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DNS of compressible turbulent boundary
layer around a sharp cone

LI XinLiang', FU DeXun & MA YanWen

State Key Laboratory of Nonlinear Mechanics, Institute of Mechanics, Chinese Academy of Sciences,
Beijing 100080, China

Direct numerical simulation of the turbulent boundary layer over a sharp cone with
20° cone angle (or 10° half-cone angle) is performed by using the mixed seventh-
order up-wind biased finite difference scheme and sixth-order central difference
scheme. The free stream Mach number is 0.7 and free stream unit Reynolds number
is 250000/inch. The characteristics of transition and turbulence of the sharp cone
boundary layer are compared with those of the flat plate boundary layer. Statistics
of fully developed turbulent flow agree well with the experimental and theoretical
data for the turbulent flat-plate boundary layer flow. The near wall streak-like
structure is shown and the average space between streaks (normalized by the local
wall unit) keeps approximately invariable at different streamwise locations. The
turbulent energy equation in the cylindrical coordinate is given and turbulent en-
ergy budget is studied. The computed results show that the effect of circumferen-
tial curvature on turbulence characteristics is not obvious.

direct numerical simulation, boundary layer transition, sharp-cone, turbulent kinetic energy budget

1 Introduction

The boundary layer flows over flying vehicles determine the layouts of aerodynamic force and
aerodynamic heating. And correct prediction of laminar-turbulent transition in boundary layers is
very important for the aerodynamic design and control of flying vehicles. As a typical leading
shape of high-speed flying vehicles, the transition flow over a sharp or blunt cone is very inter-
esting in aeronautics and astronautics. Because of practical needs, there are lots of flight and wind
tunnel experiments for boundary-layer transition (see ref. [1] for an overview), and the measure-
ments of transition locations are dominant contents of these experiments. However, the agreements
between different experiments are not so good, especially, there are distinct differences between
flight experiments and wind tunnel experiments. Sharp cones are considered as typical shapes of
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flying vehicles, and NACA/NASA performed lots of experiments about the turbulent flow and
transitions of boundary around sharp cones>—*.

The most used transition prediction method is €" method, but this method has a limit that the
initial amplitude of disturbance is not considered, as addressed in ref. [5]. However, the transition
process depends strongly on the initial disturbance. The characteristics of initial disturbance, in-
cluding the amplitudes, frequencies, wave numbers and others, can be better understood through
the study of receptivity®. Ma et al.”! and Zhong et al' studied the receptivity of supersonic
boundary layers to free stream disturbance. According to Ma and Zhong’s study, there is a family
of stable wave modes in the supersonic boundary layer, in addition to the well-known unstable
Mack modes. And these stable wave modes play important roles in the receptivity process through
resonant interactions with both fast sound wave and unstable Mack modes. Besides free-stream
disturbance, surface roughness is also disturbance source for transition. Since the disturbance
amplitude of high-altitude atmosphere is very small, wall roughness may play an important role in
the boundary layer transition of high-altitude flying or re-entry. Zhong'? studied the effects of
surface roughness on the receptivity of hypersonic blunt-cone boundary layer by numerical
simulation, and found that the rough element generates streamwise vortices inside the boundary
layer. However, the research work of the surface roughness receptivity is very little now and
needs to be paid more attention to.

