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Smaller Deborah number inducing more serrated plastic flow of metallic glass
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a b s t r a c t

Spherical nano-indentations of Cu46Zr54 bulk metallic glass (BMG) model systems were performed using
molecular dynamics (MD) computer simulations, focusing specifically on the physical origin of serrated
plastic flow. The results demonstrate that there is a direct correlation between macroscopic flow serra-
tion and underlying irreversible rearrangement of atoms, which is strongly dependent on the loading
(strain) rate and the temperature. The serrated plastic flow is, therefore, determined by the magnitude
of such irreversible rearrangement that is inhomogeneous temporally. A dimensionless Deborah number
is introduced to characterize the effects of strain rate and temperature on serrations. Our simulations are
shown to compare favorably with the available experimental observations.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Bulk metallic glasses (BMGs), due to their unique amorphous
structure [1,2], display complex flow properties [3–6], intermedi-
ate between liquid and solid, which is at the root of their potential
applications [7–9]. Nanoindentation on BMGs is a key method for
studying their flow behaviors, during which the serrated plastic
flow in load–displacement (p–h) curves has been widely observed
[10–20]. Such flow serration, strongly relating strain rate and
ambient temperature, can be conspicuous, weak, and even disap-
pears. Understanding the flow phenomenon, from the view point
of spatially (shear-banding), temporally or spatiotemporally inho-
mogeneity, is well documented [11–13,16–21], yet still remains a
puzzle to a large extent. Real-time experimental observations
in situ on the flow are therefore necessary, but very difficult, due
to the limit of spatial and temporal resolution [21–23]. Recently,
the molecular dynamics (MD) simulation has been proposed as
an effective way in modeling indentation on BMGs [24–26], pro-
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viding an in situ observation on atomic motions. Remarkable pro-
gress in this aspect has been achieved by Falk, Langer, Shi et al.
[25,26] by developing Argon’s concept of shear transformation
zones (STZs) [5]. They found that the load drops in a p–h curve,
i.e. serrated plastic flow, correspond closely to the bursts in defor-
mation activity associated with shear bands [25]. Spatially, the
suppression of wing-like shear bands of post-deformed specimen
at higher strain rate leads to milder serrations [26]. Naturally,
some important questions arise from these investigations. How
do strain rate (the timescale of observer) and temperature (chang-
ing the timescale of system) affect this inherent correlation be-
tween serrations and atomic rearrangements? What mechanism
governs the serrations behind the spatiotemporally inhomoge-
neous plastic flow?

In this work, we rely on MD computer simulations to
investigate the effects of strain rate and temperature on macro-
scopic flow serrations as well as the underlying irreversible
atomic rearrangement during loading. We find that the magni-
tude of temporally inhomogeneous rearrangement, i.e. flow-abil-
ity determines the onset of serrated flow phenomenon. A
dimensionless Deborah number is proposed to characterize the
trans-scale correlation between macro-serrations and micro-
rearrangements.
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Fig. 1. The load–displacement curves (upper) and the corresponding number
(lower sphere-bar) of rearranged atoms at various strain rates: (a) 1011 s�1, (b)
1010 s�1, (c) 109 s�1, for sample I.
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2. Molecular dynamic simulations

In our MD simulations, binary Cu46Zr54 BMGs were used. We
adopted a modified Lenard-Jones (L-J) 4-8 potential of the follow-
ing form [27,28]:

/ðrijÞ ¼
� A

r4
ij
þ B

r8
ij
þ Crij þ D; 0 < rij 6 rt

0; rij > rt

(
ð1Þ

where rij is the distance between the atoms i and j, A, B, C and D are
constants whose values can be found in Ref. [28], rt is the truncation
distance with the values of 5.08, 5.58 and 6.00 Å for Cu–Cu, Cu–Zr
and Zr–Zr pairs, respectively. The motion of each atom was evalu-
ated by integrating the Newtonian equations of motion using veloc-
ity-Verlet method with a time step of 1 fs. To obtain glassy
structures, the melt-quench procedure was used. We first placed
randomly all atoms, with initial velocities of zero, into a face-cen-
tered cubic (fcc) crystal lattice in a supercell, where periodic bound-
ary condition (PBC) was applied in all three dimensions, and then
heated it to 2400 K. After sufficiently melting, we cooled it down
to 1 K and 500 K, respectively, by rapid quench of cooling rate of
25 K/ps. The glass transition temperature Tg was estimated as
700 K. Thus, we obtained two initial glassy structures with different
initial temperatures (1 K and 500 K). To allow them to find a local
energy minimum with near-zero stress components, we repeatedly
adjusted their dimensions, and reposition each atom accordingly. In
this process, the NPT ensemble was used. Finally, both structures
were guided toward a low-stress state (all stress components less
than 10 MPa). Then for the subsequent indentation simulations,
we set the top boundary free and fixed a layer of 6.0 Å in thickness
at the bottom. Another 100 ps was carried out to a new equilibra-
tion. Now, we have two three-dimensional samples that contain
432,000 atoms: Sample I with the size of 250 � 250 � 125 Å3 and
initial temperature of 1 K; Sample II with the size of
260 � 260 � 127 Å3 and its initial temperature of 500 K. The amor-
phous structures were confirmed by their respective radial distribu-
tion functions (RDF).

A spherical indenter without atomic nature was used in the
nanoindentation simulations. The indenter was modeled by a
purely repulsive potential with the form [29,30]

VðrÞ ¼ E � ðR� rÞ3 � hðR� rÞ ð2Þ

where r is the distance from the indenter center to a sample atom,
R is the radius of the indenter which is chosen as 20 Å for all sam-
ples, h(R�r) is the standard step function, and E is a constant
which is equal to 3.0 and 3.9 nN/Å2 for the tip meets a Cu atom
and a Zr atom, respectively [30]. The indenter was displaced to-
wards the top surface of the sample at a constant strain rate by
keeping an invariable displacement interval of 0.1 Å and adjusting
the relaxation time for each displacement interval. In this process,
the control to the temperature (1 K or 500 K) was only allowed in
a layer of 10.0 Å in thickness which is just above the fixed layer at
the bottom. For sample I, the total indentation depth was 15 Å,
and three strain rates, 1011, 1010 and 109 s�1, were executed; for
sample II, the same depth and only medium-strain rate of 1010

were performed. Parallel computing was used in all the simulation
processes.
3. Results and discussion

Fig. 1 shows the p–h relationships (upper curves) for the inden-
tation simulations on sample I at three strain rates. It can be clearly
seen that the serrated plastic flow is strongly rate-dependent.
When the strain rate decreases from 1a to 1c, the serrations be-
come more obvious. The simulation result agrees well with a series
of experimental observations for real BMGs under nanoindentation
[10–19]. It has been recognized that the plastic flow occurs as a re-
sult of a number of irreversible atomic rearrangements [3–6]. Thus,
we use the parameter Dmin, introduced by Shi and Falk [5], to iden-
tify such rearrangement. Dmin values of all atoms during each dis-
placement interval (0.1 Å) were calculated. We selected 1.5 Å,
about half of the average distance between a Cu atom and a Zr
atom in samples [5,31], as a cutoff of Dmin to characterize the rear-
rangements that make up a plastic event at all strain rates. It is
important to point out that the method of choosing the cutoff
may be a little rough, considering its value may be affected by stain
rate and temperature; nevertheless, it is efficient to judge the plas-
tic deformation, and should not significantly change the trend. Any
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atom with larger likelihood of motion must be of greater probabil-
ity of irreversible rearrangement. The numbers of the rearranged
atoms with Dmin > 1.5 Å at all intervals are displayed in Fig. 1 as
black spheres under p–h curves. We find that the atomic rear-
rangements are also dependent on strain rates. When strain rate
decreases, the number of the rearranged atoms is larger, whereas
their distribution becomes more inhomogeneous temporally.
Moreover, a strong correlation of such numbers of the rearranged
atoms with serrations in the p–h curves is recovered, just as Shi
and Falk found [25]. The more obvious the flow serration is, the lar-
ger the number of the rearranged atoms in that interval is. The
trend is more pronounced with decreasing strain rates. The spatial
configurations of atomic rearrangements during a displacement
interval under the three strain rates are shown in Fig. 2, where
spheres with large radius represent Zr-atoms; ones with small ra-
dius are Cu-atoms. The hotter the atoms color, the larger their Dmin

