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Vortex dislocations in wake-type flow induced by three types of spanwise disturbances
superimposed on an upstream velocity profile are investigated by direct numerical simulations.
Three distinct modes of vortex dislocations and flow transitions have been found. A local spanwise
exponential decay disturbance leads to the appearance of a twisted chainlike mode of vortex
dislocation. A stepped spanwise disturbance causes a streamwise periodic spotlike mode of vortex
dislocation. A spanwise sinusoidal wavy disturbance with a moderate waviness causes a strong
unsteadiness of wake behavior. This unsteadiness starts with a systematic periodic mode of vortex
dislocation in the spanwise direction followed by the spanwise vortex shedding suppressed
completely with increased time and the near wake becoming a steady shear flow. Characteristics of
these modes of vortex dislocation and complex vortex linkages over the dislocation, as well as the
corresponding dynamic processes related to the appearance of dislocations, are described by
examining the variations of vortex lines and vorticity distribution. The nature of the vortex
dislocation is demonstrated by the substantial vorticity modification of the spanwise vortex from the
original spanwise direction to streamwise and vertical directions, accompanied by the appearance of
noticeable vortex branching and complex vortex linking, all of which are produced at the locations
with the biggest phase difference or with a frequency discontinuity between shedding cells. The
effect of vortex dislocation on flow transition, either to an unsteady irregular vortex flow or
suppression of the Kármán vortex shedding making the wake flow steady state, is analyzed. Distinct
similarities are found in the mechanism and main flow phenomena between the present numerical
results obtained in wake-type flows and the experimental-numerical results of cylinder wakes
reported in previous studies. © 2009 American Institute of Physics. �DOI: 10.1063/1.3192652�

I. INTRODUCTION

A number of experimental investigations have shown
that in some vortex dominated flows, such as the cylinder
wake, mixing layer, and some other nonlinear waves, the
flow transition involves the appearance of large-scale vortex
dislocations or topological defects of vortex patterns with a
complex three-dimensional configuration. Studies of the
wake three dimensionalities caused by the spanwise variation
either in velocity or diameter have also shown that the vortex
dislocation can be forced to occur. Depending on these three-
dimensional flow conditions, vortex dislocations exhibit vari-
ous modes and complex topology of streamwise vortex lines.
Vortex dislocations are generated between spanwise vortex
shedding cells with differences in phase or frequency. They
play an important role in the flow transition and are consid-
ered to be a new kind of mechanism for the transition. De-
tailed presentations of them can be found in experimental
studies of Williamson1,2 and Lewis and Gharib.3 A number of
other authors also have reported results of interesting obser-
vations and investigations on the vortex dislocation appear-
ing in wakes and mixing layer. For details the reader is re-
ferred to the works of Bearman,4 Eisenlohr and

Eckelemann,5 Gerrard,6 Papangelou,7 Darekar and Sherwin,8

Dallard and Browand,9 among others.
It is clear that the majority of previous experimental

studies have been devoted to exploration of the generation of
vortex dislocation and its effect on wake development behind
the cylinder with geometric variations. However there is no
great deal of investigation on vortex dislocation in shear
flow, such as wake-type shear flow with spanwise nonunifor-
mities. In this regard, physical understanding of the precise
mechanism of the formation of vortex dislocation and the
details of vortex linkages over the dislocation are far from
complete.

In recent numerical studies, by means of direct numeri-
cal simulation �DNS� Braza et al.10 investigated the natural
vortex dislocation in three-dimensional wake transition.
Darekar and Sherwin8 studied the flow past a square-section
cylinder with a wavy stagnation face. Ling and Zhao11 and
Ling and Niu12 performed some numerical studies for explo-
ration of vortex dislocation caused by a local disturbance in
a wake-type flow. However for qualitative and quantitative
understanding of dynamical behavior of vortex in various
practical wake flows and many basic problems, which re-
quire parametric investigations, such DNS computations
could still become prohibitively expensive. A numerical ef-
ficient way to study the wake vortex dynamics was proposed
by Triantafyllou and Karniadakis.13 They demonstrated that
the vortex wake of bluff bodies, particularly a Kármán vortex
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street, could be reproduced knowing the time-averaged flow
at a specific location behind a cylinder, where such flow was
the most unstable as analyzed from linear instability theory.
That gives strong credence to almost universal practice of
simply disregarding the cylinder body in wake stability
analysis. Further it opens new possibilities by studying the
evolution of the time-averaged flow with spanwise variation
to investigate the nonlinear interaction of vortices produced
in the wake flows.