Due to developments of computational techniques and powerful computers, direct numerical
simulation (DNS) becomes a more and more important tool in studying turbulent flow and transi-
tions. Because of complexity, DNS of compressible turbulent boundary layer flows did not start
until recent years. Guarini et al.®! performed DNS of a flat-plate boundary layer with free stream
Mach number 2.5; Maeder et al®! performed the same DNS with free stream Mach number 3, 4.5
and 6, and also the compressibility effects were studied. Both Guarini and Maeder used the tem-
poral evolving mode. With this kind of modes it is difficult to study the development of the spatial
boundary layer transition. Rai et al."” performed DNS for the spatially evolving flat-plate
boundary at free stream Mach number 2.25 by using the 5th order upwind biased finite difference
scheme for convection terms, and the 4th order center order scheme for viscous terms. Pirozzoli et
al.™ performed the same DNS case later by using the 7th order WENO scheme for convection
terms and the 4th order Pade scheme for viscous terms, and the effects of numerical scheme’s
resolution on the mean velocity were studied. Compared to the temporally evolving one, the spa-
tially evolving DNS need not “slow growth” or “extended temporal” assumptions and thus mini-
mizes any uncertainty or artificial assumption™!. Gao et al."# also performed the DNS of com-
pressible boundary layer at Ma =2.25, and found that the spanwise asymmetry of the disturbance
is very important to induce the bypass transition. Luo et al."3 performed numerical study on the
transition of channel flow, and found that the change of mean velocity profile plays an important
U] herformed direct numerical simulations of spatially evolving
boundary layers over a blunt wedge and a flat plate with the free stream Mach number Ma_, =6,

role in the transition. Li et al.

and the mean pressure gradient and compressibility effects on the vortex structure were studied.
Until now, there is still no report on DNS of the compressible turbulent boundary layer over
sharp cones in which the aerodynamicists are much more interested. In this paper, DNS of com-
pressible turbulent boundary layer around a 20° cone angle (or 10° half-cone angle) sharp cone is
performed. The wall blowing and suction perturbations are used to induce the laminar to turbulent
transition, and in order to speed up the transition process, the chosen amplitude of perturbations is
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much stronger than that for flat-plate boundary layers™. The characteristics of transition and
turbulence of the sharp cone boundary layer are compared with those of the flat plate boundary
layer. The computed results show that although the transition location moves upstream and the
transition region reduces, the basic characteristics and statistics of fully developed turbulence agree
well with the flat-plate boundary layer. The near wall streak-like structure is shown and the space
between streaks (normalized by wall unit) keeps approximately invariable at the different
streamwise location. The turbulent energy equation in the cylindrical coordinate is given and tur-
bulent energy budget is studied. Deduction of the turbulent energy equation in the cylindrical co-
ordinate can be seen in the appendix.

2 Numerical simulation

Consider the flow field around a 20° cone angle (or 10° half-cone angle) sharp cone with zero
angle of attack (see Figure 1).

Blowing and suction disturbance
Figure 1 Sketch of the sharp cone and three-dimensional computational domain.

In the first step, a two-dimensional (axial-symmetrical) steady state flow is computed to provide
initial and boundary conditions for three-dimensional computation. To avoid numerical singularity,
a small round leading edge is used instead of the sharp leading edge, and the radius of leading edge
is chosen consulting the real leading edge radius in the experiments®, i.e. the cone is not abso-
lutely “sharp” but blunt.

For actual hypersonic vehicles, the bluntness of the leading edge has significant effects on the
transition location™®. The reason may be related to the entropy layer and the leading-edge recep-
tivity. For a supersonic or hypersonic boundary layer, the leading edge bluntness affects signifi-
cantly the boundary-layer outer flow through the entropy layer generated by the bow-shock. And
the leading edge bluntness also affects the initial disturbance through the leading-edge receptivity.
The authors will study the leading-edge-effects in the future. In this research, since the free stream
flow is subsonic, there is no bow-shock over the boundary layer and no entropy layer generated
by the bow-shock. Additionally, wall blowing and suction disturbance is imposed, which is much
stronger than the disturbance from the leading edge. So, leading-edge-effects are not significant in
this research, and thus are not considered.

Computational parameters and grid parameters are shown in Table 1. The free stream Mach

number is Ma,, =0.7, the free stream Reynolds number (using an inch as length unit) is Re =
250000, the momentum thickness Reynolds number is Re, =877 (using the momentum thickness
at z=2.5), and the isothermal wall’s temperature is T, =1.098.

