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The ferroelectric specimen is considered as an aggregation of many randomly 
oriented domains. According to this mechanism, a multi-domain mechanical model 
is developed in this paper. Each domain is represented by one element. The applied 
stress and electric field are taken to be the stress and electric field in the formula of 
the driving force of domain switching for each element in the specimen. It means 
that the macroscopic switching criterion is used for calculating the volume fraction 
of domain switching for each element. By using the hardening relation between the 
driving force of domain switching and the volume fraction of domain switching 
calibrated, the volume fraction of domain switching for each element is calculated. 
Substituting the stress and electric field and the volume fraction of domain 
switching into the constitutive equation of ferroelectric material, one can easily get 
the strain and electric displacement for each element. The macroscopic behavior of 
the ferroelectric specimen is then directly calculated by volume averaging. Mean-
while, the nonlinear finite element analysis for the ferroelectric specimen is carried 
out. In the finite element simulation, the volume fraction of domain switching for 
each element is calculated by using the same method mentioned above. The in-
teraction between different elements is taken into account in the finite element 
simulation and the local stress and electric field for each element is obtained. The 
macroscopic behavior of the specimen is then calculated by volume averaging. The 
computation results involve the electric butterfly shaped curves of axial strain 
versus the axial electric field and the hysteresis loops of electric displacement 
versus the electric field for ferroelectric specimens under the uniaxial coupled 
stress and electric field loading. The present theoretical prediction agrees 
reasonably with the experimental results. 

volume fraction of domain switching, multi-domain mechanical model, finite element method (FEM), domain 
switching 



 

1  Introduction  

Ferroelectric materials are used in many electric components such as sensors, actuators and 
transducers owing to their coupled electromechanical characteristics. As the core device of smart 
structures they are used in aerospace, precise instruments, automatic control and micro electro-
mechanical system and so on. When the applied electric field approaches or exceeds the coercive 
electric field, the classical linear piezoelectric theory is not suitable. There have been extensive 
research efforts in the field of constitutive modeling and numerical simulation of the nonlinear 
behavior of ferroelectric materials. 

Many theories were proposed to explain the nonlinear behavior of the ferroelectric ceramics. 
Different types of constitutive models for the ferroelectric ceramics can be classified into two 
groups. One group is based on the micro-electro-mechanical behavior of grains and the second on 
the macro phenomenological model.  

Domain switching is the important source of the nonlinear response of ferroelectric ceramics. 
The micro-electro-mechanical model is based on the microscopic behavior of the domains. As a 
result, the model has the ability to capture much of the underlying physical behavior. In the model, 
a number of randomly oriented domains are subjected to the electrical and/or mechanical loading. 
At each loading increment, some switching criterion is applied to each domain, and if the switching 
criterion can be reached or exceeded, the domain switching takes place. After each increment of the 
applied field and updating of the polarization, the volume average and the polarization are calcu-
lated[1－10]. Huber et al.[11] developed the ferroelectric constitutive model based on the domain wall 
motion that is similar to the crystal slip. They thought that there were several variants in a 
tetragonal crystal and the volume fraction of each variant was cI. They used a self-consistent 
analysis to estimate the macroscopic response of the tetragonal crystals under a variety of loading 
paths. Huber and Fleck[12] improved this model. Chen et al.[13] introduced the volume fraction of 
various kinds of domains as internal variables that describ the pattern of the internal rearrangement 
resulting from domain switching and studied the nonlinear behavior of polycrystalline ferroelec-
trics. Lu et al.[14,15] developed a domain-switching model with the consideration of electrome-
chanical interactions in a self-consistent manner and the use of an ODF. Micro-electro-me-                      
chanical model reflects the physical essence of the nonlinear behavior of the ferroelectric material. 
But in order to make the calculation accurate, those methods require thousands of crystallite grains. 
Hence the finite element simulations cost too much computation time and are not efficient.  

In order to make the complex ferroelectric nonlinear constitutive behavior available for struc-
tural mechanical analysis, the phenomenological models with fewer internal variables have been 
developed. Chen and his cooperators[16－19] proposed the phenomenological model to describe the 
electromechanical coupling characteristics of the ferroelectric material. They used the remnant 
polarization and the remnant strain as the internal variables and they only considered the uniaxial 
loading. Another attempt to study the nonlinear constitutive behavior of the ferroelectric materials 
was made by Bassiouny and Maugin[20,21]. They presented a thermodynamically phenomenological 
theory to describe the constitutive behavior of the ferroelectric ceramics. The theory considers both 
the plastic and the electric-hysteresis effects in the form of “plasticity”. A simple macroscopic 
constitutive model with remnant polarization and remnant strain as internal variables was devel-
oped by Kamlah and his coworkers[22－25]. The model can be used to study the fully coupled elec-
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tromechanical boundary value problem. A phenomenological theory was also presented by Cocks 
and McMeeking[26－28]. The model is established in the framework of traditional incremental plas-
ticity. Landis[29] introduced nine internal variables corresponding to the components of the remnant 
strain and the remnant polarization to match all of the types of behaviors of the ferroelectric ce-
ramics in the uniaxial loading. A simplified formulation with fewer internal variables was derived 
by McMeeking and Landis[28]. In the model, only three internal variables are employed by linking 
the remnant strain to the remnant polarization. Due to this simplicity, the switching criterion can be 
expressed by a modified electric field variable and the kinematic hardening potential can be given 
as a function of the remnant polarization. A detailed review on recent advances in the nonlinear 
model in ferroelectric materials was given by Kamlah[30] and Landis[31]. So far all the phenome-
nological theories predicted well for the uniaxial mechanical loading and the uniaxial electric 
loading. But there are some deviations between the theoretical prediction and experimental results 
under the uniaxial electromechanical coupling loading. 