values. It is noted that at high strain rate, few atoms rearrange, and
while many rearrange at low rates. The BMG material exhibits dif-
ferent flow-ability under various strain rates. Better flow-ability
produces more significant serrations. The high-temperature sam-
ple’s p–h curve is shown in Fig. 3a, in which the corresponding
atomic rearrangements are also displayed as black spheres. Com-
Fig. 2. The spatial distributions of the rearranged atoms with Dmin > 1.5 Å in a
displacement interval at various strain rates: (a) 1011 s�1, (b) 1010 s�1, (c) 109 s�1,
for sample I.

Fig. 3. The nanoindentation of sample II with the temperature of 500 K. (a) The
load–displacement curves (upper) and the corresponding number (lower sphere-
bar) of rearranged atoms at the strain rate of 1010 s�1, (b) the spatial configuration
of rearranged atoms in a displacement interval.
pared to Fig. 1b, we find that high-temperature results in more dis-
tinct serrations, although atomic rearrangements are superficially
‘‘homogenous” temporally. Actually, almost all of atoms within
sample participate in rearrangement, leading to spatially homoge-
neous deformation during individual interval, as shown in Fig. 3b.
Therefore, a fraction of number fluctuation of these rearranged
atoms can bring out significant serrations, because the absolute
numbers of rearranged atoms at higher temperature are quite lar-
ger than that at relatively lower temperature, not at the same order
of magnitude at all. In fact, although the flow is spatially homoge-
neous at high-temperature, it is still temporally inhomogeneous
(see the inset to Fig. 3a). In such case, the serrated flow, resulting
from good flow-ability, is more obvious than that in the low-tem-
perature case. For example, during the steady-state creep experi-
ments on Pd-based BMGs under high temperature (>550 K) and
low stress, serrations are also widely observed, even if the flow is
homogeneous (no shear-banding) [32]. Thus, the BMG’s flow-abil-
ity, characterized by the numbers of rearranged atoms, is very
important to its serrations. From the above results, one can con-
clude that serrated plastic flow is mainly determined by the mag-
nitude of its underlying irreversible atomic rearrangements that
must be temporally inhomogeneous.

The serrated flow is essentially a trans-scale, connecting macro-
flow with micro-atomic-rearrangement, and (strain) rate-depen-
dent process. How to characterize this phenomenon is a key point.
In the field of science of rheology, the so-called Deborah number
plays an important role, since it describes the influence of time-
scale on the observed flow behaviors [33]. Recently, Bai et al.
[34] have demonstrated that the Deborah number is very impor-
tant to understand the micro-damage evolution effect on macro-
scopic properties, which is also a rate-dependent tarns-scale
problem [35]. The flow of BMGs due to its viscosity in nature can
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be characterized by a dimensionless Deborah number that is the
ratio between the timescale of the phenomenon and that of the
observation method [36]. In the present case, we define Deborah
number as

De ¼ tr

te
ð3Þ

where tr is the Maxwell time or internal structural relaxation time
under loading, and te is the macroscopic imposed time of external
loading. The magnitude of the Deborah number provides interesting
indications. If tr is very short compared with te, i.e. De << 1, we see
metallic glasses behaving as an ordinary viscous fluid. However, in
the opposite case, i.e. De >> 1, they behave as a glassy solid. Obvi-
ously, changing strain rates modifies the timescale of the observer,
i.e. te, while the change in temperature influences the timescale of
system, i.e. tr [37]. According to the MD simulation results, we find
that decreasing strain rates or elevating temperature brings out a
Fig. 4. (a) Calculations showing the Deborah number varies with (a) the sh
good flow-ability, implying a smaller Deborah number; hence, pro-
ducing more prominent serrations. In order to highlight the essen-
tial physical argument, we consider a thermomechanical
deformation of a BMG undergoing one-dimensional simple homo-
geneous shearing [38] to examine the strain rate and temperature
effects on Deborah number. The governing equations for this prob-
lem can be written as