The interest of the present work is in the study of the
fundamental features and the dynamics of vortex dislocation
appearing in wake flows by the DNS approach. Of particular
importance is to understand the influence of different types
of spanwise nonuniform disturbance imposed on the two-
dimensional streamwise upstream flow on the vortex dislo-
cation and wake development. Following the concept of
computational reducibility by Triantafyllou and
Karniadakis13 mentioned above, this study tries to simplify
the complex vortex shedding phenomena induced by a real
cylinder with spanwise diameter variation, using a wake-type
shear flow profile with different spanwise variations in
streamwise velocity defects, and to gain some basic knowl-
edge on the mechanism of vortex dislocations appearing in
the real flows. According to linear instability analysis, with
different time-averaged streamwise upstream velocity pro-
files obtained from previous experiments, vortex streets can
be obtained with different shedding frequencies along the
span of the flow. By studying the evolution of this kind of
flow, we expected to obtain an understanding of the phenom-
ena of vortex dislocation without using a large amount of
computation resources. It was also suggested that the results
of this study would not be the same as those given by the
experiments but that they would mimic, in some aspects, the
vortex dislocations produced by real cylinder with diameter
variation. It was presumed that the present results will be
helpful to well understand the complexity and intrinsic
mechanism on vortex dislocation occurring in real cylinder
wakes. On the other hand, since the evolution of the wake-
type shear flow leads to periodic vortex shedding, it can also
be considered as a form of nonlinear waves. Thus, the
present work also relates to the vortex dislocation problem in
nonlinear waves.

The outline of the article is as follows. In Sec. II, as the
beginning part, the wake-type upstream profiles with differ-
ent spanwise disturbances are introduced, then mathematical
formulation and numerical method for DNS are described. In
Sec. III, numerical results and analysis of three distinct types
of vortex dislocation are presented. In Sec. IV, some conclu-
sions and discussions are made.

II. NUMERICAL SIMULATIONS

A. Wake-type upstream velocity profiles

In the present DNS computations a basic two-
dimensional wake velocity profile with spanwise three-
dimensional disturbance superimposed is taken as the
streamwise upstream flow. The two-dimensional wake veloc-
ity profile is taken from the time-averaged streamwise veloc-
ity profile at the position in the near wake close to the cyl-

inder, obtained by referring to previous DNS results13,14 and
the experimental measurements15 of a cylinder wake flow. As
discussed before, the profile flow has been shown to be ab-
solutely unstable, resulting in a Kármán vortex street.

In the Cartesian system, x, y, and z are coordinates de-
fined in the streamwise, vertical, and spanwise directions,
respectively. The general dimensionless expression of the
wake-type upstream velocity profiles with spanwise distur-
bances can be written as

U�y,z� = 1.0 − a�z��2.0 − cosh��by�2��exp�− �cy�2� , �1�

where a�z�, b, and c are parameters determining various
shapes of wake-type upstream velocity profiles with different
types of spanwise disturbances, as shown in the following
context. The term a�z� is the velocity defect factor. The vari-
ables of length and velocity have been normalized, respec-
tively, by the characteristic length D and velocity U�. D is
determined by U�D /2�= 1

2 �U�0,��+U�� ,���, while U� is
the upstream flow velocity at y= ��.

In the present study of wake-type flow evolution three
typical types of spanwise disturbance on the velocity profile
are introduced. In type I, a local exponential decay distur-
bance is imposed at the center of the span which decays
exponentially with the increase in spanwise distance. The
parameters are

a�z� = 1.1 + 0.4 exp�− z2�, b = 1.1, c = 1.2. �2�

In type II, a stepped spanwise variation of velocity defect is
introduced at spanwise positions. That is

a�z� = 1.1, b = 1.1, c = 1.2 if �z� � 2.5,

�3�
a�z� = 1.1, b = 0.9, c = 0.918 if �z� � 2.5.

In type III, a spanwise sinusoidal wavy disturbance with
various amplitudes across the span is imposed on the veloc-
ity defect of the upstream flow,

a�z� = 1.1 + A cos�2�nz/L�, b = 1.1, c = 1.2, �4�

where L is the nondimensional spanwise size of computa-
tional domain, A is the nondimensional wave height of dis-
turbance, and n is the number of disturbance wave. Then the
wavelength of disturbance is obtained as �=L /n. Corre-
spondingly, the wave steepness is defined by A /�.

B. Theoretical formulation and numerical method

In order to obtain high numerical accuracy and wave-
number resolution a compact finite difference-Fourier spec-
tral hybrid method is used for solving three-dimensional
Navier–Stokes �NS� equations. A detailed presentation of
these equations and the numerical method can be found in
Refs. 16 and 17. The procedure of the method is summarized
briefly as follows. In the spanwise direction of the flow, the
periodic boundary conditions are assumed, and then all the
flow variables ��� are expanded into a truncated Fourier se-
ries as
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��x,y,z,t� = �
m=−N/2

N/2−1

�m�x,y,t�e−im�z, �5�

where N is the cutoff and � is the spanwise wavenumber.
The three-dimensional incompressible NS equations are
written in dimensionless variable formulation as

�V

�t
+ �V · ��V = − �p +

1

Re
�2V , �6�

where V is the velocity vector, �u ,v ,w� are the velocity com-
ponents in streamwise, vertical, and spanwise directions, re-
spectively, and p is the pressure. The real time t� and pres-
sure p� are normalized by D /U� and dynamic head,
respectively. The Reynolds number is defined as Re
=U�D /	, where 	 is the kinematic viscosity. Substituting
Eq. �5� into Eq. �6�, a system of equations for the mth har-
monic in a two-dimensional �x ,y� domain can be obtained,

�Vm

�t
+ Fm��V · ��V� = − �mpm +

1

Re
�m

2 Vm, �7�

where �m=� /�x ,� /�y ,−im�, �m
2 =�2 /�x2+�2 /�y2−m2�2,

and Fm��V ·��V� is the Fourier transformation of the nonlin-
ear terms. For the time discretization of the equation, follow-
ing the work of Karniadakis et al.,18 a third-order mixed
explicit-implicit schemes is used. The solution procedure at
every time step can be split into the following three substeps:

Vm� − �q=0
Ji−1
qVm

n−q

�t
= − �

q=0

Je−1

�qFm��V · ��Vn−q� ,

Vm� − Vm�

�t
= − �mpm

n+1, �8�

�0Vm
n+1 − Vm�

�t
=

1

Re
�m

2 Vm
n+1,

where Vm� and Vm� are intermediate values of velocity, Ji and
Je are parameters for the order of scheme, and 
q, �q, and �0

are appropriately chosen weights. To evaluate the nonlinear
terms in the split equations, the pseudospectral method is
adopted, and the fifth order upwind compact scheme is used
to approximate the terms. For solving the Helmholtz equa-
tions for pressure and velocity, a nine-point compact scheme
of fourth-order accuracy is derived as follows �Refs. 16 and
17�:

10��2 + �4� − 2��1 + �3� + ��5 + �6 + �7 + �8� − 20�

��y�2

−
10��1 + �3� − 2��2 + �4� + ��5 + �6 + �7 + �8� − 20�

��x�2

+ �8�0 + �1 + �2 + �3 + �4�b = �8f0 + f1 + f2 + f3 + f4� ,

�9�

and sixth-order center compact scheme is used for nonhomo-
geneous term �f� in calculations.

C. Boundary conditions

For the numerical simulation of the open space flows,
correct treatment of the boundary conditions is very impor-
tant because it not only directly affects the overall accuracy
of the scheme but also determines the efficiency of the time-
stepping algorithm. At the entry of the computational do-
main, the boundary conditions are given by the imposed ve-
locity profile �1�. On the upper and lower free boundaries the
boundary conditions for velocity are

�u

�y
= 0, v = 0, w = 0. �10�

For outlet boundary conditions in far downstream, it may be
assumed that the flow has a preferred direction along the x
axis and goes through freely the downstream boundary with-
out any nonphysical feedback. However these type condi-
tions will lead to a large amount CPU time and memory
storage. If the size of computation domain is not large
enough, a nonreflecting-type outlet boundary condition is
needed which is required to deal with both the nonlinear
convection and viscous diffusive mechanism of the flow that
well matches the NS equations adopted inside the domain.
This approach minimizes the spurious perturbation waves
propagated upstream. For these reasons a form of nonreflect-
ing outlet conditions were used which is an analog of the
classical wave equation, suggested by Jin and Braza19 and
generalized to three-dimensional case by our previous
studies16,17 �it is noticed that the similar result was also ob-
tained by Persillon and Braza20�. The nonreflecting boundary
conditions at the outlet position of the computation domain
are formulated as

�V

�t
+ u

�V

�x
=

1

Re
	 �2V

�y2 +
�2V

�z2 
 . �11�

The corresponding spectral form used in the computation is

�Vm

�t
+ Fm�u

�V

�x
� =

1

Re
	 �2Vm

�y2 − m2�2Vm
 . �12�

Equation �12� must be solved simultaneously with the third-
order mixed explicit-implicit schemes adopted for NS equa-
tions in the inner domain.

For the pressure boundary conditions from Eqs. �7� and
�8�, a semidiscretized pressure boundary condition can be
expressed as

�pm
n+1

�n
= n · −

�Vm

�t
+

1

Re
�m

2 Vm
n+1

− �
q=0

Je−1

�qFm��Vn−q · ��Vn−q��
= n · −

�Vm

�t
−

1

Re
Fm��  �n�

− �
q=0

Je−1

�qFm��Vn−q · ��Vn−q�� , �13�

where �2V=�D−��, �=�V, and D=� ·V are used.
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By forcing Dn+1�0, in each time step and replacing �
�n+1 by ��n, the divergence-free constraint can be
well satisfied on the boundaries.

In computation, the parameters are as follows. Reynolds
number is taken as 200. The nondimensional sizes of the
computational domain are 100, 30, and 30 in streamwise,
vertical, and spanwise directions, respectively, used for type
I. For saving computer resources in types II and III, the com-
putational domain becomes 60, 30, and 30, respectively. The
cutoff of the truncated Fourier series is N=64. The corre-
sponding grid points in the x-y plane are 20262 in the case
of the type I, and 12262 in the cases of types II and III.
The reliability of the numerical code used in the present
work is verified first through a preliminary calculation of a
two-dimensional time-average flow. The velocity profile
used in computation is obtained from the DNS results of
two-dimensional wake flow with cylinder at Red=100 �Red is
defined by U�d /	, d is the cylinder diameter�.14 The corre-
sponding parameters in velocity profile, Eq. �1�, are a=1.3,
b=0.5, and c=0.75, respectively. The computational results
reproduce a normal two-dimensional Kármán vortex street.
The computed Strouhal number is 0.189, whereas behind the
cylinder it was 0.179.14 The present result compares well
with St=0.195 calculated by a time-average profile flow ob-
tained by Triantafyllou and Karniadakis13 at same Reynolds
number. The above quantitative agreement is satisfactory.
The small shift in calculated frequency may be attributed to
the effect of the inflow upstream boundary condition. The
preliminary computations also show that as the computa-
tional domain �say in x direction� changes from 60 to 100
and the Fourier mode varies from 64 to 128, the flow struc-
tures calculated are almost unchanged. The difference in
fluctuation velocity between the two cases is very small, and
the absolute error for these two cases is of O�10−6�.

