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Abstract

In this paper, the thermocapillary motion problem of drops is investigated using the axisymmetric model. The front-tracking method
is employed to capture the drop interface. We find that the migration velocity of the drop is greatly influenced by the temperature field in
the drop when Ma is fairly large (>100), which leads to an increase–decrease migration velocity at the beginning of our simulations.
� 2007 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

When placed in a surrounding fluid medium where a
temperature gradient exists, bubbles or droplets will move
from the cold side to migrate to the warm side because dif-
ferences in interfacial tension can produce a shear stress on
both sides of the interface. Such motion is termed thermo-
capillary migration. This phenomenon is important in the
processing of materials in the reduced gravity environment
and other applications.

The pioneer work of the migration of bubbles and drop-
lets was carried out by Young et al. (1959) (YGB theory).
They gave an analytical expression for the terminal velocity
of the drop migration when the Reynolds (Re) and
Marangoni (Ma) numbers are sufficiently small compared
with unity. Using the matched asymptotic method, Subra-
manian and Balasubramaniam extended the YGB theory
to include the weak non-linear terms and found the analyt-
ical solution of thermocapillary migration of bubbles and
droplets (Subramanian, 1981; Subramanian, 1983; Bala-
subramaniam and Subramanian, 1996; Balasubramaniam
and Subramanian, 2000).
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The first two-dimensional simulation on this problem was
performed by Szymczyk et al. (1987), who calculated the
bubble migration with non-zero Re and large Ma. Balasubr-
amaniam and Lavery (1989) simulated bubble migration
with different values of Re and Ma, and found the scaled
bubble velocities only had a modest variation for different
Re, but the Marangoni numbers had larger influence on
the migration velocity. This work was extended by Ma
et al. (1999), and they also approved that in the bubble
migration the scaled speed was independent of Ma when
Ma was fairly large. There are also some full three-dimen-
sional thermocapillary simulations of deformable viscous
drops: Haj-Hariri et al. (1997) simulated an isolated drop
motion by using the level-set method to catch the drop inter-
face, and found that the inertial effect on the mobility of vis-
cous drops was weaker than that of gas bubbles; Nas (1995,
2003) adopted the front-tracking method to calculate the
thermocapillary interaction of two drops. Similar simula-
tions but with the finite element methods were performed
by Wang et al. (2004) to calculate the 3D drop migration.

Before this work, only a few numerical researches have
studied the unsteady problem of drop migration for large
Ma (>100), and the migrating phenomenon is still unclear.
Traditionally, people would like to focus on the final mov-
ing speed of the drop. However, we find that, for large Ma,
it takes longer time for the drop to reach the steady velocity
and the flow field or temperature pattern before the drop
rved.
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reaches the steady state is also more complicated and inter-
esting. In the present research, the drop migration with
large Ma is investigated, and the temperature field,
especially the temperature field in the drop, is intensively
studied. To precisely capture the drop interface, the
front-tracking technique (Unverdi and Tryggvason, 1992;
Tryggvason et al., 2001) is employed on the interface. Sec-
tions 2 and 3 describe the governing equations and our
numerical schemes, respectively. Section 4 presents our
numerical results and some discussions.

2. Governing equations

In this paper, the spherical drop is surrounded by the
continuous phase in a cylindrical container as shown in
Fig. 1, and the drop is assumed to keep its spherical shapes
through the whole process. Our simulation use the axisym-
metric model and the computational domain is
{r,zj0 6 r 6 r0,z0 6 z 6 z1}. The conservation form of
incompressible Navier–Stokes equations in the zero-gravity
environment can be written as:
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here the velocity vector is (u,0,w), q and p represent the
density and the pressure, respectively, and l the dynamic
viscosity.
Fig. 1. The schematic diagram of the axisymmetric model for drop
Marangoni migration.
The energy equation is
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where T is temperature and j the thermal diffusivity. The
initial conditions of the whole domain are given as

ujt¼0 ¼ wjt¼0 ¼ 0; ð5Þ
T jt¼0 ¼ T 0þ j rT j z; ð6Þ

where T0 is the temperature in the center of the drop at
t = 0 and $T the temperature gradient imposed on the
external fluid, which is a constant here. The boundary con-
ditions are (see Fig. 1):

ujz¼z0
¼ wjz¼z0

¼ 0; ujz¼z1
¼ wjz¼z1

¼ 0; ð7Þ
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or
jr¼0 ¼ 0; ð10Þ

The reference velocity U in the fluids is defined as

U ¼j rT jj rT j R=l1; ð11Þ

where R is the radius of the drop, and jrTj the rate of
change of interfacial tension with temperature. Through-
out this paper, symbols with subscript 1 denotes the phys-
ical coefficients of the continuous fluid and those with
subscript 2 are the values of the drop. The non-dimensional
values Re, Ma, the ratio of dynamic viscosity and thermal
diffusivity are defined as