The sketch of the computational domain and meshes in axial-section is shown in Figures 1 and 2.
The computational domain for three-dimensional simulation is 1.22<X 2 <4.14, 1y =0.225, 0<<
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Table 1 Computational parameters and mesh parameters
Ma Re T, Re, Ngx N, xN_ AE XA, x AL

0 0 w

0.7 250000 1.098 877 1050x100%200 19%x1.2%6.8

60 <0.25, where 77 denotes the vertical distance to the wall (see Figure 2). To save computational
resource, the computation is carried out in the circumferential direction that only occupies 0.25
radium. (=14.3°). The circumferential (spanwise) two-point correlations show that the spanwise
space of the computational domain is large enough. The number of computational mesh is
1050x100%200 (z, 6, r-direction, respectively). The progressively coarsened grid atz > 3.1 is used
as a buffer region to inhibit the reflection of numerical disturbance at the outlet™. Streamwise

mesh spacing is approximately uniform in the main computation region, and A& ~19; the wall

normal first mesh spacing is An,, =1.2; and the spanwise (circumferential) mesh spacing atz=2.5

. .
is AJ"=06.8.
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Figure 2 Sketch of computational meshes in the axial-section (1/4 mesh of each direction is visualized).

The compressible Navier-Stokes equations at cylindrical coordinates (r,8,z ) are used and p,
Uy, Uy, U,, T are used as the fundamental variables. Jacobian transform r =r(&,n), z=12(&,7n),
0 =6 1is used to transform the original equations to the rotational coordinates (£,7,0). The rea-

son of using Jacobian transformed cylindrical coordinate equations is that all the variables

(p,U,,Uy,u,,T ) are periodical in @-direction. If Jacobian transformed Cartesian equations are
used, the #-direction boundary conditions of U, uy will be rather complicated.

At the inflow boundary and upper boundary, time-independent conditions obtained from two-
dimensional (axial-symmetry) simulation are imposed. In this paper, the computational domain at
the wall normal direction is fairly large (6—7 times the boundary layer thickness), and the nu-
merical disturbances reflected from the upper boundary is very weak (see Figure 12). At the out-
flow boundary, non-reflecting boundary condition is used, and no-slip condition is used at the wall
boundary with assumption op/dn=0.

High order accurate finite difference method is used in our computation. The convection terms
are approximated by using the 7th order upwind biased difference scheme after flux splitting, the
viscous terms are approximated by using the 6th order central difference scheme, and the 3rd order
TVD type Runge-Kutta method is used for time stepping.

The blow and suction disturbance%! is imposed at the wall of the interval 1.5 =2,<z<z,=
[10.11]

1.8, and the form of the disturbance is shown as follows
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VbS = Auoo f (Z)g(e)h(t):
f(x)=4sina(l-cosa)/(27)"?,

Im'dx
9(0) =D Z,sin2ml (0/ O,y + ),
1=0

'max

h(t)= Y T, sin2am(Bt +¢,)),

m=0
where
a=2m(2-2,)/(2, - 2,).

Imax

Z Z| =1, Zl =1.2SZ|+1,
1=0

mmax
> Tp=1  T,=125T,

m=0

+1°

where |, =10, m . =5, [Z,,z,] is an interval in the streamwise direction in which the dis-

turbance is given; 6., =0.25 is the span of circumferential computational domain; ¢, ¢, are

max
random numbers between 0 and 1; A = 0.2 is amputate of perturbation, and f#=2.0 is base fre-
quency.

With the support of Super Computing Center of Chinese Academy of Sciences (SCCAS), we
have enclosed all codes to a new software named “Hoam-OpenCFD” (OpenCFD). OpenCFD is a
high accuracy CFD software developed by us, and the core of the software is a high accuracy finite
difference solver for the compressible Navier-Stokes equations. This software supports many co-
ordinates, such as Cartesian coordinate, cylindrical coordinate, spherical coordinate, curvilinear
coordinate and rotational coordinate. Many popular finite difference schemes are included in this
software, such as central difference schemes, upwind difference schemes, compact difference
schemes, WENO schemes, and so on. Some schemes developed by us (such as upwind compact
schemes" ! and GVC schemes™™) are also included in this software. The software is coded by
using MPI-Fortran90 and has fairly high parallel performance for supercomputers and PC Clusters.