III. NUMERICAL RESULTS

DNS of the evolution of wake-type upstream flows with
three different spanwise disturbances has been carried out.
Three distinct modes of vortex dislocation and wake behav-
ior have been found in the wake flows. In Secs. III A–III C,
the general characteristics of spatial-temporal evolution of
different upstream flows and three distinct modes of vortex
dislocation produced in wakes will be described, respec-
tively. From the point of view of substantial modification of
vorticity, by examining the variations of vortex lines and
vorticity distribution, the physical processes of the vortex
dislocation development and the complex vortex linking over
the dislocation are illustrated. Different mechanisms respon-
sible for the presence of vortex dislocations are discussed.
The effect of vortex dislocation on wake transition and the
unsteadiness of wake behavior are reported, respectively. It
should be mentioned that the present results of wake flow
structure differ from those induced by the natural three-
dimensional instability of flow around a circular cylinder,
that is mode A three-dimensional vortex structure that occurs
at the Reynolds number of 180 and above.2 In the present
study at the Reynolds number of computations the wake re-
mains two dimensional in the absence of three-dimensional

disturbances. Three-dimensional evolution and flow struc-
tures of the wake-type flows, being described below, are de-
termined by the imposed three-dimensional disturbances.
Mode A flow pattern was not observed although the compu-
tation Reynolds number is nearly the same.

A. Local spanwise exponential decay disturbance

For this case the flow instability development and vortex
rolling up are nonsynchronous along the span. In the early
stage of flow evolution an oblique mode of vortex shedding
occurs across the span, as shown in Fig. 1. As time increases,
a systematic twisted chainlike mode of vortex dislocation is
generated in the middle downstream caused by the local
spanwise disturbance in the upstream flow. The overall vor-
tex flow pattern, identified by �2-definition,21 is shown in
Fig. 2. The vortex dislocation is symmetric about the central
plane �z=0� and occurs consecutively on the spanwise vortex
tubes of base flow. It is characterized by spanwise vortex
branching and complex vortex linking between vortices. The
numerical visualization in Fig. 2 suggests a typical mode of
vortex dislocation whereby at a certain spanwise position, a
spanwise vortex is divided and linked, back and forth, into
two vortices with opposite signs on the same side. Signifi-
cant undulation of the spanwise vortex tubes is clearly seen
in the region near the center of the span. Near the center the

FIG. 1. Upstream isosurfaces of spanwise vorticity ��z�=0.15 at t=260.

FIG. 2. The overall flow pattern with symmetric twisted chainlike vortex
dislocations identified by �2-definition ��2=−0.003�, t=260.
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undulated spanwise vortex is attached by two streamwise
vortex branches diverted from the spanwise vorticity. Spatial
distribution of three components of vorticity and their con-
nections in vortex dislocation are shown in Figs. 3 and 4,
respectively. These calculated results clearly show further the
fundamental modification of vorticity from spanwise direc-
tion to streamwise and vertical directions and the vortex link-
ing between different vortices in the vortex dislocations.
Some samples of calculated vorticity distribution in the wake
are shown in Figs. 5 and 6. In the figures, the spanwise
spreading and vertical development of the vortex dislocation
can also be recognized clearly.

In order to understand the physical processes of the de-
velopment of vortex dislocation and identification of vortex

linkages over the dislocation, the variation of several repre-
sentative vortex lines emitted from a primary spanwise vor-
tex is examined in detail. As shown in Figs. 7–9, from up-
stream to downstream, the vortex line tracks are changed
successively from nearly parallel, to spanwise direction
with a small undulation in the center region, to noticeable

FIG. 3. �Color online� Topology of vortex linking between three compo-
nents of vorticity in vortex dislocation, t=260. Iso-surfaces of vorticity:
��x�=0.1, ��y�=0.06, ��z�=0.12.

FIG. 4. �Color online� Top view of vortex linking between spanwise and
streamwise vorticity in the vortex dislocations at certain middle downstream
positions. A+ and A− represent spanwise vortices with positive and negative
signs, respectively. B and C show the streamwise vorticity branches diverted
from the spanwise vortices at two positions with the largest phase differ-
ences in spanwise vortices. The vortex linking, back and forth, of two com-
ponents of vorticity is shown in the figure at t=260.
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FIG. 5. Distributions of streamwise vorticity �x at different vertical planes,
t=260, �a� y=0; �b� y=−1.5; �c� y=−4.
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FIG. 6. Distributions of vertical vorticity �y at different vertical planes, t
=260, �a� y=0; �b� y=−1.5; �c� y=−4.
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spanwise undulation. As the flow travels downstream, this
undulated distortion of vortex lines becomes much stronger.
In the middle downstream, some vortex lines, usually in the
outer region of a spanwise vortex tube, are separated from
the primary spanwise vortex and then turned to the adjacent
spanwise vortices with opposite signs, becoming a part of
them on the same side. Further downstream, in addition to
the spanwise vortex splitting and distortion, some split vor-
tex lines are wound back and forth around other vortices. A
detailed vortex linkage between adjacent spanwise vortices
over the dislocation is illustrated in Fig. 9 by the vortex line
tracks. It shows that in the dislocation the vortex elements

