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Summary. The finite element method was used to simulate the conical indentation of elastic-plastic solids

with work hardening. The ratio of the initial yield strength to the Young’s modulus Y/E ranged from

0 to 0.02. Based on the calculation results, two sets of scaling functions for non-dimensional hardness H/K

and indenter penetration h are presented in the paper, which have closed simple mathematical form and can

be used easily for engineering application. Using the present scaling functions, indentation hardness and

indentation loading curves can be easily obtained for a given set of material properties. Meanwhile one can

use these scaling functions to obtain material parameters by an instrumented indentation load-displacement

curve for loading and unloading if Young’s modulus E and Poisson’s ratio v are known.

1 Introduction

Indentation experiments have been performed for nearly one hundred years for measuring the

hardness of materials [1]. During the past decade, interest in indentation has increased sig-

nificantly; first, because sample preparation is less elaborate than for other testing methods, and

second, because of the noticeable improvement of indentation equipment and the need for

measuring the mechanical properties of materials on small scales. With this improvement it is

now possible to monitor with high precision both the load and the displacement of an indenter

during indentation experiments in the micro-Newtons and nanometer ranges, respectively [2]–

[4]. For nanoindentation, Berkovich tips, which are sharp three-sided pyramids, are commonly

used. A load is applied to the tip, and the tip penetration into the material is measured. The

contact stiffness between tip and the material tested is then determined either from the peak

load or the initial slope of the unloading curves [5], [6]. Using the contact stiffness, hardness and

Young’s modulus may be calculated. But both methods depend on estimating the contact area

under load, which is sometimes difficult, especially when ‘‘piling-up’’ occurs.
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Recently, many attempts have been made to better understand indentation loading-curves.

For example, the elastic and plastic properties may be computed utilizing a procedure suggested

by Giannakopoulos and Suresh [7]. Finite element methods have been used to extract the

mechanical properties of materials by matching the simulated loading and unloading curves

with the experimentally determined ones [8], [9]. Also, finite element methods combined with

dimensional analysis have been used to extract the mechanical properties of materials [10] and

scaling relationships for indentation were determined [11], [12].

In this study, we use the finite element method to analyze the conical indentation in elastic-

plastic solids with work hardening. Based on the calculation results the scaling functions for the

hardness and loading curves are presented, which are quite simple and used easily for engi-

neering application.

2 Finite element calculations and discussions

The power law description is applied to the present analysis. The stress-strain curve of a power

law hardening material under uniaxial tension is assumed to be given by

r ¼ Ee; for e � Y=E;

r ¼ Ken for e � Y=E;
ð1Þ

where E is Young’s modulus, Y is the initial yield stress, K is the strength coefficient, and n is

the work-hardening exponent. To ensure continuity, we note K ¼ Y E=Yð Þn. For most metals, n

has a value between 0:1–0:5 [13]. We further assume that the friction coefficient at the contact

surface between the indenter and the solid is zero.

The illustration of conical indentation is shown in Fig. 1, where a is the contact radius, hc is

the contact depth, h is the indenter displacement and F is the force. The hardness can be

evaluated by

H ¼ F

pa2
: ð2Þ

In this Section we consider a three-dimensional, rigid, conical indenter of a given half angle,

h ¼ 68�, indenting normally into an elastic-plastic solid with work hardening. Finite-element

calculations have been carried out using ABAQUS. Similar to the finite-element calculations

[11], the large strain elasto-plastic feature of ABAQUS is used. In the finite-element model the
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Fig. 1. Illustration of conical indentation
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indenter and solid were modelled as bodies of revolution to take advantage of the axisymmetry

of the conical indentation. The indenter was modelled as a rigid body. The surface of the rigid

indenter was defined using the ABAQUS feature of analytic rigid surface definition. The semi-

infinite elastic-plastic solid was modelled using 14400 4-node bilinear axisymmetric quadrilateral

elements. A fine mesh in the vicinity of the indenter and a gradually coarser mesh away from the

indenter were used to ensure a high degree of numerical accuracy and a good representation of

the semi-infinite solid. In the finite-element calculations we take v ¼ 0:3.

