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ABSTRACT 
The autorotation of two tandem triangular cylinders at 

different gap distances is investigated by numerical 
simulations. At the Reynolds number of 200， three distinct 
regimes are observed with the increase of gap distance: 
namely, angular oscillation, quasi-periodic autorotation and 
‘chaotic’ autorotation. For various gap distances, the 
characteristic of vortex shedding and vortex interaction are 
discussed. The phase graphs (angular acceleration vs. angular 
velocity) and the power spectra of moment are analyzed to 
characterize the motion of the cylinder. The Lyapunov 
exponent is also calculated to identify the existence of chaos.   
 
Keywords: autorotation, vortex interaction, tandem triangular 
cylinders, phase graph, chaos 

 
INTRODUCTION 

Autorotation is the continuous rotation of a freely 
rotatable body in a flow in the absence of any other driving 
forces. Flow induced autorotation has application in areas 
such as wind engineering, aeroballistics and meteorology etc. 
In this type of problems, the body dynamics and the flow 
motions are coupled. The rotation of the body is driven by 
unsteady hydrodynamic moment acting on it and in return the 
moving surface of the body also imposes a time-dependent 
boundary condition on the surrounding flow. This 
phenomenon has been studied by many researchers by means 
of experiment, numerical simulation or theoretical modeling, 
such as Lugt (1983), Skews (1991, 1998), Zaki et al. (1993) 

and Mittal and Seshadri (2004). The complexity of this problem 
lies in the nonlinear nature of the flow phenomenon and the fluid-
body interaction.  

The presence of multiple freely rotatable bodies complicates 
the problem further. Under such circumstances, the rotatable 
bodies may interact with the fluid and with each another through 
the ambient fluid. This body-fluid-body coupled system exhibits 
a much richer variety of behaviors than that of multiple 
stationary objects placed in a fluid, e.g. Zdravkovich (1977), 
Ohya et al. (1989), Megeghini (2001), Sharman (2005), 
Papaioannou et al. (2006) , just to list a few. To the knowledge of 
the authors of this paper, no previous studies are found in 
literatures regarding multiple rotatable bodies in fluid. Despite 
the fact that the rotatable cylinder has only one degree of freedom, 
the configuration in the present problem resembles that in 
Ristroph and Zhang (2008), Jia and Yin (2008) or Zhu (2009) 
where two tandem flexible filaments are placed in a steady stream. 
This paper deals with the study of the interaction between two 
freely rotatable bodies in fluid by numerical simulations.  

 

NOMENCLATURE 
MC    Dimensionless moment exerted on the cylinder 

D     Diameter of the circumcircle of triangular cylinder 
I      Moment of inertia 
I      Dimensionless moment of inertia 
L      Distance between the circumcenters of two cylinders 
p      Pressure of the fluid 
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Re Reynolds number 
U Inlet flow velocity 
w      Thickness of the prism 
u      Velocity of the fluid 
n      Out normal vector on the surface of the cylinder 
r      Position vector on the surface of the cylinder 
z      Unit vector pointing out of the plane 

fρ     Density of the fluid 

sρ      Density of the cylinder 
ν     Kinematic viscosity of the fluid 
 

MODEL AND NUMERICAL METHOD 
The configuration of this problem is rather simple: two 

hinged triangular cylinders are placed in tandem in a steady 
stream. A schematic presentation of the system that is studied 
in this paper is shown in Fig. 1. The relevant parameters in 
the present problem are: the spacing ratio L/D, the Reynolds 
number Re and the dimensionless moment of inertia I .   

The governing equations for the 2D incompressible fluids 
can be written in a dimensionless form as 

21( )
Re

p
t

∂
+∇ ⋅ = −∇ + ∇

∂
u uu u

          (1) 
0∇⋅ =u  ,                            (2) 

where u and p represent velocity vector and pressure 
respectively. The reference variables that are used to non-
dimensionlize the equations are: the diameter D of the 
circumcircle of the triangular cylinder; the inflow velocity U 
and the reference pressure      (where             is the 
density of the fluid).  
 
 
 
 
 
 
 
 
 
 
The Reynolds number Re is defined as 

UDRe
ν

=                     (3) 

whereν is the kinematic viscosity of the fluid.  
The dynamics of the rotating cylinders is governed by the 

following dimensionless equation 
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Here I  is the dimensionless moment of inertia which is 
defined as  
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where w and    are the thickness and the density of the cylinder  
respectively. 

The dimensionless moment exerted on the cylinder is 
calculated by a surface integration 
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            (6)  
where n is the unit norm vector on the surface of the body; r the 
position vector and z the unit vector pointing out of the plane.  

In this study, we only consider the situation where the 
Reynolds number is low and the flow is assumed to be two-
dimensional and laminar. We employ an unstructured Chimera 
grid method to solve the two-dimensional Navier-Stokes 
equations (1) and (2) on a computational domain with moving 
boundaries. A second-order upwind scheme is used to discretize 
the convective term and the Crank–Nicholson scheme is used 
for the temporal advancement. A SIMPLEC method is used to 
couple the pressure with the velocity. Special interpolations are 
adopted on the overlapping boundaries to couple the solutions of 
different sub-domains. For the details of this numerical 
methodology (and also some code validations), please refer to the 
papers of Zhang (2006) and Zhang et al. (2008). The dynamic 
equation (4) is computed by the forward Euler method to 
determine the (angular) acceleration, velocity and position of the 
cylinder. 