are highly distorted in three dimensions, and the vortex line
tracks present a disorderly aspect. From the successive stages
of the variation of vortex lines, it is known that the whole
physical process of development of vortex dislocation in-
cludes the oblique shedding of spanwise vortices upstream,
with the shed vortex twisting and distortion a little down-
stream and then the spanwise vortex splitting and reconnec-
tion further downstream, resulting in a highly three-
dimensional vortex dislocation structure. The nature of the
vortex dislocation is the substantial modification of vorticity
from original spanwise to streamwise and vertical directions.

X

Y

Z

11<x<12 14<x<15 22<x<23 30<x<31
y=0.5 y=0.5 y=1 y=0.5
z=0 z=0 z=0 z=0

FIG. 7. �Color online� Variations of vorticity lines at different downstream
positions. The lines pass through several places denoted by the coordinates
�x ,y ,z� in the diagram. The background is a spanwise vorticity pattern at the
plane of z=−15.
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23.5<x<24
y=-1,-0.5,0
z=-15

FIG. 8. �Color online� Spanwise vortex twisting, vortex splitting, and recon-
nection represented by the variations of vorticity lines passing through the
locations denoted by the coordinates �x ,y ,z� in the diagram. The back-
ground is a spanwise vorticity pattern at the plane of z=−15.
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FIG. 9. �Color online� Behavior of vortex lines among three adjacent span-
wise vortices in the chainlike vortex dislocations at t=260. In the figure
vortex lines emitted from one side of a spanwise vortex �in the middle� and
two adjacent vortices are drawn. Spanwise vortex twisting, vortex branch-
ing, complex linking, as well as vortex line winding around the other vor-
tices are illustrated. �a� Three-dimensional view; �b� the end view.
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The present calculation also shows that the local spanwise
exponential decay disturbance in upstream flow causes a
spanwise variation of vortex strength. Actually the initial
vortex strength can be evaluated approximately by the for-
mula ��z����−�

+�dy�0
l �zdx� ·�, where l and � are assumed as

a unit length in streamwise direction and the vorticity dissi-
pation coefficient, respectively. Result shows that ��z� is
proportional to the spanwise velocity defect factor a�z�. It
decreases exponentially from the highest value at the center
of the span to a low constant value at the positions away
from the center. The variation of the strength in the spanwise
vortex tube will result in spanwise spreading of the vortex
dislocation structure and further twisted deformation of vor-
tex tubes in dislocation. These results are consistent with a
related analysis suggested previously by Leonard.22 Of par-
ticular interest, the local spanwise exponential disturbance
causes a remarkable phase difference between the spanwise
vortex shedding cells, as shown in Fig. 10. Particularly at the
two spanwise positions of �z�=1.5 and 3.5, the rate of phase
variation reaches two different extreme values. By examin-
ing vortex patterns �Fig. 2� and the vorticity distributions of
the streamwise and vertical components �Figs. 4–6�, it is
known that just at these two locations the spanwise vortex
splitting and reconnection occur producing streamwise and
vertical components of vorticity. Therefore, it is clear that in
the present case of upstream flow the vortex dislocation is
mainly caused by the significant phase difference between
shedding cells.

The effect of vortex dislocation on velocities in the wake
is studied in detail. Both the fluctuating and mean velocities
are significantly influenced by the appearance of the chain-
like vortex dislocation. The features of velocity contours are
closely associated with the formation of the dislocation and
the vortex linkages over the dislocation. They behave no
longer as a pure time-averaged profile of streamwise velocity
appearing in the normal wake. Contour of vertical fluctuating
velocity in Fig. 11 has a large spanwise undulation across the
center region, just like the aspect of the spanwise vortex
tube. The vortex dislocation induces larger spanwise veloc-

ity, resulting in spanwise expanding of the velocity contour
�Fig. 12� downstream. The streamwise fluctuating velocity
profile urms in Fig. 13 exhibits two sets of different peak
values, which are corresponding to the appearance of vortex
dislocation structure in the center region and to a normal
Kármán vortex shedding at both sides of the span, respec-
tively. The larger fluctuation level in the center region profile
is found at the middle downstream positions where the vor-
tex tube likely starts dividing. As the flow travels down-
stream, the mean velocity profile at the center region of the
span changes from a wake-type distribution upstream to al-
most jetlike shapes at certain downstream positions, as
shown in Fig. 14. This is a feature shown in the behavior of
this wake-type flow transition. Very similar behavior of the
variation of mean velocity profile can be found in the cylin-
der wake transition with spotlike vortex dislocations shown
by Williamson.1 Pronounced irregularities in time history of
fluctuating velocity are displayed at certain downstream po-
sitions, which is caused by the appearance of vortex disloca-
tions. Some examples are shown in Figs. 15�a� and 15�b�.
Correspondingly in the spectra, a fundamental frequency ap-
peared at f0=0.1465, which relates to spanwise vortex shed-
ding, and is nearly the same across the span. Several pro-
nounced harmonic peaks are found at 2f0, and even at 4f0

with a small energy. Again, the splitting of the spectra energy
at lower and higher frequency values occurs in the vicinity of
harmonics in the spectra of streamwise and vertical veloci-
ties. The phenomena of spectra energy split correspond to the
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FIG. 11. Contours of vertical fluctuating velocity v in the x-z plane at y
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FIG. 10. �Color online� �a� The phase variation of spanwise vortex with spanwise direction at different streamwise positions. �b� The phase difference in
spanwise vortex along the spanwise direction.
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appearance of the vortex dislocation. Similar behavior has
been reported in DNS investigations of natural vortex dislo-
cation in the cylinder wake transition.10