The non-dimensional hardness H=K versus Y=E is illustrated in Fig. 2, where the symbols

represent the present finite-element calculation results for several values of n, and the solid lines

represent the linear fitting results by the following functions:

H

K
¼ f0 þ f1

Y

E
; ð3Þ

where f0 and f1 are the linear fit parameter values, which are shown with full squares in Fig. 3

and Fig. 4, respectively.

Figure 2 shows clearly that the linear fitting results are in good agreement with the finite

element calculations in the case of 0:05 < n � 0:5. But the linear fitting results deviate from the

finite element calculation results for the case n � 0:05 and Y=E � 0:01, that is because the

accuracy of the finite element results is not enough. As we know, for a rigid-perfectly plastic

solid, it is not easy to get high accuracy results for the finite element calculation. According to

the theoretical result by Lockett [14], the ratio H=Y is about 2:69 for a rigid-perfectly plastic

solid, which is about 6% larger than the present finite calculation result. Hence the accuracy of

the results for the finite element calculation is not enough and needs to be improved in the case

of n � 0:05 and Y=E � 0:01. The present linear fitting results for n ¼ 0 are obtained according

to the finite element calculations for 0:01 � Y=E � 0:02 and Lockett’s result. Meanwhile the

present linear fitting results for n ¼ 0:05 are obtained according to the finite element calcula-

tions for 0:008 � Y=E � 0:02.

In Figs. 3 and 4, the solid lines are the fitting results of linear fit parameters f0 and f1,

respectively. One can clearly see that the linear parameter values are in good agreement with the
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Fig. 2. The relationship between H=K and Y=E for several values of n
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curve fitting results. By the curve fitting methods, the scaling functions of indentation hardness

are given by

f0 ¼ 2:720� ð0:09857Þn; ð4Þ

f1 ¼ �15:08þ 22:18n: ð5Þ

From Eqs. (3)–(5), it is obvious that the non-dimensional hardness H=K is a function of the

non-dimensional yield strength Y=E and work hardening exponent n. Thus based on these

functions H=Y can be easily calculated for given values of Y=E and n.
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Fig. 3. The scaling function f0 of indentation hardness
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Fig. 4. The scaling function f1 of indentation hardness
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Figure 5 displays the relationship between the calculated
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F= Kh2ð Þ
p

and Y=E for several

values of n. The symbols represent the finite-element calculation results and the solid lines

represent the linear fitting results by the following functions:
ffiffiffiffiffiffiffiffiffi

F

Kh2

r

¼ a0 þ a1
Y

E
; ð6Þ

where a0 and a1 are the linear fit parameter values, which are shown with full squares in Fig. 6

and Fig. 7, respectively.

In Figs. 6 and 7, the solid lines are the fitting results of linear parameters a0 and a1,

respectively. One can clearly see that the linear parameter values are in good agreement with the
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curve fitting results. By the curve fitting methods, the scaling functions of indenter penetration

are given by

a0 ¼ 8:826� ð0:1571Þn; ð7Þ
a1 ¼ 43:22� 158:0� ð0:1925Þn: ð8Þ

From Eqs. (6)–(8), it is obvious that, for loading, the force on the indenter is proportional to

the square of the indenter displacement. Equation (6) can be rewritten as

h ¼
ffiffiffiffi

F

K

r

,

a0 þ a1
Y

E

� �

: ð9Þ

The comparison of the predicted results for Eqs. (3)–(5) with the finite element calculations

[11] is shown in Fig. 8. It is clearly shown that the predicted results agree well with the finite

element calculation results [11] in the ranges of 0 < Y=E � 0:1 and n � 0:5.

3 Property determination by indentation tests

By finite element analyses of the sharp indenter, the following relationship has been derived for

elastoplastic materials by Giannakopoulos and Suresh [7]:

H

E�
¼ 1

d�
hmax � hr

hmax
; ð10Þ

where hr is the residual depth of penetration, hmax is the maximum penetration depth, d� ¼ 5

for the Vickers pyramid indenter and d� ¼ 4:678 for the Berckovich indenter, the conical

indenter has results similar to Vickers or Berckovich depending on the included apex angle.