3 Statistics and instantaneous structure

Computation is performed on the super computer Lenovo Deep-comp 6800 (the CPUs are Itanium
2 at 1.3 GHz) of SCCAS, and 20 nodes (we choose 2 CPUs/node) are used for the computation.
Mean performance is 8.3 s/time-step. The turbulence becomes stationary when t = 8.0, then we
saved the flow data at t=8.7—12.1 (total 35 data files), and the statistics is based on these data files.
Some turbulence statistics are presented and compared with the experimental and theoretical re-
sults for the flat-plate boundary layer flow.

Figure 3 shows the skin friction on the wall in the streamwise direction, and the figure shows
that skin friction increases very fast after the disturbance region. The skin friction is defined as

1 ou . i L
Ci=1, / 5 U2, where Ty = ,uwa . According to ref. [1], the transition location in flight

w

experiments is about Re, ~ 10°—107, and the transition location in our study is Re, ~0.5x10°
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(based on the distance to the cone tip). Because the perturbations in this study are much stronger
than that in flight experiments, the transition is more fast and early.

Figure 4 shows the mean streamwise velocities at z =1.43, 1.85, 2.06, 2.28 and 2.50. From this
figure we can see the profiles become chubbier as z increases. Figure 5 shows the mean stream

velocity U and mean Van Driest velocity U, profile normalized by the wall-shear velocity at z =
2.5. Because the Mach number is not high, especially, the wall temperature is close to that of the
free stream flow, the difference between U and U, is very small. The log law for the flat-plate
boundary layer expressed as U” =1/xIny" +5.5 (where x =0.41) is also shown in this figure.

From this figure we can see that the computational result agrees with the log law very well.

0.8}
0.003F 0.6 z=143
z=1.85
04 2%
$0.002} =0 22550
024
0.001F . . . ;
15 20 23 30 0 0.04
Figure 3 Skin friction distribution along z-direction. Figure 4 Mean streamwise velocities at different z-location.
20r
15¢
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ean stream velocity
4 °  Van Driest transformed velocity
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Figure 5 Profile of mean streamwise velocity at z=2.5.

Figure 6 shows the circumferential (spanwise) two-point correlations at the different vertical
position for z = 2.25. Form this figure we can see that the correlations decay toward zero near the
tails to the distribution, which shows that the spanwise span of the computational domain is
enough.

Figure 7 shows the normalized turbulence intensities U, /U, v, /U, W, /U atz=25asa
function of the vertical distance to the wall. We can see that in the near-wall region u/,. > W, >
V/

rms >

which means that the turbulence is strongly anisotropic near the wall. The symbols in this

figure denote the experimental data for the incompressible flat-plate boundary layer?%, and we can
see that the computational data agrees well with these experimental data.

Figure 8 shows the normalized Reynolds shear stress —uv'/ uf at z = 2.5, where the symbols

denote the experimental data for the incompressible flat-plate boundary layer®”. We can see that
the computational data matches the experiment data very well.
The symbols in Figures 5, 7 and 8 denote the experimental or theoretical data for the flat-plate
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Figure 6 Two-point correlations in the circumferential direction.
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Figure 7 The normalized turbulent intensities at z=2.5. Figure 8 Normalized Reynolds shear stress at z=2.5.

Lines denote computational data and symbols denote
experimental data.

boundary layer. The agreements between these data and the turbulent statistics for sharp-cone
boundary layer turbulence show that circumferential curvature has little effect on the near wall
turbulence statistics.

Streamwise velocity contours on the curved surface at 77 = 2.5, 23.1 and 99.7 are shown in
Figure 9. From this figure we can see that there are clearly streamwise streaky structures near the
wall and the streaky structures become indistinct at the far-form-wall district. We can also see the
transition skips the T-S and the second instability and the transition process is a bypass transition
process.