_c ¼
_s
G
þ 2f exp �DGm

kBh

� �
sinh

sX
2kBh

� �
exp �1

n

� �
ð4Þ

@h
@t
¼

bTQ

qCv
s @

_cp

@t
ð5Þ

@n
@t
¼ gðn; h; sÞ ð6Þ

where Eq. (4) states that the total strain-rate, _c, is the sum of the
elastic part (the first term on the right hand) and the plastic part
_cp (the second term on the right hand) [39]. In what follows, _c is re-
ear strain and (b) the temperature rising under different strain rates.
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garded as a prescribed constant over the deformation history. Eq.
(5) is the energy balance, and Eq. (6) describes the net rate of in-
crease of free volume, the explicit expression of which was given
by Spaepen [3]. In these equations, s is the shear stress, c is the
shear strain, G is the shear modulus, f is the frequency of atomic
vibration (�Debye frequency), DGm is its activation energy, kB is
the Boltzmann constant, X is the atomic volume, n is the free vol-
ume concentration, h is the temperature, bTQ is the Taylor-Quinney
coefficient, q is the mass density, and Cv is the specific heat. Then, tr

can be expressed as tr = g/G [36], where the viscosity g = s/ _cp [39]. te

can be defined as te = c/ _c. By taking typical of parameters for BMGs
[36,40], we can numerically solve (4)–(6) for a typical range of
10�6 � 104 s�1. As mentioned previously, the strain rate in our
MD simulation is determined by the internal time scale of the sys-
tem, the indentation displacement interval (0.1 A) and the indenta-
tion depth. Due to the limit of intrinsic time scale and length scale
in the MD method, the strain rate is usually far larger than that in
the continuum modeling or the real experiment. How to correlate
exactly the strain rates in the two kinds of modes is beyond the
scope of our present study. However, the following calculation re-
sults about the Deborah number can help readers to understand
the MD results, because the effect of strain rates on the plastic flow
should show a similar tendency in the two modes. The variations of
Deborah number with shear strain at different strain rates and the
initial temperature h0 = 300 K are shown in Fig. 4a. From the figure,
one can find that when _c < 10�2 s�1, the Deborah number is far less
than unit during the whole deformation history. This indicates that
BMGs are of perfect flow-ability under relatively low strain rates. In
addition, we note that in this range, the BMG’s flow is insensitive to
strain rates. Once _c > 10�2 s�1, the flow behavior exhibits strongly
strain rate dependence. The values (far more than unit) of Deborah
number at high-strain rates are larger than those at low-strain rates
in the early deformation stage. The high-strain rate decreases the
flow-ability, via decreasing te. This is the main reason that the ser-
rations are milder at higher strain rates, which is confirmed by our
MD simulations. Interestingly, we find that the rate-dependent crit-
ical point is _c = 10�2 s�1, i.e. te � 100 s. This value is just consistent
with the structural relaxation time at Tg [41]. Hence, the onset cri-
terion for serrated flow in BMgs can be proposed as De < 1. Fig. 4b
displays the temperature rising influence on the Deborah number
under various strain rates. It can be seen that the Deborah number
decreases with the rising (h/h0) in temperature, prior to a steady-
state flow. This means that high-temperature promotes the serrated
plastic flow through decreasing the structural relaxation time [37].
This result is consistent with the available experimental observa-
tions [14,32,42] and our present MD simulations.

4. Conclusion

Spherical nanoindentations on a model Cu46Zr54 metallic glass,
containing 432,000 atoms, with different initial temperature (1 K
and 500 K), were conducted by using molecular dynamics simula-
tions. The strain-rate and temperature dependent serrated plastic
flow is observed; decreasing strain rate or increasing temperature
results in more prominent serrations. Furthermore, the irreversible
atomic rearrangement underpinning the serrated flow was probed.
We find that the onset of serrated flow is slaved by the magnitude
of such rearrangement, i.e. flow-ability that is temporally inhomo-
geneous. A dimensionless Deborah number for this trans-scale and
rate-dependent phenomenon is introduced to characterize the ef-
fects of strain rate and temperature on serrations. The calculation
results show that the obvious serrated plastic flow occurs when
the Deborah number is smaller than unit. Our findings are well
consistent with the available experimental observations and other
simulations.
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