of both the
experimental and the theoretical studies show that
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the volume of the liquid bridge is another critical
geometrical parameter, which is more sensitive and
complex than the geometrical aspect ratio.

The ground-based experiments show that, the
critical Marangoni numbers or the critical applied
temperature di!erences depend on the volumes of
the liquid bridge [3}6]. The systematic studies of
the ground-based experiments discovered that the
marginal curves for the onset of oscillation have
two branches, which associate, respectively, with
the slender liquid bridge and the fat liquid bridge;
and a gap region with higher critical values is there
between the two branches. The results were pub-
lished as paper I [7]. The numerical simulation was
studied as the "rst step, by a simpli"ed two-dimen-
sional model, and the numerical conclusion agrees
qualitatively with the experimental conclusion as
shown in paper II [8]. However, a more reasonable
model of the onset oscillation in the liquid bridge of
a #oating-half-zone convection needs to be three-
dimensional. Recently, several numerical simula-
tions for three-dimensional oscillatory thermo-
capillary convection were reported [9,10], and the
unsteady and three-dimensional model for studying
the e!ect of volume ratio is studied in the present
paper as paper III.

The evolutionary process of the #oating-half-
zone convection is studied by the numerical simula-
tion method in a small liquid bridge, and the con-
vection is responded to the increase of the applied
temperature di!erence. There is no convection at
the beginning when the applied temperature di!er-
ence is zero, and the steady convection transfers to
the oscillatory convection if the applied temper-
ature di!erence is increased over its critical value.
The numerical model is discussed in the next sec-
tion, and the onset of oscillatory oscillation is ana-
lyzed in Section 3. The dependence of liquid bridge
volume on the critical applied temperature di!er-
ence is given in Section 4, and the last section is the
conclusion. The results of the three-dimensional
model are more reasonable than those of the two-
dimensional ones.

2. Model of numerical simulation

For comparison with the experiments, the 10 cSt
silicon oil is used as the liquid medium in a usual

Fig. 1. The schematic diagram of the liquid bridge.

model of #oating-half-zone with a height l of 4 mm.
Two co-axial copper rods have same diameters
d
0

of 5 mm. The temperature ¹
1

at the lower rod is
kept constant during the process, and the temper-
ature ¹

2
at the upper rod is heated at a rate of

43C/s, i.e. ¹
2
"¹

1
#(43C/s)t, where t is the time.

The shape of the free surface depends on the vol-
ume of the liquid bridge as shown in Fig. 1, which is
the static con"guration of the liquid bridge and is
considered as unchangeable during the calculating
process. A cylindrical coordinate system (r, h, z) is
adopted, and the center of the lower rod is taken as
the origin of the coordinate system.

The nondimensional quantities are de"ned as
follows:
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where ¹H is a referential temperature and ¹H is
453C in the present calculation. (u, v, w) is the velo-
city vector in the cylindrical coordinate system, the
typical velocity vH"!DRp/R¹D(¹H!¹

1
)/ol and

p, l, o are, respectively, the surface tension, kin-
ematic viscosity, density of the liquid. The following
typical parameters are important in the process:
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where i and b are, respectively, the thermal di!u-
sion coe$cient and the expansion coe$cient.
The parameters in Eq. (3) are named, respectively,
the Marangoni number, the Reynolds number, the
Grashof number and the dynamic Bond number.
The Prandtl number may be obtained by Pr"
Ma/Re. In addition, there are two typical geometri-
cal parameters, that is, the geometrical aspect ratio
A"l/d

0
and the ratio of the liquid bridge volume

< to the cylindrical volume <
0
. The dynamic bond

number B
$

describes the relative importance of
the e!ect of the gravity and the e!ect of the surface
tension, and is O(103) in order of magnitude in case
of the present paper. This means that the ther-
mocapillary e!ect is comparable with the gravi-
tational e!ect.

Introducing the stream function vector W"

(tm, th, tf) and vorticity vector as X"(Xm, Xh, Xf)
as

+]W"V, +]V"X. (4)

The basic equations are then, written as follows:

+]+W"X (5)

ReC
RX
Rq#(V )+ )X!(X )+ )VD"+ 2X#Re+]F,
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MaC
RH
Rq #(V )+ )HD"+2H, (7)

where the nondimensional body force F is the grav-
ity gl/v2H.

The boundary conditions at the solid}liquid in-
terface are

H(q, m, h, 0)"0, H(q, m, h, 1)"f(q), (8)

tm"0, th"0, Rtf/Rf"0, (f"0, 1) (9)
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The boundary conditions at the free surface
m"R(f) are as follows:

t
4
"0, th"0, + )W"0, (11)

RH/Rn"0, (12)

Xm"
1

m
R=
Rh !

R<
Rf , (13)

Xh"C
1#R@2
1!R@2

RH
Rs #

2R@
1!R@2A

R;
Rm!