Figure 10 shows the circumferential two-point collections at z = 2.28, 2.50, 2.73, 2.97. nn=
0.00027 is for all these cases (77° = 2.5, normalized by the wall unit of z = 2.5). The horizontal

coordinate ¢+ =¢ /1" is the circumferential distance normalized by the local wall unit I"=
L, [(PyATy ! Py, ) - From this figure we can see that the negative maximum value is near ¢* =60,

which means that the mean space between high-speed-streak and low-speed-streak is ¢* ~ 60,
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Figure 9 Contours of streamwise velocity at difference curved faces (projected to y-z plane).
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Figure 10 Circumferential two-point collections at different z-locations.

and so the mean space between high-speed-streaks (or low-speed streaks) is ¢ ~120. We can see

that the space between streaks does not enlarge along z-direction, and from the results we can infer
that the number of streaks increases along z-direction.

Figures 11— 13 show the instantaneous density field at the wall-normal section, axial section,
and wall-parallel section, respectively, which show highly intermittent characteristics of outer layer.
From Figure 12 we can also see that the numerical disturbance near the upper boundary is negli-
gible.
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Figure 11 Instantaneous density field at the section normal to the wall (z = 2.5).
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Figure 12 Instantaneous density field at the axial section.

The statistics and visualizations show that the near wall turbulent characteristics of the sharp
cone boundary layer are very similar to those of a flat-plate boundary. This is because that the
curvature radius of wall R is much larger than the thickness of the boundary layer o (in this case,
0/R<0.1), so effects of circumferential curvature are not so significant.

Figure 14(a) shows the instantaneous isosurface of Q" =0.005, where Q* =Q/(U, / 1")?, U,
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Figure 14 (a) Instantaneous isosurface of Q“=0.005; (b) instantaneous isosurface of Q“=0.005, the partially enlarged detail.

* .. . . ou,
and | are wall friction velocity and wall scale at z = 2.5, respectively. Q= II(@—']:
X

i
oUov OvVOw OuUOW OuUov OVOW Ouow . . o .
—+ - —— is the second invariability of the velocity gra-

X0y oyor oxor dyox orLdy oz ox

dient tensor, and it is deemed that isosurface of Q can describe the coherence structure well. From
this figure, we can see that hairpin vortexes appear while transiting, and there is no two-dimension

708 LI XinLiang et al. Sci China Ser G-Phys Mech Astron | Jun. 2008 | vol. 51 | no. 6 | 699-714



spanwise vortex and A-vortex before hairpin vortex. Figure 14(b) is the partial enlarged detail of
Figure 14(a), which shows hairpin vortex series, and one hairpin vortex can induce the downstream
vortex.

4 Turbulent kinetic energy budget

The compressible turbulent kinetic energy equation for the cylindrical coordinate is shown as
follows, and the deduction for this equation can be seen in the appendix.

g(ﬁK):—C+P+T+Ht+Hd+D+M -¢,

where C =ai(ﬂ J-,z_)K)+ll]1,5K is the convection term (in this and the following equations,
X r
i

09 0 10 00 L iy ey

ox,  or’ o, rof ox, ez R T TRoo

— ol 1 —  —
P = U} = -+~ (8, U5 ~ 0, pUL

i
is the production term;

- 11—
T- —[ia/z PUTAT) +1/2 pui'ui'ul"j
OX; r
is the turbulent transport term;

ou' 1
My =p'(—+—u
d p(ﬁx r 7

0 = 1=
Il =—| —— p'u" +=p'u”
t (axj p j r p 1]

is the pressure-dilatation term;

is the pressure transport term;
06 op) 1 — — —
i ]] p " — — "= "=
M =U; [___ +F(u1(o-1] —01y) +2U0, +U303)

oXj  0X;

is the term associated with density fluctuations;

is the viscous diffusion term;

o' 11—
£=0f— "+ —ohUl ~ohu]
oX. r

i
is the viscous dissipation term.

The comparison with the turbulent energy equation in Cartesian coordinate shows that there are
some additional terms with r in the denominator in the turbulent energy equation for the cylindrical
coordinate, and we find that all these additional terms are very small in this DNS case.