As for the nonlinear finite element analysis in ferroelectric material, Gong and Suo[32], Hom and 
Shankar[33] simulated the electrostriction behavior of the multilayer actuators. Based on the 
switching criterion, the interaction among grains has been implemented in the finite element 
method for simulating the fully coupled constitutive behavior by Hwang et al.[6], Lu et al.[4], Hwang 
and Waser[34]. Liu[35] analyzed the plane problem using the fully coupled nonlinear finite element 
method. Li and Fang[36] carried out the three-dimensional finite element simulations on ferroelec-
tric materials. The calculation was difficult because of the large elastic strain mismatch during the 
domain switching. 

Cao and Evans[37] carried out a preliminary experimental study for the nonlinear behavior of the 
ceramics PZT and PLZT under both electric loadings and mechanical loadings. An experimental 
measurement on the nonlinear behavior of PLZT was presented by Hwang et al.[2] under the uni-
axial compressive stress and the electric field loading. A systematic experimental study on the 
electro-mechanical behavior of the ceramics PLZT under the uniaxial electro-mechanical coupled 
loading was reported by Lynch[38]. A similar experimental study was given by Fang and Li[39]. 
Huber and Fleck[11] studied the nonlinear constitutive response on PZT under the multi-axial 
electric loading.  

2  Constitutive law  

The physical experiments given by Miller and Weinreich[40] and Hayashi[41] showed that domain 
switching in the ferroelectric material was a complicated process. It is composed of four stages: 
nucleation, longitudinal growth, transverse expansion and merging of the new domains[42]. Hence 
the domain switching in each single domain is an evolution process of the domain wall motion. 

Following Hwang et al.[6], McMeeking, Landis[28] and Kamlah[30], we assume the ferroelectric 
material to be isotropic elastic and isotropic dielectric for simplicity. But the piezoelectric coeffi-
cient  will be changed due to domain switching. First, considering the domain switches only in 

one direction. Supposing that the material element is a single domain zone before switching, the 
spontaneous polarization, the spontaneous polarization strain and the piezoelectric coefficient are 

 

kijd

( )0 ,s
iD ( )0s

ijγ  and ( )0 ,ijkd  respectively. The corresponding quantities will be ( ) ,s I
iD  ( )s I

ijγ  and 
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( )I
ijkd  after the whole domain in the material element has switched. If the volume fraction of the 

switched domain in the material element is ,Iρ  the spontaneous polarization, the spontaneous 
strain and the piezoelectric coefficient of the material element will be 

 ( ) ( ) ( ) ( ) ( )0 01 ,s s I s s Is
i I i I i i I iD D D D Dρ ρ ρ= − + = + Δ  (1a) 

 ( ) ( ) ( ) ( ) ( )0 01 ,s s I s s Is
ij I ij I ij ij I ijγ ρ γ ρ γ γ ρ γ= − + = + Δ  (1b) 

  ( ) ( ) ( ) ( ) ( )0 01 I
ikl I I Iikl ikl ikl ikld d d dρ ρ ρ= − + = + Δ ,Id  (1c) 

where symbol Δ is the change of the related physical quantity before switching and after the whole 
domain of the material element having switched.  

In fact, the domain may switch both in the 90° and 180° directions. And the domain may switch 
in several potential orientations during 90° switching. Suppose the volume fraction of 180° 
switching is 1ρ . If there are N − 1 90° switching, the volume fraction of 90° switching can be 

expressed as Iρ (I  2, 3, …, N ). ∈

Similar to eq. (1), the spontaneous electric displacement, the spontaneous strain and the piezo-
electric coefficient of the material element can be written as follows:  

 ( ) ( )0

1
,

N
s s Is

i i I i
I

D D Dρ
=

= + Δ∑  (2a) 

 ( ) ( )0

1
,

N
s s Is

ij ij I ij
I

γ γ ρ γ
=

= + Δ∑  (2b) 

  (2c) ( ) ( )0

1
,

N
I

ikl Iikl ikl
I

d d dρ
=

= + Δ∑
where I = 1 corresponds to 180º switching, and I ∈  2, 3, …, N are corresponding to 90º switching 
in the I th orientation.   

