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Abstract: The stability of a soil slope is usually analyzed by limit equilibrium methods, in which the identification of the critical slip
surface is of principal importance. In this study the spline curve in conjunction with a genetic algorithm is used to search the critical slip
surface, and Spencer’s method is employed to calculate the factor of safety. Three examples are presented to illustrate the reliability and
efficiency of the method. Slip surfaces defined by a series of straight lines are compared with those defined by spline curves, and the
results indicate that use of spline curves renders better results for a given number of slip surface nodal points comparing with the
approximation using straight line segments.

DOI: 10.1061/�ASCE�1090-0241�2008�134:2�252�

CE Database subject headings: Slope stability; Safety; Algorithms; Limit equilibrium.
Introduction

Determination of the critical slip surface is a central issue to slope
stability analysis. Previous research has been devoted to locating
the critical slip surface. Earlier works employed the variational
calculus �Baker and Gaber 1978� and the dynamic programming
�Baker 1980�. Celestino and Duncan �1981� and Li and White
�1987� utilized alternating variable methods to search for the
critical noncircular slip surface. Greco �1996� and Malkawi et al.
�2001� used the Monte Carlo technique to determine the criti-
cal slip surface. In recent years, Goh �1999�, McCombic and
Wilkinson �2002�, Das �2005�, and Zolfaghari et al. �2005�
successfully introduced the genetic algorithm �GA� into slope sta-
bility analysis for critical surface identification.

In general, a potential slip surface is divided into segments by
a number of nodal points, and each pair of contiguous nodal
points is connected by a straight line �Baker 1980; Greco 1996;
Malkawi et al. 2001� or a smooth curve. The smooth curve may
be generated by splines �Donald and Chen 1997�. In this study a
combination of spline curves and GA is used to search for the
critical slip surface, and Spencer’s method is employed to calcu-
late the factor of safety.
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Determination of Slip Surface

A slip surface is represented by n nodal points with coordi-
nates �x1 ,y1� , �x2 ,y2� , . . . , �xn ,yn�, respectively in the x–y plane
�Fig. 1�a��. In order to minimize the number of variables, any two
contiguous nodal points maintain the same horizontal distance,
such that

xi = xi−1 + �xn − x1�/�n − 1� for i = 2,n − 1 �1�

The abscissas of all nodal points should be enclosed within xmin

and xmax, and accordingly

xmin � xi � xmax for i = 1,n �2�

Also, y1 and yn are related to the topographic profile s�x�, and

yi = s�xi� for i = 1 and i = n �3�

As a result, a specific slip surface can be expressed mathemati-
cally by an n-element array

S = �x1,y2,y3, . . . ,yn−1,xn�T �4�

where T�transposed symbol.
The objective function locating the critical slip surface, which

is defined as a surface with the minimum factor of safety among
all the available ones, can be stated

min F�S� �5�

To satisfy the requirements of kinematic admissibility, these
segments, defined by any two contiguous nodal points, are further
assumed to be concave upward which means that

�1 � �2 � ¯ � �i � ¯ � �n−1 �6�

where �i, the inclination of segments, must range between
−45 and 60° avoid computational divergence encountered in

calculating the safety factor �Malkawi et al. 2001�.
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Subsequently, the nodal points are connected by cubic-spline
interpolation. The cubic-spline interpolation is to construct a
piecewise cubic polynomial function of the dependent variable
between two nodal points such that the interpolation function
must pass through each nodal point and be continuous in its
first and second derivatives at any interior nodal point. Then,
the soil mass above the created slip surface is divided into a
number of vertical slices. If there is a weak layer in the slope,
intuitively the critical slip surface should extend along the
weak layer for a substantial length. If the abscissa of any slice
base is lower than the weak layer, this slice base is adjusted to the
weak layer.

Fig. 1. General cross section of �a�
of the fittest, which is based on the principle that solutions to a
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Calculation of Safety Factor

Spencer’s method �1967� is used to calculate the safety factor.
Interslice forces are included by assuming the interslice force
inclination angles of all slices to be equal. Both force and moment
equilibrium are satisfied explicitly. Spencer’s method is appli-
cable to slip surfaces of any shape, and is considered to be one of
the most accurate methods for slope stability analysis �Duncan
and Wright 1980�. Fig. 1�b� shows the details of interslice forces
for a typical slice.

The equations of force and momentum equilibrium can be
respectively written as

�b� forces acting on a typical slice
Pi = Pi+1 +
F�W sin �i − c�b sec �i − �W cos �i tan �� + Uib sec �i tan �� + �Q�F − tan �� tan �i�cos �i

sin�� − �i�tan �� − F cos�� − �i�
�7�
hi =
Pi+1

Pi
hi+1 −

Pi+1

Pi

b

2
tan �i +

b

2
tan � +

Pi+1

Pi

b

2
tan �

−
�Qha

Pi cos �
−

b

2
tan �i �8�

where F�factor of safety and Pi and Pi+1�right and the left
interslice force, respectively. The total normal force and the pore
water pressure on the slice base are Ni and Ui, respectively. The
weight of slice is �W and �Q�horizontal force of slice. The
angle between the slice base and the horizontal line is �i, and
��inclination angle of interslice force. The height of force Pi and
the center of the slice are hi and ha, respectively, and b�width of
the slice.