The physical features described above, including the ap-
pearance of large-scale distorted vortex structures, highly
three-dimensional distorted and disorderly tracks of vortex
lines, as well as the pronounced irregularities in fluctuating
velocity, characterize the flow transition from a regular lami-
nar flow upstream to an unsteady irregular vortex flow with
turbulent behaviors downstream.

B. Stepped spanwise disturbance

In the present case a large-scale spotlike mode of vortex
dislocation is produced periodically in the center region of
the span caused by the stepped spanwise disturbance on up-
stream flow. It can be seen from Fig. 16�a� that the vortex
pattern is symmetric on either side of the spanwise center.
The splitting of the original spanwise vortex appears at the
position ��z�=2.5� with the velocity step and the split vortex
turning its direction to streamwise and then to adjacent span-
wise vortices with opposite signs. Thus vorticity modifica-
tion is from an original spanwise direction to streamwise and
vertical directions, and then further to adjacent spanwise vor-
tex with an opposite sign on the same side. The vortex re-
connection takes place by a crossing vortex street mode. A
typical mode of vortex linking in the dislocation is described
by the variation of vortex line tracks, as shown in Fig. 17.
These characteristics of vortex splitting and reconnection are
the same as those appearing in chainlike vortex dislocations
discussed in Sec. III A. However, in the present case the
spotlike vortex dislocation is produced periodically in the
streamwise direction, which is constituted within a time in-
terval by several consecutive vortex splittings and reconnec-
tions. The periodicity of the appearance of the dislocation
structure can also be identified by the distribution of stream-
wise vorticity downstream, as shown in Fig. 16�b�. The vor-
ticity modification and the periodicity of the occurrence of
large-scale spotlike dislocations can be recognized from time
sequences of flow pattern and the streamwise vorticity
distributions.

The time series of velocity and the corresponding spectra
at different spanwise positions are analyzed. Two samples of
velocity v component signal and its spectra at different span-
wise positions are displayed in Figs. 18 and 19, respectively.
It can be clearly seen that in the central region of �z��3, a
pronounced modulation is found in the velocity signal �Fig.
18�. The low frequency modulation corresponds to the pas-
sage of a vortex dislocation structure, while away from the

central region the signals exhibit a normal Kármán vortex
shedding. Correspondingly, frequency analysis by fast Fou-
rier transform shows two remarkable peak values at f1

=0.141 and f2=0.117 in the region of �z��3, while only one
peak value �f1� is found for �z��4. f1 corresponds to the base
flow fluctuation and f2 is the shedding frequency in the non-
uniform central region. Again, a peak value at fb=0.024 is
the beat frequency, equal to the difference in f1 and f2,
caused by nonlinear interaction of the two frequencies. fb

is the frequency of the occurrence of the spotlike vortex
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dislocation. Spectra of the spanwise velocity signal display
very significant irregularities, as shown in Fig. 19. Many
peak values at various frequencies are produced. By means
of wavelet analysis of velocity variation it is found that the
local frequency at certain downstream positions varies with
time and spatial positions. The frequency broadening due to
frequency interaction downstream is also pronounced. These
physical features of large-scale vortex distortion and flow
field irregularities characterize the behavior of the wake-type
flow transition. In order to keep this paper short, the details
of variation of frequency in wake are not discussed here. So
far, from the above numerical results, it can be concluded
that in the present case the spotlike vortex dislocation is
caused by the frequency discontinuity appearing at the ve-
locity steps on either side of the central region. The appear-
ance of the vortex dislocation is a wake flow behavior that
coordinates the frequency discontinuity in the span between

the adjacent shedding cells, matching the vortex shedding
flow on either side of the velocity steps. The basic features of
the calculated vortex dislocation are very similar to those of
indirect mode dominated flow pattern, produced at both sides
of discontinuity in the diameter of a stepped cylinder, ob-
served by Lewis and Gharib.3 Again, there are close similari-
ties between the spotlike dislocations obtained by present
numerical simulation and the symmetric two-side disloca-
tions generated at either side of a small ring on a circular
cylinder reported by Williamson’s experiments.1 The simi-
larities include the spanwise vortex dividing, the vorticity
modification from spanwise to streamwise direction, and the
complex reconnection between neighboring vortices with the
opposite sign. It is demonstrated that there are some common
features in the generation of the vortex dislocation and the
vortex linkages over the dislocation between the wake-type
flow and the cylinder wakes as the dislocation is produced by
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FIG. 15. �Color online� The time history and corresponding spectra of velocity components of �a� v at position of �x=70,y=1� and �b� w at position of �x
=80,y=1� at certain spanwise positions.
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the discontinuity of shedding frequencies, although there are
different flow patterns caused by different flow conditions.
The present numerical results provide detailed information of
the vorticity modification in the wake-type flow with veloc-
ity steps.