We can see that the convection term C, turbulent transport term T, viscous diffusion term D and
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pressure transport term IT, are all with the form of vector’s divergence (The expression of vec-

U: u
tor’s divergence in the cylindrical coordinate is div(u) :L+lu1 = Uy +la—g+ai+u—r ).
0 o rof oL r

i
These terms do not contribute to the total (integral) turbulent kinetic energy of the whole domain,

and only transport the turbulent kinetic from one region to other regions.

Figure 15 shows the turbulent kinetic energy budget at z = 2.5, and we can see that turbulent
energy production term P, dissipation term &, turbulent transport term T and viscous diffusion term
D are dominate, and other terms are negligible. The turbulent kinetic energy budget has the fol-
lowing characteristics:

(1) Turbulent energy production term gets the peak near n' = 11, this is the transition region
between viscous sublayer and log-law region, and the peak of turbulent intensity is also in this
region.

(2) In the viscous sublayer (77" <5), turbulent energy production is not significant, while the
turbulent energy dissipation is very strong. Turbulent kinetic energy is transported to this region by
turbulent transport term T and viscous diffusion term D, and is dissipated by the viscous dissipation
term &

(3) In the very-near-wall region (77" <2), viscous dissipation term and viscous diffusion term are
both very strong, and the two terms balance each other.

(4) The convection term C is not significant because of the quasi-parallel flow and slow growth
of the boundary layer. Compared to the convection term of flat-plate boundary layer™, the tur-
bulent energy convection term of sharp-cone boundary layer seems to be a little larger. This is
because that the streamwise variation of the mean flow is a little stronger for the sharp-cone
boundary layer than that for the flat-plate boundary layer.

Figure 16 shows the pressure-dilatation term Iy, pressure transport term IT;, and the term asso-
ciated with density fluctuations M. These three terms are very small and can be neglected. The
reason is that the Mach number is not so high and the intrinsic compressibility is not significant.

0.004
P
0.10
D
0.05F 0.002
0
0
-0.05F
~0.10 -0.002 . . . . .
0 10 20 30 40 50
n
Figure 15 Turbulent kinetic energy budget at z=2.5. Figure 16 Ilg, [Tiand M atz=2.5.

5 Conclusions

In this paper, a direct numerical simulation of turbulent boundary layer around a sharp cone with
20° cone angle is performed. The free stream Mach number is 0.7 and free stream unit Reynolds
number is 250000/inch. Mixed seventh-order up-wind biased difference scheme and sixth-order
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central difference scheme are used in the DNS. Statistics of fully developed turbulent flow agrees
well with the experimental and theoretical data for turbulent flat-plate boundary layer flow. Fol-
lowing conclusions can be drawn:

(1) The large amplitude of perturbation and circumferential curvature of cone can change the
transition location and reduce the transition region, but it has little effect on turbulent statistics near
the wall in the turbulent region such as the mean streamwise velocity, skin friction, turbulent in-
tensity and Reynolds shear stress. This is because the curvature radius of the wall is much greater
than the thickness of the boundary layer.

(2) The space between the near wall streaks (normalized by the local wall unit) keeps ap-
proximately invariable along z-direction.

(3) Hairpin vortex series are found in the transition region.

(4) The product term of turbulent energy reaches its peak in the transition region. Turbulent
kinetic energy is transported into the viscous sublayer by turbulent transport term and viscous
diffusion term, and is dissipated by the viscous dissipation term. In the very-near-wall region,
viscous dissipation term and viscous diffusion term are both very strong, and the two terms balance
each other.

6 Discussion

The authors think that the transition of this research is bypass-type transition due to the following
reasons:

(1) The amplitude of the disturbance is rather strong. In this research, the amplitude of
blow-and-suction velocity is A=0.2, and this amplitude is much larger than that in the DNS of
flat-plate boundary layer' %=1,

(2) The wall friction grows very fast just after the disturbance region (see Figure 3), which in-
dicates that the transition begins just after the disturbance region.