Genetic Algorithm

Basically, GA �Goh 1999� is based on Darwin’s theory of survival
problem can be obtained through evolution. The algorithm starts
with a set of possible solutions. The set of possible solutions is
called the “population.” Each possible solution within the
population is called a “chromosome.” Associated with each
chromosome is a fitness value, which is found by evaluating
the chromosome with respect to the objective function. Solu-
tions from one population are taken and used to construct a new
population so that the new population �offspring� will be fitter
than the old one. This process is repeated until the best chro-
mosome representing the optimum solution is produced or some
termination criterion, such as a set number of generations is
reached. The fundamentals of GA are described in the following
sections.

Fitness Function

As GA only allows for optimization to find a maximum value, the
fitness function is defined as fmax=1 /Fmin in slope stability analy-
slope;
sis, where Fmin�minimum factor of safety.
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Initialization

The genetic algorithm starts with a population of N possible so-
lutions. Each solution is created by n binary encoding, �, which is
a number drawn from the period of �0, 1�. The �i generation
mainly depends on a function that generates sets of random num-
bers. These sets of random numbers depend on the “iseed” num-
ber that is used in the function, �i along with all the random
numbers corresponding to the iseed number changes. The genera-
tion procedure with different iseed numbers is repeated to insure
that the critical slip surface is reached. The relation between
�i �i=1, . . . ,n� and �x1 ,y2 , . . . ,yn−1 ,xn�T can be described as
follows:

x1 = xmin + �1�xmax − xmin� �9�

xn = x1 + �n�xmax − x1� �10�

yi = yilow + �i�yiupp − yilow� �11�

where yiupp and yilow are defined by considering the slip surface to
be kinematically admissible.

Table 1. Minimum Safety Factor Given by Minimization Procedures for
Example 1

Source Method
Range of

safety factor

Yamagami and Ueta �1988� BFGS 1.338

DFP 1.338

Powell 1.338

Simplex 1.339–1.348

Greco �1996� Pattern search 1.326–1.330

Monte Carlo 1.327–1.333

This study Genetic algorithm 1.324 �line�

1.321 �spline�

Fig. 2. Cross section of slope of Example 1. The solid line represents
the critical slip surface of this study, and the broken line is the
solution given by Greco �1996, ASCE�.
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Selection

The selection operator is used to determine which chromosomes
are chosen as parents that will create offspring for the next
generation. In this study, the roulette wheel selection is used in
conjunction with elitism. This usually involves retaining the best
chromosome at each generation to ensure that the best chromo-
some is not lost if it is not selected in reproduction or if it is
destroyed by crossover or mutation.

Crossover and Mutation

The single-point crossover operator is employed in this study and
the randomly flipping mutation procedure is used.

Numerical Applications

In order to assess the performance of the spline curve in finding
the critical slip surface, three examples were selected from the
literature. The number of slices used is 50 for all examples pre-
sented in this study, and there is no relationship between the
number of nodal points and the number of slices in the com-
putations. Factors of safety from analyses are given to the three
decimal places for the purpose of comparison, but such high reso-
lution is never required in practice. Failure surfaces defined by
straight lines are compared with those defined by spline curves.
The number of nodal points used range from 4 to 8. Parameters
for GA are chosen in these examples as follows: The number of
generations is 300, the population size is 20, the cross-over rate is
0.85, and the mutation rate is 0.02.

Table 2. Effect on the Safety Factor from Varying the Number of Slices
for Example 1

Number of slices 8 16 32 64 128

Factor of safety 1.225 1.294 1.318 1.321 1.321

Percentage error 0.07 0.02 0.002 �0.0001 �0.0001

Fig. 3. Factor of safety versus the number of nodal points
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Example 1, Homogeneous Slope

This example is of a homogeneous slope �Fig. 2� with
�=17.64 kN /m3, 	�=10° and c�=9.8 kPa. Yamagami and Ueta
�1988� utilized nonlinear programming methods, which include
the DFP method as suggested by Davidon and modified by
Fletcher and Powell �Malkawi et al. 2001�, the BFGS method
proposed by Broyden, Fletcher, Goldfarb, and Shanno �Malkawai
et al. 2001�, the method of conjugate directions by Powell,
and simplex method, to locate the critical slip surfaces. The
Morgenstern and Price method �1965� was used to calculate the
factor of safety. Also, Greco �1996� used Spencer’s method
�1967� in combination with a pattern search and the Monte Carlo
technique for the same problem. The comparison of the current
results with those obtained by different researchers is summarized
in Table 1. The effect on the factor of safety of using different
numbers of slices is also checked. Results from taking 8,16,32,64
and 128 slices are shown in Table 2. It will be seen from Table 2
that although the value of the minimum factor of safety increases
with the number of slices, we find that little improvement in ac-