The dynamics of spotlike modes of vortex dislocation in
the wake-type flow was previously studied by Zhao and
Ling23 by means of a low-dimensional dynamical system

theory. Results have shown that some basic properties of the
wake-type shear flow with the vortex dislocation, including
flow patterns, two incommensurable frequencies, and their
beat frequency, can be well described by the low-
dimensional dynamical systems. Now, the flow in the present
work is considered as a typical case to investigate the influ-
ence of various nonuniform inflows on vortex dislocation
and wake development by DNS approach.

FIG. 16. Time sequence of large-scale spotlike modes of vortex dislocation,
visualized by �a� �2-definition ��2=−0.005� and �b� the distribution of
streamwise vorticity, with the evolution of time at t=310, 328, and 348,
respectively. �a� shows that the spotlike vortex dislocation is produced pe-
riodically in the central region. In the vortex dislocation, spanwise vortex
splitting and reconnection can be seen clearly. On the other hand, the
streamwise vorticity component is mainly produced in the process of span-
wise vortex splitting and reconnection, as shown in �b�. These distributions
also display the periodicity of the appearance of spotlike vortex dislocation
pattern, as shown in �a�.
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FIG. 17. �Color online� Vortex linking in the spotlike vortex dislocation
structure illustrated by vortex line behavior at t=328. At the moment a
spotlike dislocation structure is passing through at x=52, the spanwise vor-
tex splitting and linking to its adjacent vortices occurred in the middle of the
dislocation structure are shown. While at the position of x=30 vortex lines
show the beginning aspect of another following spotlike dislocation.
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C. Spanwise sinusoidal wavy disturbance

For the case of spanwise sinusoidal wavy disturbance
two different degrees of waviness, a lower wave steepness
A /�=0.01 and the mild higher one A /�=0.06, are consid-
ered in computations with parameters n=3 and L=30 in Eq.
�4�. These two input waviness conditions cause two distinct
types of wake behavior. For the case with lower waviness,
the weaker spanwise disturbance only makes Kármán vortex
shedding a slight wavy deformation with a small amplitude.
The wavelength of the deformed spanwise vortex tube is
approximately equal to that of the imposed disturbance. The
weaker streamwise and vertical vorticity are produced close
to the region of inflection points of the wavy spanwise vor-
tex. However, with the wave steepness increasing, as A /�
=0.06, wake behavior displays strong unsteadiness. With in-
creasing time, the strong wavy disturbance first causes sys-
tematic vortex dislocations along the span then results in the
stabilization of the near wake to a time-independent steady
state shear flow. In the early stages of flow evolution, span-
wise nonuniform development of instability of the upstream
flow leads to three-dimensional undulated modes of vortex
shedding. Vortex shedding occurs earlier at the valley of the
wavy disturbance than at the peak, resulting in a strong un-
dulated spanwise vortex tube. In this result, there are signifi-
cant phase differences between shedding cells. Vortex dislo-
cation grows rapidly close to the region of inflection points
of the spanwise wavy vortex tubes, where the rate of phase
variation is at a maximum. Spanwise vortex splitting occurs
there, producing noticeable streamwise vorticity and a verti-
cal one. The overall vortex dislocation flow is shown in Fig.
20�a�, where the dislocation structures are identified by the
�2-definition. The vortex dislocations are characterized by
main spanwise vortex tube splitting and breaking, as clearly
shown in the topology of vortex structures in the figure. The
frequencies of vortex shedding are calculated and are nearly
the same at different spanwise positions. The mechanism re-
sponsible for the generation of vortex dislocation in the
present case is the same as that of the creation of chainlike
undulated vortex dislocation, caused by a local spanwise dis-
turbance in Sec. III A. However, the difference is that in this
case the vortex dislocation successively appears along the
span. It is produced once each a wavelength of the imposed
wavy disturbance along the span. Thus, as shown in Fig.
20�a�, there are three dislocation structures across the span
for each undulated spanwise vortex to form systematic span-
wise periodic modes of vortex dislocations. Time-dependent
distributions of vorticity components of streamwise and ver-
tical directions are calculated and shown in Figs. 21�a� and
21�b�, which are converted from the split spanwise vortex
tubes. Of particular interest is the unsteadiness of the wake
behavior. With the increase in time, the growth of instability
of the upstream flow is found to move downstream gradually.
Corresponding vortex shedding and the spanwise periodic
vortex dislocation are produced downstream too, as shown in
Figs. 20�b� and 20�c�. At the same time, streamwise vorticity
is created downstream, while the vertical component of vor-
ticity is distributed over the whole near wake. Time se-
quences of these variations are given in Figs. 20 and 21. It is

shown that with increasing time, vortex shedding and vortex
dislocation occur further downstream and eventually move
out of computational domains. Correspondingly the fluctuat-
ing velocity, induced by vortex shedding and vortex disloca-
tion structure, decreases to zero. These features are shown in
Figs. 22�a� and 22�b�. The characteristics of the results sug-
gest that the near wake has become a steady state shear flow
with a vertical component of vorticity. It is hypothesized that
the progressive increase in vertical vorticity in the near wake
will prevent and depress the growth of spanwise vorticity.
There are remarkable similarities in the phenomena and