Re ¼ RU
m1

; Ma ¼ RU
j1

; a ¼ l2=l1; b ¼ j2=j1; ð12Þ

Other non-dimensional quantities are:

�u ¼ u=U ; �r ¼ r=R; �t ¼ t=
R
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�T ¼ T =ðj rT j RÞ; �q ¼ q=q1; �l ¼ l=l1;

�j ¼ j=j1;

Thus we get the non-dimensional equations
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with initial conditions and boundary conditions given as

�uj�t¼0 ¼ �wj�t¼0 ¼ 0; �T j�t¼0 ¼ T 0=ðj rT j RÞ þ z=R; ð19Þ
�uj�z¼z0=R ¼ �wj�z¼z0=R ¼ 0; �uj�z¼z1=R ¼ �wj�z¼z1=R ¼ 0; ð20Þ

�uj�r¼r0=R ¼ �wj�r¼r0=R ¼ 0; �uj�r¼0 ¼ 0;
o�w
o�r
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In the calculation, q, m, and j represent functions of phys-
ical coefficients which are defined later in Eqs. (31,32).

3. Numerical methods

In our computation, we use a fixed, regular, staggered
MAC grid and discretize the equations by using a sec-
ond-order centered differences methods for the spacial vari-
ables and the explicit forward Euler scheme in the time
integration. The update of the momentum equation is split
into two parts. We calculate a prediction velocity �̂u; �̂w by
employing Eqs. (2,3) and the pressure term is ignored in
the first step:
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where D�t is the time step. Then, the pressure is determined
by solving the equation below to meet the constraint of
incompressible condition:
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The second part is the correction step, where pressure gra-
dient is added
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The energy equation Eq. (4) is discretized as
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The equations are solved on the fixed grids, but all of the
physical coefficients are discontinuous across the interface.
It is necessary to convert a quantity which exists on the sur-
face to a fixed grid value. To solve these problems, the
front-tracking method [see Unverdi and Tryggvason
(1992); Tryggvason et al. (2001) for more details] is em-
ployed here. To explicitly mark the position of the inter-
face, an additional computational element—the interface
grid is introduced. Meanwhile, an indicator function (de-
fined as a sine function here) is constructed from the known
position of the interface to calculate interfacial material
properties. For example, the density q and kinematic vis-
cosity m are constant within each fluid, and the functions
evaluating these variables near the interface are

qðsÞ ¼ q1 � q2

2
sin

ps
�

� �
þ q1 þ q2

2
; ð31Þ

mðsÞ ¼ m1 � m2

2
sin

ps
�

� �
þ m1 þ m2

2
: ð32Þ

Here, � is a finite thickness of the transitional zone between
the external fluid phase and the drop phase, and s (2 [��/2,
�/2]) the radial displacement from the calculation grid
nodes. With these functions the two phases problem can
be united to one set of equations and solved on the fixed
grids. In our calculation, the surface tension on each calcu-
lating element is defined as

dFr ¼
Z

element

rt� ndl; ð33Þ

where t is the tangent vector of the edge of the element, and
n the normal vector. r is the coefficient of surface tension

r ¼ r0 þ rT ðT 0 � T Þ; ð34Þ
where r0 is the surface tension at a reference temperature
T0, and rT is a constance depending on the kinds of fluids
we used in the simulation.

In our simulation, the surface tension on the interface
grid is converted to a body-force-like term using an inter-
polation function (for details see Peskin (1977)) and trans-
ferred to the fixed grid. Similarly, the variables on the fixed
grid such as velocity, pressure and temperature can also be
transferred onto the interface grid.

To validate our code, we adopt very small Re and Ma in
our simulation, and the final computed scaled migration
velocities are compared with the analytical results of
YGB (Fig. 2). The non-dimensional numbers are chosen
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as Re = Ma = 3 · 10�3, a = 0.5, and b = 0.5. A converged
trend is found when we increase the resolution, and our
result is only 3% smaller than that of the YGB theory when
the grid number is 256 · 512.
4. Results and discussion

In our simulation, we use Fluorinert liquid FC-75 and
5cst silicon oil as drop liquid and continuous liquid, respec-
tively. The time step is 0.0005, a = 0.3, b = 0.3, and the res-
olution is 128 · 384. The computed domain in the
calculations is 6 · 18 drop radii, and the drop is kept fairly
away from the computation boundary through the whole
simulation.