Table 3. Minimum Safety Factor Given by Minimization Procedures for
Example 2

Source Method
Range of

safety factor

Yamagami and Ueta �1988� BFGS 1.423

DFP 1.453

Powell 1.402

Simplex 1.405

Greco �1996� Pattern search 1.400

Monte Carlo 1.401

Malkawi et al. �2001� Monte Carlo 1.330

This study Genetic algorithm 1.395
�line and spline�

Fig. 4. Cross section of slope of Example 2. The solid line represents
the critical slip surface of this study, the broken line is the solution
given by Greco �1996, ASCE�.
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curacy is made when the number of slices is greater than 32. The
next two examples also exhibit similar results and so the number
of slices is standardized at 50.

Because this study focuses on the use of spline curve, Fig. 3
shows the minimum factor of safety for different numbers of
nodal points which are connected by spline curves or straight
lines. Fig. 3 shows that when the slip surface is connected by
spline curves, a convergence to the minimum safety factor is
more efficient in terms of the reductive number of nodal points.
When the number of nodal points ranges from 4 to 8, the differ-
ence between the computed safety factors is 0.009 for spline
curves but 0.046 for straight lines. Comparison of the geometry of
the critical slip surfaces �Fig. 2� indicates that 4 nodal points
connected by spline curves can generate a critical slip surface
similar to that generated by 13 nodal points connected by straight
lines �Greco 1996�.

Example 2, Multilayered Slope

This example was also given by Yamagami and Ueta �1988�,
where a multilayered slope �Fig. 4� is analyzed using the previ-
ously described methods. The safety factors were also calculated

Table 4. Minimum Safety Factor Given by Minimization Procedures for
Example 3

Source Method
Range of

safety factor

Chen and Shao �1988� Original DFP 1.011–1.035

Modified DFP 1.009–1.025

Steepest descent 1.025

Simplex 1.025

Greco �1996� Pattern search 0.973–1.033

Monte Carlo 0.973–0.974

Malkawi et al. �2001� Monte Carlo 0.933

This study Genetic algorithm 0.971 �spline, best�

0.967 �line, best�

Fig. 5. Cross section of slope of Example 3. The solid line represents
the critical slip surface of this study, and the broken line is the
solution given by Malkawi et al. �2001, ASCE�.
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using the Morgenstern and Price method. Similarly, Greco �1996�
solved this example using Spencer’s method and employing pat-
tern search and Monte Carlo techniques. Malkawi et al. �2001�
also solved the same example using Spencer’s method and Monte
Carlo techniques. Table 3 summarizes the results obtained by the
present method in comparison with those obtained by different
researchers. The critical slip surface �Fig. 4� defined by 4 nodal
points connected by spline curves is compared to that defined by
13 nodal points connected by straight lines �Greco 1996�. Fig. 3
shows the minimum factors of safety for different numbers of
nodal points which are connected by spline curves or straight
lines. They also illustrate that the generated slip surface connected
by spline curves can reduce the number of nodal points needed to
converge to the minimum factor of safety.

Example 3, Slope with Weak Layer

This example is based on a problem presented by Chen and Shao
�1988�. The stratigraphy incorporates a thin weak layer below the
toe of the slope as shown in Fig. 5. The slope was analyzed using
the simplex method, the steepest descent method, the original
method of DFP and its modified version. The safety factors are
calculated by Spencer’s method �1967�. Malkawi et al. �2001�
also solved the same example using Spencer’s method and Monte
Carlo techniques. Table 4 summarizes the results obtained by the
present method in comparison with those obtained by different
researchers. Fig. 3 shows the minimum factors of safety for dif-
ferent numbers of nodal points connected by spline curves or
straight lines. The result reveals that the differences between fac-
tors of safety from the various methods are insignificant because
the critical slip surface is composed of straight lines �Fig. 5�. This
demonstrates that defining the slip surface using spline curves
renders a satisfactory result even though the critical slip surface
isn’t smooth.

Conclusions

In this study, a combination of spline curves and genetic algo-
rithm is used to locate the critical slip surface for slope stability
calculations. The slip surface defined by straight lines is
compared with that defined by spline curves. The results show
that critical slip surfaces located by the present study are very
close to those identified by other researchers, which also reveal
that the present method could be used to analyze the stability of
homogenous slopes, multilayered slopes or even slopes involving
a weak layer. When the slip surface is defined by spline curves,
fewer nodal points are needed to reach the same accuracy, and to
generate rational slip surfaces. Thus considerable CPU time and
storage memory are saved. This may be especially advantage for
complex slopes in large scale engineering problems for which

more degrees of freedom are needed.
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