The size of the computational domain in this paper is 40D by 
50D. The total number of elements is 55,000, with 43,000 
elements in the background mesh and 12,000 elements in the two 
sub-meshes that enclose the two cylinders. The background mesh 
consists of purely triangular elements while some quadrilateral 
elements are used in the two sub-meshes near the surface of the 
cylinder to capture the flow feature in the boundary layer. 105 
grid points are deployed on the surface of the triangular cylinder 
and a time step of 0.005 is used in all the computations hereafter. 
The grid resolution and time step in this paper are comparable 
with that in Zhang et al. (2008) where reasonable results were 
obtained on flow over stationary and rotating circular cylinder at 
the Reynolds number of 200.  

RESULTS AND DISCUSSIONS 
In the paper, we focus on the effect of spacing L on the 

dynamics of the cylinder and the flow field. The effect of spacing 
is studied by varying this parameter while maintaining the 
Reynolds number and the moment of inertia. 

For the purpose of comparison, we first conduct a simulation 
which involves only one cylinder. It is found that at Re=200 
and I =1.0*, a single cylinder autorotates with an averaged tip 
                                                           

* According to Mittal and Seshadri (2004), the result is not very sensitive to 
this quantity when the moment of inertia becomes sufficiently large. 

2
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Figure 1. A schematic representation of flow over two 
tandem rotatable cylinders. 
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speed of 0.26U.  Some irregularities in the time series of 
angular velocity can be clearly seen in Fig. 2(a). Apparently a 
simple periodicity does not exist.  

To study the effect of the spacing ratio (L/D) on the 
dynamic behaviors of the tandem cylinders, numerical 
experiments at four different spacing ratios (2.0, 3.0, 4.0 and 
5.0) are conducted and the observations are summarized as 
follows. 

In the case of L/D = 2.0, instead of autorotation, both the 
upstream and the downstream cylinders exhibit angular 
oscillation about their axles. The upstream and the 
downstream cylinders oscillate at the same frequency and 
their oscillations are almost in anti-phase (see Fig 2(b)).  

In the cases of L/D = 3.0, regular periodical autorotation 
is observed for both the upstream and the downstream 
cylinders. The average angular velocity of the upstream 
cylinder is approximately the same as that of a single 
autorotating cylinder, while the downstream cylinder 
autorotates at lower velocity (see Fig 2(c)).  

In the cases of L/D = 4.0 and 5.0, the autorotations of the 
cylinders are also observed, but the motion is not regular 
periodic. The motion of both cylinders seems to be ‘chaotic’ 
(see Fig. 2(d) and Fig. 2(e)). 

 

 
 
 

 
 
 
 
 
 

 
The vortical structures at different spacing ratios are also 

significantly different. For the purpose of comparison, the case of 
a single autorotating cylinder is also plotted (see Fig. 3(a)). At 
L/D =2.0, the vortex shedding behind the front cylinder is 
completely suppressed due to the closeness of the two (see Fig.3 
(b)). The shear layers on both sides of the front cylinder attach 
the rear one. No vortices are found in the gap between them. A 
vortex street only exists behind the downstream cylinder. This 
vortex street resembles that behind a single stationary cylinder. 
At L/D = 3.0, the vortices shed from the upstream cylinder before 
impinging on the downstream one (see Fig. 3(c)). At L/D = 4.0 
and L/D=5.0, the number of vortices between the two cylinders 
increases and the vortical structure becomes more complex. The 
instantaneous vorticity contours are shown in Fig. 3(d) and Fig. 
2(e) respectively. In Fig. 3(c), 3(d) and 3(e), a strong and 
complex interaction among the vortices generated from both 
cylinders is observed behind the downstream cylinder. When 
comparing the results of the tandem cases with that of the single 
autorotating case, it is seen that when the two cylinders are not 
too close to each other, the vortical structure behind the front one 
is very similar to that behind a single cylinder. However, because 
of the interaction between the wakes of the front and rear 
cylinders, the pattern of the vortex street behind the rear one is 
completely different from that of a single cylinder.  

 

 
 
 
 
 
 
 
 
 
 

Figure 3. Instantaneous vorticity contours near the cylinders. 
Colors indicate the strength of vorticity. Red is for positive 
vorticity (anticlockwise rotation) and blue for negative 
vorticity (clockwise rotation). (a) A single autorotating case 
for comparison; (b) L/D = 2.0, the shear layers from the 
upstream cylinder attach the downstream cylinder; (c) L/D = 
3.0, one pair of vortices exist in the gap; (d) L/D = 4.0, more 
vortices exist in the gap; (e) L/D = 5.0, more vortices exist in 
the gap.  