R=
Rf B#

R;
Rf D,

(14)

Xf"
J1#R@2

R

RH
Rh#2

R<
Rm!R@AXm#2

R<
RfB, (15)

where the free surface is described as m"R(f), and
s denotes the surface coordinate perpendicular
to the h direction on the free surface. It should
be noted that, the applied temperature di!erence
*¹"¹H!¹

1
in the unsteady model of the

present paper is increased with a heating rate of
43C/s from 0.01 to 453C. When *¹'453C the
applied temperature di!erence will maintain at
453C.

The "nite element method and characteristic line
method are jointly used, respectively, to the di!u-
sion terms and convection terms in the numerical
simulation. The volume of the liquid bridge is
divided into 10 758 volume elements with 2064
nodes. The detailed method of the calculations is
discussed in Ref. [11].

3. The onset of oscillation

The transition of the velocity "elds in the #oat-
ing-half-zone convection is observed experi-
mentally by the PIV method for a transparent
liquid bridge, and the #ow pattern changes from
the axial symmetrical and steady cell to the axial
asymmetrical and oscillatory cell in a vertical
cross-section of a liquid bridge. Recently, the #ow
pattern in a horizontal cross-section was also ob-
served, and the results show fruitful and complex
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structures in comparison with the pattern in the
vertical cross-section [12]. All the components of
#uctuation velocity "elds have the same order of
magnitude of the total velocity, and show a strong
nonlinear behavior. This nonlinear behavior given
by the experiments is important characteristics of
the transient process in the #oating-half-zone con-
vection and cannot be analyzed by the linear insta-
bility analysis.

The most conspicuous feature of the onset of
oscillation in a three-dimensional model is the
azimuthal velocity, which is observed in the ex-
periments [12] but cannot be described in a two-
dimensional model. The evolution processes for
both azimuthal velocity and temperature in a slen-
der liquid bridge with a volume ratio </<

0
"0.58

are given in Fig. 2 at four locations each with 903 of
phase di!erence in a cross-section f"0.55 on the
free surface. It could be seen that the azimuthal
velocity transits from zero to the oscillatory pro"les
if the applied temperature di!erence increases and
is larger than a critical value. The oscillatory com-
ponent of the azimuthal velocity is larger, and the
average component of azimuthal velocity is nearly
zero. The results also show that the frequency of
oscillatory azimuthal velocity is the same as that of
the temperature.

To describe the detailed features of the de-
viation from this steady and axisymmetric
convection, the two quantities may be de"ned, re-
spectively, for azimuthal velocity and temperature
as follows:

d
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where <
.!9

and <
.*/

are, respectively, the
maximum and minimum azimuthal velocity in
a vertical cross-section f"0.55, <

.
is the max-

imum velocities in the liquid bridge, ¹
.!9

and
¹

.*/
are, respectively, the maximum and minimum

temperatures in f"0.55. Fig. 3 gives the evolution
of the oscillatory quantities for a slender liquid
bridge </<

0
"0.58, and the oscillatory quantities

d
7
" O(1) and d

T
"O(10~1). These results mean

that the oscillatory component of the azimuthal
velocity has the same order of magnitude as the
maximum velocity but the oscillatory temperature

Fig. 2. The evolution processes of azimuthal velocity (upper)
and temperature (lower) at four spots (u"0, p/2, p, 3p/4) of the
boundary in the cross-section f"0.55.

Fig. 3. The evolution processes of oscillatory quantities d
7

and d
T
.

is smaller by one order of magnitude than the
average temperature. Similar conclusions are ob-
tained for the fat liquid bridge.
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Fig. 4. The #ow patterns at the vertical cross-section (upper) and the horizontal cross-section (lower).

The velocity "elds in a liquid bridge of a com-
plete developed oscillatory convection are given in
Fig. 4. The upper parts and lower parts relate,
respectively, to the vertical cross-section h"0,
p and the horizontal cross-section f"0.55, and the
left parts and the right parts relate, respectively, to
the slender liquid bridge </<

0
"0.95 at moment

t"18.35 s and fat liquid bridge </<
0
"1.1 at mo-

ment t"21.95 s. The isothermals in the horizontal
cross-section for a slender liquid bridge </<

0
"

0.95 and a fat one </<
0
"1.1 are shown in Fig. 5,

from which it is obvious that the patterns rotate
with time. The velocity and temperature distribu-
tions are relatively more axially asymmetric in case
of a fatter liquid bridge than in case of a slender
liquid bridge, and the temperature pro"les show an
instability with azimuthal mode m"1 for both
a slender liquid bridge and a fat liquid bridge.