The constitutive law of the ferroelectric material can be described as follows: 
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,

,
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Is s I
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i i I i ikl kl ik k I kl ik kikl ikl
I I

S d E S d d E

D D D d E d d

γ γ ρ γ σ σ ρ

ρ σ ε ρ σ ε

= =

= =
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− − Δ = + = + + Δ⎪ ⎜ ⎟

⎪ ⎝
⎨

⎛ ⎞⎪ − − Δ = + = + Δ +⎜ ⎟⎪ ⎝ ⎠⎩

∑ ∑

∑ ∑ E

⎠  (3) 

where  and ijklS ikε  are the elastic compliance and dielectric permittivity tensor measured at 

constant electric field and constant stress, respectively. Tensor  is the piezoelectric coefficient 

at constant stress. In general, the displacement  and the electric potential 
ikld

iu φ  are used as the 
basic unknown quantities in the finite element method. Hence the second type constitutive law is 
needed, in which the basic unknown quantities are the strain ijγ  and the electric field . We have  iE

 
( )

( ) ( )
,

,

s
ij ijmn mn mn ijmn kmn k

s s
i i mnkl ikl mn mn ik kmn mnlj ilj k

C C d E

D D C d d C d E

σ γ γ

γ γ ε

= − −

= + − + −
 (4) 

where  is the elastic modulus tensor measured at constant electric field. ijmnC
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3  Mechanical model 

As shown in the constitutive experiments, linear models of many piezoelectric materials are valid 
only within a limited range of loading. If a sufficiently large electric field is applied to the ferro-
electric materials, the domain switching takes place and changes the direction of polarization to 
that most closely aligned with the electric field. The nonlinear response occurs mainly due to this 
domain switching. The domain can switch by 90º or 180º. The 90º switching is accompanied by a 
change of the spontaneous strain and the spontaneous polarization, but 180º switching only 
changes the spontaneous polarization. 

3.1  Single domain mechanical model 

Single domain mechanical model was presented in ref. [1]. The ferroelectric ceramic is poled by an 
electric field in excess of the coercive field, thus aligning the polarization of each domain as closely 
as possible with the applied field. In ref. [1], the specimen of the poled ferroelectric ceramic was 
considered as a transversely isotropic single domain material, and the hardening relation between 
the driving force of domain switching and the volume fraction of domain switching can be cali-
brated based on the partial experiment results for the poled ferroelectric ceramic specimen. 

The switching criterion proposed by Hwang et al.[2] can be expressed as 
 ( ) ( ) ( ) .s I s I

i i ij ij crE D Wσ γΔ + Δ = I  (5) 

The initial energy barrier against 90º switching is assumed to be 3 ,
2

s
cσ γ  and the initial energy 

barrier against 180º switching is  2 .c sE P cσ  is the coercive stress, and sγ  is the spontaneous 
strain. The energy barrier will be strengthened with the increase of the volume fraction of domain 
switching. The hardening relation can be dimensionless by the initial energy barrier: 

 ( )
(1)

1 1 ,
2

cr

c s

W
f

E P
ρ =  (6) 

 ( )
(2)

2 2 .
1.5

cr
s

c s

W
f ρ

σ γ
=  (7) 

The hardening relation between the driving force of domain switching and the volume fraction 
of domain switching has been given in ref. [1]: 

(1) Purely electric loadings.  The hardening function of 90° domain switching is given by 

 
( )
( )

( )
( )

2 22.588 15.47

2 2 2.588 15.47

1 e 1 e
( ) 1 1.289 3.711 .

1 e 1 e
f

ρ ρ

ρ
− −

− −

− −
= + × + ×

− −
 (8) 

(2) Purely mechanical loadings and electromechanical coupling loadings.  The hardening rela-
tion of 90° domain switching is quite similar in these two cases. The hardening function is ex-
pressed as 

 2 2
2 2 2

2 2

7.340 1.835( ) 6.256 1
0.2790 0.9799

f .ρ ρ
ρ ρ

ρ ρ
= + −

+ −
+

σ σ <

 (9) 

(3) Plastic strain.  The irreversible strain is generated because of compacting the internal micro 
void in ferroelectric ceramics: 

  (10a) ( )330.5856 /
3333 0.01477 e 1 , / 3.57,cp

c
σ σγ −= − −
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    (10b) 33 0.125%,pγ = − 33 / 3.5cσ σ− ≥ 7.
(4) Purely electric loadings and electromechanical coupling loadings.  The hardening function 

of 180° domain switching is 
 1 1 1( ) / ,c cf E E Bσρ ρ= + ⋅  (11) 
where  
 330.0242 0.3607 / .cB σ σ= −  (12) 

(5) Unloading.  When the electric unloading occurs after the negative electric load arrives the 
maximum value, the 90º and 180º domain switchings cannot occur under purely mechanical 
loadings and purely electric loadings since the driving force decreases. So the constitutive behavior 
is linear. As for the combined electromechanical loadings, the 180º domain switching cannot occur. 
But the 90º domain switching will take place when the driving force of domain switching is greater 
than the value of hardening function. Then the volume fraction of 90º switching is calculated ac-
cording to eq. (9). 