Figure 2. Angular velocity vs. time for different spacing 
ratios. (a) A single cylinder case for comparison; (b) L/D = 
2.0, the two cylinders oscillate at the same frequency but 
are almost in anti-phase; (c) L/D = 3.0, quasi-periodic 
autorotation, the angular velocity of the upstream cylinder 
is higher than that of the downstream cylinder; (d) L/D = 
4.0, autorotation with no periodicity; (e) L/D = 5.0, 
autorotation with no periodicity.  
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The phase graphs and the moment frequency spectra are 

presented in Fig. 4 - Fig. 8.  Fig. 4(a) is the phase graph 
(angular acceleration vs. angular velocity) for a single 
autorotating cylinder. Some irregular behavior has manifested 
itself in this phase graph and the plot of moment frequency 
spectrum (Fig. 4(b)). Fig. 5 is the results from two tandem 
cylinders with the distance of L = 2.0D. The phase graph and 
frequency spectrum indicate the existence of a nearly 
harmonic oscillation for both the front and the rear cylinders. 
When we increase the distance to L = 3.0D, a quasi-periodic 
behavior appears on both the front and the rear cylinders (see 
Fig. 6). If the distance is further increased to L = 4.0D or L = 
5.0D (see Fig.7 and Fig.8), the ‘chaotic’ behavior reappears 
on both cylinders. The influences of the gap distance on the 
dynamics behaviors of both cylinders are summarized as 
follows. When the two cylinders are very close (e.g. L=2.0D), 
due to the suppression of vortex shedding from the front one, 
autorotation ceases to exist and both cylinders exhibit a 
periodic oscillation. When the cylinders are some distance 
apart (e.g. L = 3.0D), the autorotation is recovered, but the 
‘chaotic’ behavior (as that in the single cylinder case) is 
replaced by a more regular quasi-periodic one for both 
cylinders. With the further increase of distance (e.g. L = 4.0D 
or L = 5.0D), the periodicity of autorotation is lost. The 
‘chaotic’ behavior of the front cylinder now resembles that of 
a single cylinder case. As one can see from the phase graph, 
the behavior of the rear cylinder is more complex comparing 
with the front one. This is probably due to the interaction of 
vortices that occurs downstream of the rear cylinder. This 
strong interaction can give rise to very irregular unsteady 
moments on the rear cylinder. 

To further characterize the motion of the cylinder in the 
aforementioned scenarios, we also calculate the Lyapunov 
exponent of the time series of the moment. A free software 
TISEAN (Hegger et. al 1999) is used to calculate the 
Lyapunov exponent. However, for all ‘chaotic’ motions that 
we observed (e.g. the single cylinder case and the tandem 
cases of L= 4D and L= 5D), the outcome indicates a lack of 
exponential divergence of nearby trajectories. Thus we are 
still not able to confirm the existence of chaos.  

 

     
(a)                   (b) 

 
 
 
 

 
 
 

(a)                     (b) 

  
(c)            (d) 

 
Figure 5. Phase graph and moment frequency spectra 
for the two tandem cylinders at L/D=2.0. (a) and (b) 
Angular acceleration vs. angular velocity; (c) and (d) 
Fourier transform of the dimensionless moment exerted 
on the cylinder. Red color represents the front cylinder 
and blue color represents the rear cylinder. 

 
 
 
 
 
 
 

 
            (a)                   (b) 

 
(c)                   (d) 

      Figure 6. Phase graph and moment frequency 
spectra for the two tandem cylinders at L/D=3.0. (a) 
and (b): Angular acceleration vs. angular velocity; 
(c) and (d) : Fourier transform of the dimensionless 
moment exerted on the cylinder. Red color 
represents the front cylinder and blue color 
represents the rear cylinder. 

 
 
 
 

 
 
 

Figure 4. Phase graph and moment frequency spectra for 
a single cylinder. (a) Angular acceleration vs. angular 
velocity; (b) Fourier transform of the dimensionless 
moment exerted on the cylinder.  
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           (a)                   (b) 

(c)                 (d) 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

CONCLUSIONS 
Numerical simulations are used in this paper to study the    
problem of two tandem rotatable cylinders in a free stream. It 

is found that the spacing ratio (L/D) is an important quantity 
which determines the dynamics behaviors of the two cylinders. 
At small distance L = 2D, anti-phase oscillations are observed on 
the two cylinders. With the increase of distance to L = 3D, a 
quasi-periodic autorotation is observed on both of them. When 
we increase the distance to 4D or 5D, ‘chaotic’ autorotation is 
observed on both. Under such circumstances, the behavior of the 
front one resembles that of a single rotatable cylinder and the rear 
one exhibits a more irregular behavior. However, for all ‘chaotic’ 
cases that are observed in this study, the calculation of Lyapunov 
exponents fails to prove the existence of chaos. Thus we suspect 
that the appearance of these motions can be described best as a 
‘non-periodic and non-chaotic’ attractor. Further investigation 
into the characteristics of this type of motion is needed. 
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(a) and (b): Angular acceleration vs. angular velocity; 
(c) and (d): Fourier transform of the dimensionless 
moment exerted on the cylinder. Red color represents 
the front cylinder and blue color represents the rear 
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