4. The in6uence of liquid bridge volume

The onset of both temperature and velocity oscil-
lations in the liquid bridge of the #oating zone
convection may be seen clearly in Figs. 2 and 3.
However, the onset oscillation of the azimuthal
velocity strongly shows the nonlinear feature, and
may be selected as a better critical quantity to judge
the onset process. The small deviation from the
basic steady and axisymmetric state is de"ned as
the moment of onset of oscillation in the linear
stability analysis. In the nonlinear theory of the
present paper, the deviation from the steady and
axisymmetric convection in a #oating-half-zone
may be de"ned by the criterion of d

7
/2"0.01 for

the case of a given ratio of volume as shown in
Fig. 3. Then, the critical applied temperature di!er-
ence or the critical Marangoni number depending
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Fig. 5. The isothermals at the the horizontal cross-section.

on the ratio of volume, may be obtained in every
case for di!erent ratio of volume of liquid bridge.
The calculated results are summarized in Fig. 6a.

The results of the unsteady and three-dimen-
sional numerical simulation shows that, the mar-
ginal instability curve has two branches, associated
with the slender liquid bridge and fat liquid bridge,
respectively. There is a small gap in region
0.95(</<

0
(0.97, which separates the two

branches. The #ow features and temperature distri-
butions are quite di!erent in the two branches as

discussed in the last section. The marginal instabil-
ity curve in case of Fig. 6a relates to the transition
from the steady and axisymmetric convection to
the oscillatory convection for the slender branch
but to the steady asymmetric convection for the fat
branch. The results show that, there are two bifur-
cations in case of small geometrical aspect ratio,
and for the fat liquid bridge, the steady and axisym-
metric convection transits "rstly to the steady and
axial asymmetric convection, then to the oscillatory
convection in the liquid bridge of large Prandtl
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Fig. 6. The dependence of critical applied temperature on the
ratio volume: (a) the results from the present numerical simula-
tion; (b) the experimental results.

number. The details of this feature will be discussed
elsewhere.

The dependencies of critical applied temperature
di!erences on the ratio volumes were obtained ex-
perimentally for the liquid bridges, which were
5.5 mm in diameter with an aspect ratio A"0.6
and 0.5, respectively, and "lled with 10 cSt silicon
oil. The marginal curves for the onset of oscillation
calculated by using three-dimensional model agree
with the experimental results as shown in Fig. 6b.

5. Discussions

The unsteady and three-dimensional model is
applied to study the onset of oscillation in a #oat-
ing-half-zone convection, especially the dependence
of critical Marangoni on the volume of liquid
bridge. The general conclusions of the three-dimen-

sional model agrees with those of the two-dimen-
sional model, but the three-dimensional model is
more reasonable in comparison with the two-di-
mensional model. The three-dimensional model
gives the process of the onset oscillation, where the
#uctuation velocity and the total velocity have the
same order of magnitude and the #uctuation tem-
perature is one order of magnitude smaller than the
average temperature. These conclusions agree with
the experiments, and are better than the ones ob-
tained using the two-dimensional model.

From the view point of #uid mechanics it is
easy to expect that the volume of liquid bridge is
a critical parameter for the onset of oscillation.
The instability analysis of isotemperature liquid
bridge showed the dependence of liquid bridge vol-
ume and gave the stability region for the liquid
bridge depending on its volume [13]. In the case of
the instability analysis of the thermocapillary con-
vection in a #oating-half-zone, the perturbed
kinetic energy E

,*/
equals the addition of the vis-

cous dissipation * D, the work M done by the
thermocapillary force on the free surface and the
interactive term I

3
of perturbed velocity and basic

velocity (see, for example Ref. [14]).

RE
,*/
Rt "!D#M#I

7.
(17)

The work M depends sensitively on the con"g-
uration of liquid bridge, which relates to the vol-
ume of liquid bridge.

The evolution of the azimuthal velocity is dis-
cussed in the three-dimensional model, and it de-
scribes one of the features on the strong nonlinear
behavior of the transition from steady convection
to oscillatory convection. This nonlinear feature
may discover di!erent behavior described by the
linear theory. In the present paper, a criterion
based on the azimuthal velocity is de"ned for the
deviation from the steady and axisymmetric con-
vection in the #oating-half-zone convection, and
this criterion may be reasonable, especially for the
numerical simulation.

The conclusion of the three-dimensional model
con"rm in general that, the volume of the liquid
bridge is a sensitive critical parameter for the onset
of oscillation, and the marginal curves of the onset
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oscillation is divided into two branches related,
respectively, to the slender liquid bridge and the fat
liquid bridge. These conclusions agree with those of
two-dimensional model. The gap region is very
narrow and the marginal curves are relatively
smooth in the three-dimensional model than in the
two-dimensional model. The three-dimensional
model gives the evolution of three velocity compo-
nents including the azimuthal velocity, and this
advantage is important in understanding of the
nonlinear features of the transient process in the
#oating-half-zone convection.

In the present paper, the transient process is
studied in the typical case of a liquid bridge of
10 cSt silicon oil with a "xed geometrical aspect
ratio A"0.8, and the main features of the onset
oscillation process are analyzed by using the three-
dimensional model. The studies of broader para-
meter ranges will be bene"cial in the understanding
of the process, and needs to be performed in the
future.
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