3.2  Multi-domain mechanical model 

The present calculations are based on the multi-domain mechanical model. The poled ferroelectric 
ceramics is considered as an aggregation of many randomly domains. In the case of plane strain, 
only clockwise 90º switching, counter clockwise 90º switching and 180º switching are considered 
in this paper. The detailed description of the calculation method is given in the next section. 

4  Finite element formulation 

Typical piezoelectric finite element models by using displacements and the electric potential as 
nodal degrees of freedom are employed in this paper. The finite element software is programmed 
according to the underlying equations. 

Generalized geometric equations are  

 ( , ,
1 ,
2ij i j j iu uγ = + )

i

 (13) 

 , .iE φ= −  (14) 

The second type of the constitutive law of the ferroelectric materials is used in the finite element 
method: 
 ( ) ,s

ij ijmn mn mn kij kCσ γ γ= − − e E  (15) 

 ( ) ,s s
i i imn mn mn ik kD D e Eγγ γ ε= + − +  (16) 

where 

 ( )1 ,
1 2 1 2ijkl ik jl il jk ij kl

EC νδ δ δ δ δ δ
ν ν

⎛= + +⎜+ −⎝ ⎠
⎞
⎟  (17) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )1
33 31 152 ,I I II I I I

i j ij i ik j ikkij k kd d n n n d n d n nα α= + + + α  (18) 

 0 ,ij ijε ε δ=  (19) 

 ,  (20) kij ijmn kmne C d=

 ,  (21) ik ik kmn imnd eγε ε= −
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  (22) ( ) ( ) ,I I
ij ij i jn nα δ= −

where  is the component of the unit vector in the initial polarization direction;  is the 

component of the unit vector in the switched polarization direction;  and  are the 
longitudinal, transverse and shear piezoelectric constants of a single domain of the ferroelectric 
materials; 

( )0
in ( )I

in

33 31,  d d 15d

0ε  is the dielectric permittivity. 

Suppose that the displacement  and the electric potential iu φ  satisfy the boundary conditions, 
the field equation and the boundary conditions are equivalent to the following variational equation:  
 ( ) ( ) ( ), , d dij i j i i ij i j j i iV S S

u D V n t u S D n S
σ ω

σ δ δφ σ δ ω δφ+ − − − +∫ ∫ ∫ d 0.=  (23) 

It must be emphasized that eq. (23) is only suitable for the fixed volume fraction Iρ  of domain 

switching. It means that the volume fraction Iρ  of domain switching is not subjected to the 
variation in eq. (23). The first term of the left part in eq. (23) can be written as 
  (24) ( ) ( ), , , ,d d dij i j i i ij j i i i ij i j i iV V S

u D V u D V n u S D n Sσ δ δφ σ δ δφ σ δ δφ+ = − − + +∫ ∫ ∫ ∫ d .
S

Furthermore, we have 

( )
( )

( ) ( ){ }
( )

, ,  d

d

 d

1 1 d d
2 2

ij j i i iV

ij ij i iV

s s s
ijmn mn mn kij k ij imn mn mn ik k i iV

s s s
ijkl kl ij kij k ij ik i k i ijk jk i ijkl kl ijV V

u D V

D E V

C e E e E D E V

C e E E E V D e E C

γ

γ

σ δ δφ

σ δγ δ

γ γ δγ γ γ ε δ

δ γ γ γ ε γ δ γ δγ

− −

= − +

⎡ ⎤ ⎡ ⎤= − − − + − + +⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞ ⎡ ⎤= − + + + − +⎜ ⎟⎢ ⎥ ⎣ ⎦⎝ ⎠⎣ ⎦

∫
∫

∫

∫ ∫ .V

 

(25)

 

Substituting eq. (25) into eq. (24), then into eq. (23), we can get 

 
( )1 1 d d

2 2

d d 0.

s s s
ijkl kl ij kij k ij ij i j ijkl kl ij ijk jk i iV V

j jS S

C e E E E V C e D E

t u S S
σ ω

γδ γ γ γ ε γ δγ γ δ

δ ωδφ

⎡ ⎤⎛ ⎞ V⎡ ⎤− − − − −⎜ ⎟⎢ ⎥ ⎣ ⎦⎝ ⎠⎣ ⎦

− + =

∫ ∫

∫ ∫
 

(26)
 

Hence the total potential energy function of the ferroelectric body can be expressed as  

 
( )1 1 d d

2 2

d d .

r s s
ijkl kl ij kij k ij ij i j ijkl kl ij ijk jk i iV V

j jS S

C e E E E V C e D E

t u S S
σ ω

γ γ γ ε γ γ γ

ωφ

⎛ ⎞ ⎡ ⎤Π = − − − − −⎜ ⎟ ⎣ ⎦⎝ ⎠

− +

∫ ∫

∫ ∫

s V
 

(27)
 

The variation principle is  
 0.δ Π =  (28) 

Linear triangle elements are used in the 2D problem. In the plane strain problem of x z−  plane, 
the generalized displacement is  

 [ T     .x zu u ]φ=u  (29) 

The generalized strain is  

  (30) [ ] [T
11 33 13 1 32 2x z xz x zE E E Eγ γ γ γ γ γ= − − = − −Γ ]T .