FIG. 20. Top view of time sequence of the spanwise systematic modes of
vortex dislocation for A /�=0.06 at �a� t=80, �b� t=160, and �c� t=240. The
vortex structures are visualized by �2-definition ��2=−0.003�. The vortex
dislocation is produced successively once each wavelength of the sinusoidal
wave disturbance along the span and travels downstream. At t=240, the
series dislocations move downstream almost out of the computational
domain.
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mechanism for suppression of the Kármán vortex shedding
between the present results and those DNS results of flow
around a wavy square cylinder given by Darekar and
Sherwin,8 Ling and Lin,24 and Lin.25 Those recent studies of
square cylinder wake have demonstrated that once the span-
wise wavy disturbance is imposed on the geometry of a
straight cylinder, both vertical and streamwise vortices are
generated on the cylinder surface. Ling and Lin24 and Lin25

found that the spanwise wavy disturbance with a moderate
waviness causes vertical vorticity to grow rapidly in the near
wake and induces a local recirculating flow behind the cyl-

inder. The recirculating flow prevents the spanwise vorticity
development and suppresses vortex shedding.

Based on the present results together with those de-
scribed in Secs. III A and III B, it can be deduced that de-
pending on different spanwise disturbances the vortex dislo-
cations occurred in the wake flow may play two opposite
roles: It may affect the flow transition from a regular un-
steady periodic vortex street to an unsteady irregular vortex
flow with some turbulent behavior, as reported in cases of
Secs. III A and III B, or suppress the Kármán vortex shed-
ding and further stabilize the unsteady wake flow.

FIG. 21. The isovorticity surface of streamwise and vertical components for A /�=0.06, �a� �x= �0.1 and �b� �y = �0.1 at t=80, 160, and 240. Those
components of vorticity are produced by spanwise vortex splitting and reconnection. It is shown that at t=240 the Kármán vortex shedding almost disappears,
while vertical vorticity still exists and even becomes a dominant component in the wake-type shear flow.
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IV. CONCLUSIONS AND DISCUSSIONS

Numerical investigations of vortex dislocation and flow
transition in wake-type flow with three typical types of span-
wise disturbance have been carried out by DNS approach.
The principal discovery in the present work and discussions
on the results may be summarized as follows.

�1� Vortex dislocations are fundamental characteristics of
wake-type flow development as various spanwise distur-
bances are superimposed on the upstream flow.

�2� Three distinct modes of vortex dislocation generated in
wake-type flows have been found, which are induced by
three typical spanwise disturbances, respectively. Par-
ticularly, the local exponential decay spanwise distur-
bance leads to the occurrence of a systematic twisted
chainlike mode of vortex dislocation, caused by phase
difference between shedding cells. The stepped span-
wise disturbance of upstream velocity causes a large-
scale spotlike mode of vortex dislocation that are pro-
duced periodically in the streamwise direction at the
place with velocity discontinuity, triggered by a fre-
quency discontinuity there. A spanwise sinusoidal wavy
disturbance imposed on the inflow velocity, in the case
of moderate waviness, results in a strong unsteadiness of
wake behavior. First, a systematic periodic vortex dislo-
cation occurs once each wavelength along the span to
form a very complex topology of vortex dislocation
structure. Then with time increasing, the Kármán vortex
shedding is completely suppressed and no dislocation is
found in the near wake. The near wake becomes a steady
state laminar shear flow. These variations are attributed
to the rapid growth of vertical component of vorticity,
preventing spanwise vorticity developing.

�3� Present results have further confirmed that in wake-type
flow the nature of vortex dislocations is the substantial
modification of vorticity occurring on spanwise vortices
from original spanwise to streamwise and vertical direc-

tions, accompanied by the appearance of spanwise vor-
tex dividing and connecting with adjacent spanwise vor-
tices of opposite sign on the same side. These
phenomena are caused by phase difference or frequency
discontinuity between shedding cells.

�4� The dynamical processes related to the formation of vor-
tex dislocation, the characteristics of vortex pattern, as
well as the vortex linkages over the dislocations are il-
lustrated in detail by examining the variations of vortex
line and vorticity distribution. It has been shown that the
dynamical processes are closely associated with the
spanwise nonuniform development of the instability of
the upstream flow, and determined by the imposed span-
wise disturbances.

�5� Depending on the nonuniform spanwise disturbance, the
present results have shown that the presence of vortex
dislocation may play two opposite roles in wake transi-
tion. It may cause the flow to be unsteady irregular vor-
tex flow with some turbulent behavior or suppress the
Kármán vortex shedding, making wake flow steady
state. Similar behavior and results can be found in the
experiments of cylinder wake transition by Williamson1

and DNS results on wake vortex dynamics behind a
wavy square-section cylinder by Darekar and Sherwin,8

and Ling and Lin,24 respectively.
�6� There are many close similarities and common features

in the mechanism responsible for the generation of vor-
tex dislocation and related flow phenomena between the
present wake-type flow evolution and the cylinder wake
transition given by previous studies.
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