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Abstract A new transition prediction model is introduced, which couples the intermit-
tency effect into the turbulence transport equations and takes the characteristics of fluid
transition into consideration to mimic the exact process of transition. Test cases include
a two-dimensional incompressible plate and a two-dimensional NACA0012 airfoil. Perfor-
mance of this transition model for incompressible flows is studied, with numerical results
consistent to experimental data. The requirement of grid resolution for this transition
model is also studied.

Key words transition, turbulent modeling, intermittency, grid resolution, skin friction

Chinese Library Classification O343.8
2000 Mathematics Subject Classification 74K20

Introduction

One challenging work in computational fluid dynamics is to predict transition from lami-
nar flow to turbulence correctly. A mature theory on transition has already been established
recently, where three types of transitions are specified, namely the natural transition, bypass
transition[1], and separated transition[2]. Natural transition occurs with relatively low turbu-
lence intensity, while bypass transition occurs with higher turbulence intensity than natural
transition. Separated transition usually occurs along with a high adverse pressure gradient.

Locating the transition point is usually of particular interest to researchers. In engineering
applications, empirical formulas such as the Granville method, Michel method, etc. are widely
utilized for simplicity. However, these methods are always extracted from a large amount of
experimental data, which also becomes a main deficiency for the wide application. With the de-
velopment of modern computers, classical approaches, such as the large eddy simulation (LES),
the direct numerical simulation (DNS), and the stability analysis theory, are put into practice.
The first two methods can solve Navier-Stokes (NS) equations and give a detailed description of
fluctuations. However, they would become prohibitively expensive at high Reynolds numbers
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due to a heavy mesh requirement of the amount of Re9/4 (for DNS especially). Two basic
ways are performed in the stability analysis theory, namely, the parabolic stability equations
approach and the eN approach[3-4]. The latter is widely applied in modern engineering based on
a linear stability theory. It assumes that the initial disturbance propagates downstream with
a constant frequency, and the transition is completed when the amplitude of the disturbance
amplifies to the eN order of its origin. Another widely used approach is the Reynolds average
Navier-Stoke equations (RANS) model, which can give a statistical solution to turbulence. By
doing Reynolds average on NS equations, transport equations for the Reynolds stress can be
extracted, which is a description of turbulent quantities’ evolution. Less computation cost is
achieved because of its less stringentness on mesh requirement. However, the RANS models
aim to solve a fully turbulent flow, which brings an earlier transition and a shorter transition
zone when they are used for transition predictions. Amendments on the RANS models have
been performed by several researchers. In order to predict the transition with high Reynolds
numbers, Zheng et al.[5] exerted the total stresses limitation (TSL) directly on RANS transport
equations and attained good results. Further research reveals that the conventional RANS
models approach takes no consideration of the flow’s physical characteristics and only predicts
transitions at the statistical level. These sheds light on a new approach taking the intermittency
into consideration.

Flows in the transition zone keep laminar and turbulent alternately due to turbulent spots.
The intermittency factor γ is introduced to describe this phenomenon, which is defined as the
ratio of the time of turbulence and the time of laminar flow in a period. γ equals 1 with a
fully developed turbulence and 0 with a laminar flow. By embedding an intermittency fac-
tor with turbulence models, better approaches to predicting transition can be obtained. In
1958, an intermittency factor coupled with the RANS models was introduced by Dhawan and
Narasimha[6], who assumed flow as a mixture of laminar flow and turbulence weighted by the
intermittency factor. In 1992, a new k-ε-γ model coupling γ with the k-ε turbulence model was
utilized by Cho and Chung[7], which is effective in solving free shear layer problems such as pla-
nar jet flows and circle jet flows. In 2006, Menter[8] invented a new transition prediction model
based on local variables. He obtained an empirical formula on Reθt by numerical experiments,
established a transport equation for intermittency factor, and succeeded in predicting transition
in three-dimensional flow fields. Researchers in China have also carried out related studies and
obtained several promising achievements. In 2009, a new k-ω-γ model was introduced by Wang
and Fu[9], succeeding in predicting boundary transitions in subsonic, supersonic, and hypersonic
fields.

In the present work, an Rt-γ transition prediction model[10] is adopted, which is a brand
new model embedding transport equations of intermittency factor with the one-equation Rt

model[11]. Compared with the k-ε-γ and k-ω-γ models, it is simpler because of the fewer
transport equations and thus reduces the computational cost. In order to carry out the research
on this model, the two-dimensional planar boundary and the two-dimensional NACA0012 airfoil
are chosen as test cases compared to corresponding experimental data. The results reveal that
it is an excellent transition prediction model with high efficiency and accuracy.