At the very beginning of the simulation, the drop center
is located at (r,z) = (0,0). The drop, driven by the capillary
force, then starts to move towards the warm side along the
symmetric z-axis. The computed velocity field in the labo-
ratory reference frame, when the migration velocity
becomes steady, is shown in Fig. 3a, and the velocity field
Fig. 3. The computed velocity field, Ma = 524.7, Re = 10. (a) In the labora
of reference frame moving with the drop (Fig. 3b), shows
that there are two vortices forming in the drop, which
agrees well with the YGB theory.

From the definition of Ma, we can see that larger Ma
means the stronger heat convection effect. The temperature
re-distribution around the drop interface can change the
interface tension of the drop, so it is necessary to analyze
the evolution of temperature field. As shown in (Fig. 3),
the shear stress on the drop interface will lead the stream-
line in the drop to form a vortex, which will destroy the ini-
tial temperature filed in the drop (Fig. 4a), and the
isotherm near the interface will bend along the flow direc-
tion. At the same time the temperature fluid in the drop will
also be affected by the two rotating vortices in the drop
(Fig. 4b–e). As a result, at t � 8, the cold part of fluid orig-
inally at the bottom of the drop will rise to the top, and the
hot fluid on the top will go to the bottom. This temperature
switch process will continue until the temperature field
becomes stable. At t � 80 the temperature field is stable
as a vortex form, and the coldest part in the drop is the cen-
ter of the vortex. Notice that the temperature inside the
drop will affect the interface tension which drives the drop,
leading to the sudden decreased velocity at the very begin-
ning of our simulation.

Fig. 5 is the temperature difference between the top and
bottom points on the surface of the drop change along the
whole process. The main reason for decrease at the begin-
ning of the curve is the initial movement of the cold tem-
perature fluid at the bottom of the drop, which reduces
the temperature at top of the drop. As time goes on, the
heat conduction effect around the drop can slowly raise
the fluid temperature in the drop. As a result, the
temperature difference will be almost stable eventually.
When the temperature difference decreases, difference of
interface tension will fall too. So the driven force of the
drop will be reducing all the time until it is nearly invari-
able finally.

Time evolutions of velocity are shown in Fig. 6a. Due to
the strong heat convection process described above, it
tory reference frame; (b) In the reference frame moving with the drop.



Fig. 4. The evolution of temperature field in the drop migration. Ma = 524.7, Re = 10.
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appears that after a short period of increase at the very
beginning of the simulation, the migration velocity starts
to drop until it reaches a steady state. This phenomenon
was reported in previous work but without any detailed
analysis. We can find the similar trend of the drop migra-
tion velocity curve in Nas’s work (Nas and Tryggvason,
2003), where Ma was below 100, however they did not give
the explanation of this. In our paper, the Ma is much
larger, and the decreasing of the drop migration velocity
is more apparent.

It should be noticed that large Ma means the effect of
heat convection is much larger than that of heat diffusion.
For small Ma, the heat convection process inside the drop
will still transport the cold fluids up to the top of the drop,
but it happens so slowly that the cold liquid has already
been warmed up before it reaches the top. Thus, when
the Ma is small, the heat convection effect can hardly
change the temperature difference on the drop interface.
With the same Re but different Ma, Fig. 6b shows that,
when Ma is small enough, the increase–decrease process
at the beginning of the simulation disappears. As a result,
the time to reach the equilibrium state in the case of
Ma = 1 is only 40% of that of large Ma. More details about
this small-Ma simulation will not be shown here to keep
this paper concise.



Fig. 6. The migration velocity of the drop is plotted versus time. (a) Ma = 524.7, Re = 10; (b) Ma = 1, Re = 10. Both the velocity and the time are non-
dimensional, and the non-dimensional velocity is scaled by U defined in Eq. (11).
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5. Conclusions

In this paper, we have numerically investigated the ther-
mocapillary migration of spherical drops in continuous
phase fluid under imposed temperature gradient. Front-
tracking method is used here to solve this unsteady prob-
lem. We find that the migration velocity can not reach a
steady value directly when the Ma is large(>100). We also
give the reason for this overshoot phenomenon through
analyzing the evolution of temperature field during whole
migration process. In the future, we will consider the defor-
mation effect of the drop and give more detailed discus-
sions for different sets of Re and Ma.
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