The generalized stress is  
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  (31) [ ] [T
11 33 13 1 3 .x z xz x zD D D Dσ σ σ σ σ σ= =Σ ] T

φ

The generalized nodal displacement array is  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) T1 1 1 2 2 2 3 3 3 .x z x z x zu u u u u uφ φ⎡ ⎤= ⎣ ⎦ea  (32) 

The generalized displacement in the elements can be interpolated as  
 ,  (33) = eu Na

  (34) 

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

i i i j j j m m m

i i i j j j m m m

i i i j j j m m m

a b x c z a b x c z a b x c z

a b x c z a b x c z a b x c z

a b x c z a b x c z a b x c z

⎡ ⎤+ + + + + +
⎢ ⎥

= + + + + + +⎢ ⎥
⎢ ⎥+ + + + + +⎢ ⎥⎣ ⎦

N 0 ,

where ,ia ,ib ,ic ,ja ,jb ,jc ,ma ,mb mc  is constant. The strain can be expressed as follows:  

 ,  (35) = = =eΓ Lu LNa Bae
where 

0 0

0 0

0 ,

0 0

0 0

x

z

z x

x

z

∂⎡ ⎤
⎢ ⎥∂⎢ ⎥

∂⎢ ⎥
⎢ ⎥∂
⎢ ⎥∂ ∂⎢ ⎥=
⎢ ⎥∂ ∂
⎢ ⎥∂⎢ ⎥

∂⎢ ⎥
⎢ ⎥∂
⎢ ⎥

∂⎣ ⎦
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0 0 0 0 0 0

0 0 0 0 0 0

0 0 .
0 0 0 0 0 0

0 0 0 0 0 0

i j m
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i i j j m m

i j

i j

b b b

c c c

c b c b c b

b b

c c

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

B 0

m

m

b

c

 

The relationship between the generalized stress and the generalized strain is  
 ( ) ,= − +s sΣ C Γ Γ D  (36) 

where  

  (37a) 

1111 1133 111 311

3311 3333 133 333

1313 131 331

111 133 113 11 13

311 333 313 31 33

0
0

0 0 ,

C C e e
C C e e

C e e

e e e

e e e

γ γ

γ γ

ε ε

ε ε

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢=
⎢

− −⎢ ⎥
⎢ ⎥− −⎣ ⎦

C ⎥
⎥

, T
11 33 132 0 0s s sγ γ γ⎡ ⎤= ⎣ ⎦

sΓ  (37b) 
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T

1 30 0 0 .s sD D⎡ ⎤= ⎣ ⎦
sD  (37c) 

The total potential energy  in eq. (27) can be expressed by the generalized nodal displace-
ment . Suppose the thickness of the body is unit. Hence we have 

Π

ea

 

( )( ) ( )

1 d d
2

       d d d d ,
S S

x y

x y S
σ ω

Ω

Ω
ω

⎛ ⎞Π = ⎜ ⎟
⎝ ⎠

⎛ ⎞
− − − +⎜ ⎟

⎝ ⎠

∑ ∫

∑ ∑ ∑∫ ∫

e

e

T T
e e

__
T T s s T T T T
e e

a B CBa

a B CΓ D a N T a N S∫e
 

(38)
 

 [ T
1 3 0 ,t t=

__
T ]  (39) 

 [ T0 0 ]ω=ω .  (40) 

The element nodal displacement  can be expressed by the total nodal displacement a, so that ea

 ,  (41) =ea Ga
where G is a transformation matrix related to the local and global displacement. Then we have 

 

1 d d
2

       ( )d d d d .
S S

x y

x y S
σ ω

Ω

Ω

Π =

− − − +

∑ ∫
∑ ∑ ∑∫ ∫

e

e

T T T

T T T s s T T T T T T

a G B CBGa

a G B CΓ D a G N T a G N ω S∫
 

(42)
 

Eq. (42) can be written as 

 1 ,
2

Π = −T Ta Ka a P  (43) 

where the global stiffness matrix is  
 .= ∑ T eK G K G  (44) 

eK  is the element stiffness matrix, 

 d d .x y
Ω

= ∫
e

T
eK B CB  (45) 

P is the global external force, 
 .Ω= + −∑ ∑ ∑T e T e T e

T ωP G P G P G P  (46) 

Ω
eP  represents the nodal load due to the spontaneous strain and spontaneous polarization, 

 ( )d d .x yΩ Ω
= −∫

e

e T s sP B CΓ D  (47) 

e
TP  is the nodal force due to boundary traction, 

 d .
S

S
σ

= ∫T
e TP N T  (48) 

e
ωP  is the nodal load due to free electric charge density at the surface, 

 d .
S

ω S
ϖ

= ∫e T
ωP N  (49) 

According to the variational principle, when the functional Π  gets stationary, the first variation of 
the functional  should be zero,Π  0.δ Π =  That is to say 
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 0.∂Π
=

∂a
 (50) 

Hence we get the finite element equation:  
 .=Ka P  (51) 

We should emphasize that the variation principle (51) is only suitable for the prescribed volume 
fraction Iρ  of domain switching. It means that we only take into account the variations of the 
displacement and the electric potential in eq. (51). 