Appendix

A The deduction of the turbulent kinetic energy equation for cylindrical coordinate

The compressible Navier-Stokes equation for the cylindrical coordinate is as follows:

op  O(py;) 1

P AP L2 =0, Al

ot ox o (AD
au; ou  op 0oy
—Lirpui—L=—TFr—L s, A2
Pat Pk ek ox, (A2)

where
0.0 212 0 3 i i uu ueu.
o o ox, rod ox, oz T T w
sj are free terms:

1

1 1
2
S = " (PU; +011 —=0n), S, :F(_pUIUZ +207,), S S

Let ¢ be the Reynolds average of ¢, and in this paper, the Reynolds average means the circum-

ference average together with time average. Let ¢ :%/ p be the Favre average of ¢. Let
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¢'=¢-¢, and ¢"=¢-4.
Let ui multiply (A2) and then do some averaging:

ou; oy, , op
— +u'pu.; =-Uu'—+Uu/ —Gj +Us;. A3
p 8’[ Ipl ]a aX aX ( )

i toeq. (A3), and consider eq. (Al):

6i+uuau
Ujp— "+ uip

a
ad; au” o(d; +u)
=u'p—-+U, U, +u”
(P Ui Uip(y U —— —= ox
, ou;’ ,ou  —— OU;
=1/2p— ) +0; pu'—+ u/pu —-+ u/pu’
Py ( /) + U pu; " ipu] I 2 iPU] ax

i

—1/2—(pu Ul - 1/2u’U”—+u | Pu ULy Ipuf U U —- 7 o0,
OX; OX

J

opu; ou’ [
:_(pK)+pu'U"8—+1/2 il pul+1/2u{U{’%+Ujpui”a—x'_+u-”pu'.’_'
J J J

a opu” ot auw
=—(pK)+pu'U" L1/ 2u g '+1/2ui”ui”§ i 11720, U
X X

Xj j j j

ouu ——
+1/2puf ——++ l/zlui’ui”pu1
OX; r

=—(pK)+pU'U"8L+(1/2u’U” g J+1/2 u’ au'“')+(1/2u'b" > Li1/2 ~.a;“) (A4)

i j J' i i
+1/2 u'Upu1+1/2 u'Upu1
"on [ 0 "o 0 . —
=—(pK)+puU +1/2 uUpu1+1/2—puiUin +—(U; pK)
I ox i OX; OX;
+— pKu1+1/2 pu’U’U”

where K =1/2 pui’U{'/ o is turbulent kinetic energy.

Considering the other part of turbulent kinetic energy equation, the first two terms on the right
hand side of eq. (A3) are

o+p) 0G; +o
—ui”s—pwi”iau EWEICET DI (G + o)
Xi OX; OX; OX; A5)
00 ) 0 = ou 9 ——
=0 — = |~ = Wp)+ P+ U —o; —
oXj 0% ) O 0% OX; OX;

The last term of eq. (A3) is
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1 1
u's, =Fp(u§u{’—u1u2u§)+F(aH —op)Uf +207,U5 + 0y3U3

"

1  —— ~— 1l = _ _ —— T
=F(U2PU1”U§ _U1PU5U2)+F(U1”(0'11 —01p) + 20307, +U307;3)

1
+(01) ~ ol )u + 207,07 + o1 (RO

Substituting eqs. (A4)—(A6) to (A3), we get the turbulent kinetic energy equation for the
cylindrical coordinate:

%(,BK):—C+P+T+Ht+Hd+D+M—e, (A7)

o= 1. . .
where C = ai(u jPK)+—U,pK is the convection term;
X: r
j
- a0 1 —  ——
P =—pulu’ —-+—(0, pu/u; — 0, pusu;
P ]axj r(zplz | PULU)
is the production term;

OX; r
is the turbulent transport term;

is the pressure-dilatation term;

is the pressure transport term;
06 op) 1 — — —
—pn J] p "y — —_ "n—= "—=
M =U| ——— |+=(U/(G}, = G1,) + 2U;5), + U30y3)

ox;  ox

is the term associated with density fluctuations;

0 —— 1
D:—ui”O-i,j +_ui”6i'l
OX; r

is the viscous diffusion term;

is the viscous dissipation term.
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