In Eq. (10), the effective elastic modulus, E�, is commonly defined as

E� ¼ 1� v2

E
þ 1� v2

i

Ei

� ��1

; ð11Þ

where Ei and vi are Young’s modulus and Poisson’s ratio of the indenter.
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Fig. 7. The scaling function a1 of indenter penetration
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In the present finite element analyses the indenter is regarded as a rigid indenter, so the

effective elastic modulus E� can be evaluated by

E� ¼ E

1� v2ð Þ: ð12Þ

Using Eqs. (3) and (10) we obtain

Y

E

� �1�n

f0 þ f1
Y

E

� �

¼ E�

E

1

d�
hmax � hr

hmax
: ð13Þ

Equation (6) or (9) can be rewritten as

Y

E

� �1�n

a0 þ a1
Y

E

� �2

¼ F

Eh2
: ð14Þ

A complete instrumented indentation F�h curve obtained during loading and full unloading

gives the following parameters: the loading curvature C ¼ F=h2, the maximum indentation

depth hmax and the residual depth of penetration hr. We assume that Young’s modulus E is

known, initial yield stress Y and work-hardening exponent n can be determined using Eqs. (13)

and (14).

Using the above method the initial yield stress Y and the work-hardening exponent n can be

determined from the measured F � h curve reported by Jayaraman et al. [15] for the Bercko-

vich indentation of the 1070 steel.

According to Jayaraman et al. [15], the elastic modulus and Poisson’s ratio are taken to

be 207 GPa and 0:3, respectively. From the F � h curve reported by Jayaraman et al. [15],

the following values are extracted: hmax ¼ 0:733 lm, hr ¼ 0:567 lm, C ¼ 186 GPa. From

Eqs. (12)–(14), one obtains
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Fig. 8. The calculation results based on the scaling functions and the comparison with the finite
element calculation results [11]
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Y

E

� �1�n

f0 þ f1
Y

E

� �

¼ 0:05; ð15Þ

Y

E

� �1�n

a0 þ a1
Y

E

� �2

¼ 0:85: ð16Þ

The above nonlinear equations can be solved by the zero point method of multiple variables

[16]. Using this method one can get Y ¼ 3:1 GPa and n ¼ 0:155. The solution of Eqs. (15) and

(16) for Y and n is unique in the ranges of 0 < Y=E � 0:1 and n � 0:5 . Further one can obtain

K ¼ Y E=Yð Þn ¼ 6 GPa. Figure 9 shows the comparison of the present calculated stress-strain

curve for 1070 steel with the stress-strain curve predicted by Jayaraman et al. [15]. One can

clearly see that both results agree well. Meanwhile the present calculated F � h curve is in good

agreement with the experimental curve [15], as shown in Fig. 10. Substituting these material

parameters into Eq. (3), one gets the indentation hardness H ¼ 10:35 GPa, which is about 8%

higher than the value given by Jayaraman et al. [15].

4 Concluding remarks

The finite element calculations are performed for conical indentation in elastic-plastic solids with

work hardening in which the non-dimensional initial yield strength Y=E ranged from 0 to 0:02

and the hardening exponent n ranged from 0 to 0:5. Based on these calculation results, two sets

of scaling functions for non-dimensional hardness H=K and indenter penetration h are presented

in this paper, which are quite simple and used easily for engineering application. Using the

scaling functions of indentation hardness, the indentation hardness can be easily evaluated,

provided that the material parameters Y=E and n are known. The present analysis shows clearly

that the pressure on the indenter is proportional to the square of the indenter displacement.

Meanwhile one can use these scaling functions to get the material parameters Y , K and n based
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predicted curve [15]

252 X. Y. Feng and T. C. Wang



on the measured load-displacement curve and the measured full unloading curve at the maxi-

mum load if Young’s modulus E and Poisson’s ratio v are known.

Although the scaling functions of indentation hardness and indenter penetration have been

derived for conical indentation, the same approach can be applied to indentation using pyramidal

indenters and a conical indenter with different indenter angles. This approach is also not limited

by the assumptions of rigid indenter and zero friction between indenter and solid. Using the

present method the scaling functions for indentation hardness and the penetration which con-

sider the effect of friction and indenter angle can be studied in the future.
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