5  The calculated model  

5.1  Boundary conditions 
In Lynch’s[38] experimental work, a sample of 10 mm cube was used to obtain the experimental data. 
Hence strictly speaking, 3D finite element simulation should be adopted. But the 3D finite element 
simulation costs too much computation time and the efficiency of the 3D finite element simulation 
is quite low due to the complex distribution of the polarization direction. For simplicity, a 2D finite 
element model is proposed in this paper. Suppose that the polarizations of all the domains in the 
specimen are parallel to the x z−  plane. The polarizations of all the domains will not change 
along the y direction. A unit thickness of the specimen is chosen for the 2D finite element calcu-
lation and uniformly distributed compressive stress is applied to the specimen on /2.z a= ±  The 
initial polarization is nearly assigned to the positive direction of the z  axis. The displacements of 

xu  and  on point zu ( )/ 2, / 2a a− −  are fixed at zero. The displacement  on the point zu

( )/ 2, / 2a a−  is fixed at zero too, as shown in Figure 1. 

5.2  The calculated model and method  

The simulation was carried out with a large number of domains. A strong electric field polarized the 
ceramics by aligning the polarization of the domain as closely as possible with the applied field. 
Each domain is represented by one element in the finite element simulation. Each element has a 
spontaneous polarization. The macroscopic response of the specimen is computed from the volume 
average response of each domain: 

 ( )
t

1

1 ,
N

ij lij l
l

V
V

γ γ
=

⎛ ⎞
= ⎜⎜

⎝ ⎠
∑ ⎟⎟  (52) 

 ( )
t

1

1 ,
N

i i l
l

lD D V
V =

⎛ ⎞
= ⎜⎜

⎝ ⎠
∑ ⎟⎟  (53) 

where  is the total number of the triangle elements, V is the volume of the ferroelectric body, 

 is the volume of  the l th element, and  
tN

lV ( )l ,ijγ ( )liD  is the strain and electric displacement of the 

l th element, respectively. Since the samples of the polycrystalline ferroelectric ceramic are first 
poled by applying an electric field excess of the coercive field, this changes the original direction of 
the polarization vector of the domains to that most closely aligned with the positive direction of the 
z axis. Hence in this paper the polarization vector of the domains is assigned nearly to the z direc-
tion. Let ϕ be the angle between the initial polarization vector of the domain and the z axis. So the 
random distribution of the polarization vector orientation is achieved by randomly generating 
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values for ϕ ( )36 36ϕ− ° °≤ ≤ . Triangle elements with uniform strain and electric field are used. 

Each element denotes a single domain zone, i.e., the material within the element is homogeneous. 
The sketch of the grids is shown in Figure 2. 
 

                         
 

       Figure 1  The sketch of the calculated model.          Figure 2  The sketch of finite element grids. 
 

Polycrystalline ferroelectric ceramic (8/65/35 PLZT) was used in the experiment studied by 
Lynch[38]. The material parameters measured by Lynch[38] are Y = 68 × 109 Pa, υ = 0.3, 33ε = 56.25 × 

10−9 C/(V·m), rP = 0.25 C/m2, rγ = 0.143%, = 0.36 MV/m. Hwang et al.cE [2] suggested that the 

remnant polarization rP  of the polycrystalline ferroelectric ceramic (8/65/35 PLZT) and the 

spontaneous polarization sP  of the single ferroelectric crystal had the following empirical rela-
tionship: 
 0.83 .r sP P=  (54) 

But in present calculation, the initial polarization of domains is distributed randomly. If the in-
teraction of an element to its adjoining elements in the ferroelectric body is neglected, one can get 
the following relations: 
 0.899 ,r s sP Pα= = P

s

 (55) 

 0.726 ,r sγ βγ γ= =  (56) 
where 0.899α =  and 0.726β =  are given in Appendix A. The sketch of the distribution of the 
initial polarization in the whole sample is also listed in Appendix A. When the interaction between 
the elements is considered, in other words, the residual strain and residual electric field are taken 
into account, α and β may change a little. We can get the residual strain and the residual electric 
field of each element through finite element calculation without any applied external electric field 
and mechanical loads.  

Then we can get the remnant strain and the remnant electric displacement of the specimen. After 
several adjustment calculations, one can get the suitable parameters sP  and sγ  which guarantee 

the remnant polarization rP = 0.25 C/m2 and rγ = 0.143 %. Then we have 

 20.302 C/m , 0.828 ,s r sP P= = P  (57) 

 0.203%, 0.704 .s r sγ γ= = γ  (58) 
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The parameters 0.828α =  and 0.704β =  which are close to the values given by Hwang et al.[6]. 
Hence in this paper for the ferroelectric single domain (PLZT 8/65/35), the material parameters are 
chosen to be Y = 60 × 109 Pa, υ = 0.3, 33ε = 62×10−9 C/(V·m), sP = 0.302 C/m2, sγ = 0.203%, 

= 0.36 MV/m,  m/V, cE 9
33 0.9*10d −= 10

31 4.5 10d −= − ×  m/V,  m/V. 9
15 1.545 10d −= ×

The nonlinear constitutive behavior of the ferroelectric specimen is calculated by two methods. 
First, no interaction between the adjacent domains in the specimen is taken into account. The stress 
and electric field for each element in the specimen are assumed to be equal to the applied stress and 
electric field. Then the driving force of domain switching and the hardening function are calculated. 
The volume fraction of domain switching is calculated by using formulas (8)－(12). The strain and 
electric displacement of each element is gained by substituting the electric field and stress and the 
volume fraction of domain switching into constitutive eqs. (1) and (3). The macroscopic strain and 
electric displacement of specimen is obtained by volume averaging. In the second method, the 
driving force of domain switching is also calculated by using the applied electric field and stress. 
The volume fraction of domain switching is calculated by using formulas (8)－(12). Based on this 
volume fraction of domain switching, one can carry out the finite element calculation for the 
ferroelectric specimen using the variational principle and get the strain ijγ  and electric field for 

all elements. The contribution of each element to the macroscopic behavior of the specimen is then 
calculated by volume averaging.  

iE

6  The calculated results 

The nonlinear constitutive behavior of the ferroelectric body subjected to the axial electrome-
chanical loading is studied in this section. The comparison of simulated and measured results is 
shown in Figures 3－12. The solid lines in Figures 3－12 correspond to the experimental results of 
Lynch[38] and the present calculation results given by the first method are plotted as the open circles. 
The FEM results are shown by the open triangles. 

6.1  Uniaxial mechanical field loading 

We divide the load −85 MPa into 100 steps. The external mechanical loading is increasing step by 
step. Figures 3 and 4 show that the behaviors of the stress versus electric displacement and the  
 

Figure 3  Simulated and measured stress vs. electric 
displacement at zero applied electric field. 

Figure 4  Simulated and measured stress vs. strain at zero 
applied electric field. 
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stress versus strain are linear when the applied compressive stress is less than the critical value cσ . 
In our simulation, there is no domain switching before the applied compressive stress less than the 
critical value cσ . The initial slope of the stress-electric displacement curve is the piezoelectric 

coefficient . The initial slope of the stress-strain curve is the Young’s modulus. The 90º 

switching takes place when the uniaxial compressive stress exceeds the critical value 
33d

cσ .  

Now we discuss the unloading process from . In our simulation no domain 
switching occurs during the unloading. Hence the behavior of the stress-electric displacement and 
the stress-strain becomes linear again. The slope of the stress-electric displacement curve is close 
to infinity (d33 is nearly zero) and the slope of the stress-strain curve is Young’s modulus again 
during the unloading. Figure 3 shows that the calculated electric displacement versus the applied 
compressive stress curve for the specimen is consistent with the experimental results for the case 

33 85 MPaσ = −

33σ < 30 MPa. When 33σ  is less than −30 MPa, the calculated results begin to deviate from the 

experimental curve. At −85 MPa the calculated electric displacement 3D  is less than the ex-

perimental result. Figure 4 shows the axial stress-strain curve. When 33σ  is less than 30 MPa, the 

calculated results in two methods are in good agreement with the experimental results. With the 
increase of the compressive stress, the calculated axial strain 33γ  of FEM results deviates from the 
experimental curve gradually. The reason is described as follows. The angle ϕ  between the di-
rection of polarization and the z axis is 0 in the single domain mechanical model. But the orienta-
tion of domains is achieved by randomly generating the values for ϕ  between  and  in 
the multi-domain model. Hence in the same loading, the driving force in the single domain me-
chanical model is greater than those in the multi-domain mechanical model. In the same way, the 
volume fraction of domain switching in the single domain mechanical model is greater than those 
in the multi-domain mechanical model. 

π/5− π/5

6.2  Uniaxial electric field loading 

Figures 5 and 6 show the ferroelectric hysteresis and the butterfly shaped curve under the uniaxial 
electric loading, respectively. First we discuss the negative electric field loading (E3 opposite to the 
direction of the remnant polarization of the specimen). From Figure 5 we can see that the calculated 
axial strain 33γ  agrees well with the experimental results from point A to points B and C. As 

shown in Figure 6, the calculated electric displacement 3D  is in good agreement with the ex-

perimental results before . Now a positive electric field is applied to the specimen from point D. 

With the increase of electric field , the domain switching occurs in some elements. The situa-
tion of domain switching is similar to that of the negative electric loading from point A to points B 
and C. The computed strain 

cE

3E

33γ  and electric displacement 3D  for the specimen agree well with 

the experimental data from point E to point F. The computed strain 33γ  and electric displacement 

3D  for the specimen match well with the experimental data from point F and point A. 

6.3  Combined electromechanical loading  

As for the electromechanical coupling loading, a prescribed compressive stress is applied to the 
specimen first. Then a circle of electric field is applied to the specimen, while the external com- 
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Figure 5  Comparison of simulated and measured strain vs. 
electric field curves at σ33 = 0. 

Figure 6  Comparison of simulated and measured electric 
displacement vs. electric field curves at σ33 = 0. 

 
pressive stress is held fixed. Figures 7－12 show the results of the experimental and the calculated 
electric displacement and the strain versus the applied electric field with different compressive 
stress loadings. The solid lines in Figures 7－12 correspond to the experimental results obtained by 
Lynch[38] and the present calculation results are plotted as the open circles. The FEM results are 
shown by the open triangles. 
 

Figure 8  Comparison of simulated and measured electric 
displacement vs. electric field curves at σ33 = −15 MPa. 

Figure 7  Comparison of simulated and measured strain vs. 
electric field curves at σ33= −15 MPa. 

 
First we discuss the case of σ33 = −15 MPa. This prescribed compressive stress is applied to the 

specimen and held fixed. An electric field parallel to the applied stress is then introduced and cy-
cled between the positive and the negative limits. The general feature of the hysteresis loop and the 
butterfly loop for a constant stress of −15 MPa is captured quite well in the predicted curves.  

For the cases of σ33 = −30 MPa and −60 MPa, the comparison of the simulated and the measured 
longitudinal strain versus the electric field is satisfying. But the remnant polarization is predicted 
relatively poor in the calculated curves. This inaccuracy is probably associated with the deficiency 
of the model in handling 180° switching. A simple linear fit of the hardening relation of 180° 
switching cannot reflect the actual evolution process of the domain well. 
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Figure 10  Comparison of the simulated and the measured 
electric displacement versus the electric field curves at σ33 = 
−30 MPa. 

Figure 9  Comparison of the simulated and the measured 
strain versus the electric field curves at σ33= −30 MPa. 

 

Figure 12  Comparison of the simulated and the measured 
electric displacement versus the electric field curves at σ33 
= −60 MPa. 

Figure 11  Comparison of the simulated and the measured 
strain versus the electric field curves at σ33= −60 MPa. 

 

7  Conclusions 

The multi-domain mechanical model is developed in this work. By using the hardening relation 
between the driving force of domain switching and the volume fraction of domain switching cali-
brated by ref. [1], the nonlinear response of the ferroelectric specimen is calculated in two methods. 
First, based on the multi-domain mechanical model, each domain is represented by one element. 
No interaction of a domain with its adjacent domain in the specimen is taken into account, thus 
each element is free of any constraint. The driving force of domain switching and the hardening 
function are calculated. The volume fraction of domain switching is calculated by using formulas 
(8)－(12). The strain and electric displacement of each element are gained by substituting electric 
field and stress and the volume fraction of domain switching into the constitutive equation. The 
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The volume average strain and electric displacement are calculated. In the second method, the 
driving force of domain switching is also calculated by using the applied electric field and/or stress. 
The volume fraction of domain switching is also calculated by using formulas (8)－(12). Based on 
this value of volume fraction of domain switching, one can carry out the finite element calculation 
using the variational principle and get the strain γ ij and electric field Ei. After each increment of the 
applied field and updating the polarization, the macroscopic response of the ceramic is computed 
from the volume average response of each element. A simplified 2D finite element model is pre-
sented in this paper and compared to the experimental results by Lynch[38]. A systematic finite 
element analysis is performed on the nonlinear behavior of the ferroelectric ceramics subjected to 
the electromechanical coupling loading. The results involve the electric butterfly shaped curves of 
the axial strain versus the axial electric field, the hysteresis loops of the electric displacement 
versus the electric field and the evolution process of domain switching in the ferroelectric specimen 
under the uniaxial coupled stress and electric field. The present theoretic prediction reasonably 
agrees with the experimental results given by Lynch[38]. 
 

Appendix A 

The coefficients ,  α β  are given by 

 
1

cos ,
N

i
i

Nα ϕ
=

= ∑  (A1) 

 2 2

1

1cos sin ,
2

N

i i
i

Nβ ϕ ϕ
=

⎛= −⎜
⎝ ⎠

∑ ⎞
⎟  (A2) 

where iϕ  is the angle between the initial polarization vector of th domain and the z axis, and N is 
the total number of the triangle elements. Random orientation of the elements is achieved by 
randomly generating values for ϕ i between −π/5 and π/5. Figure 13 is a schematic diagram for the 
orientation of ϕ i, the horizontal coordinate is the number k, and the longitudinal coordinate is the 
number Nk of the elements whose orientation angle satisfies (k −

i

 3)°≤ϕ i <k° (k = −33, −30, −27, ..., 
33, 36). 

 

 
 

Figure 13  Schematic diagram for the orientation of ϕ i. 
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