1 Rt-γ transition model

1.1 Governing equations
The fluid under consideration is an incompressible viscous flow. The primary transport

variables of the fluid field are the velocity U and the fluid pressure P. These variables are
governed by conservation equations of mass and momentum:

Dρ

Dt
= 0, (1)



Numerical investigation on a transition prediction model 1561

DUi

Dt
+

1
ρ

∂P

∂xi
= −∂τij

∂xj
+

∂

∂xj
(ν

∂Ui

∂xj
). (2)

The one-equation Rt model is a linear viscosity model[12] so that the Boussinesq approximation
is adopted. Thus, the Reynolds stresses are expressed as

τij =
2
3
kδij − 2υtSij , (3)

where k is the turbulent kinetic energy, k = 1
2τii. The isotropic eddy viscosity is a consequence

of the Boussinesq approximation, which assumes a direct proportionality between the turbulent
Reynolds stress and the mean strain rate field. Therefore, the most important part is how to
express the turbulent eddy viscosity μt. In the Rt-γ model, the undamped eddy viscosity R
is introduced to relate μt in the form: μt = fμρR, where fμ is a damping function taking the
form

fμ =
tanh(α(R/(Cμυ))2)
tanh(β(R/(Cμυ))2)

. (4)

The transport equation of the undamped eddy viscosity is given as

D(ρR)
Dt
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√
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Here, the turbulent transport term and the pressure diffusion term have already been related
with the undamped eddy viscosity R by the coefficient −μt/σr. The first term on the right-
hand side is called the molecular diffusion term, and represents the diffusion of the turbulence
energy caused by the molecular transport process. The third term on the right-hand side is
the production term, and is regarded as the rate at which the undamped eddy viscosity is
transferred from the mean flow to the turbulence. It is defined as
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Here, the turbulent kinetic viscosity is expressed as a function of the mean strain rate. The last
term on the right-hand side is the dissipation term D, which is the rate at which the undamped
viscosity is converted into the thermal internal energy. Hence, the quantity D is given by
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(7)

The transport equation for the intermittency factor is assumed to have the following form:
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Closure coefficients in the model are listed as

α = 7.2 × 10−4, β = 0.2, Cγ1 = 1.6, Cγ2 = 0.16,

Cγ3 = 0.15, σR = σr = 1.0, Cμ = 0.09, κ = 0.41,

C1 = C2 +
κ2

2σR
, C2 =

12
11

√
β

α
, C3 =

3
2σR

. (10)

1.2 Algorithms
For subsonic flows, the conventional Riemann solver[13] is utilized in the spatial discretiza-

tion, and the second order total variation diminishing (TVD) scheme with a minmod limiter
is also used. For the temporal discretization, a point-implicit scheme is used. It tends to slow
the convergence when using the conventional Riemann solver to deal with subsonic flows in
a compressible way. In order to eliminate this ill-effect, a preconditioning approach[14-17] is
required. Preconditioning amends the time evolution by altering the signal propagation speed
calculated by the eigenvalues of the Jacobian matrices.

In order to make a comparison with experiments, a series of T3 experimental data has
been adopted in this paper. For comparison, the skin friction is selected as the indicator of
transition, which is a significant criterion to depict transition. Early in the 20th century it has
been studied by Blasius for his doctoral dissertation. A Blasius solution was given through
solving the laminar boundary layer equations. From then on, several researchers also derived
some empirical formulas to revise the Blasius solution. Therefore, a detailed study can be
carried out by comparing skin friction.

There is a great difference in the aerodynamic properties with or without transition for flying
objects. Therefore, the research on drag coefficients and pressure coefficients of an NACA0012
airfoil with incidence is performed below by using the Rt-γ model and a non-transitional real-
izable k-ε model.

2 Test cases and results

2.1 Incompressible flat-plate boundary layer
In order to test the efficiency of the Rt-γ model, an incompressible flat-plate boundary layer

is chosen. Experimental data comes from the experimental results carried out by researchers
at Rolls-Royce[18]. Meanwhile, a comparison is done with Menter’s computational results[8].
The space coordinate is x = (x, y), where x corresponds to the stream-wise direction and y the
cross-stream direction. The fluid in this study is the air at room temperature. Computations
are performed on a domain of [0, 0.25 m]×[0, 0.04 m]. Constant pressure, temperature, and
velocity are imposed to the inlet and upper boundaries. Setting the free flow Mach number
Ma = 0.2, simulations are performed for two turbulence intensities, 3.5% and 6.5%, named
T3A and T3B, respectively.
2.1.1 T3A case

The distribution of the skin friction along the flat-plate is shown in Fig. 1, in which the
Mach number and the turbulence intensity are 0.2 and 3.5%, respectively. The x-coordinate in
Fig. 1 refers to the local Reynolds number (×106) given by

Rex =
U · x

υ
. (11)

An analysis of the sharp increase in the skin friction suggests that, after the transition, fluid
quantities such as mass, momentum, and energy begin to exchange significantly between macro
fluid particles through fluctuations, which leads to the diffusion of turbulence. The turbulent
skin friction and thermal exchanges become much stronger compared with the diffusion caused
by molecular transports, which means a sudden increase in the skin friction in the fully turbulent
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zone. The minimal skin friction computed by the Rt-γ model locates nearby Rex = 1.8 × 106,
which is almost in good accordance with experimental data, indicating an excellent prediction
of the transition point. The last part of the profile simulated by the Rt-γ model also shows a
good agreement with the experimental points. The deficiency of this model is that there is a
much steeper distribution of the transition zone than that in the experiment, which maybe is
a consequence of bypass transition prediction in the description hereafter.
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Fig. 1 Distribution of skin friction (Cf)
along the flat-plate with I = 3.5%
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Fig. 2 Distribution of skin friction (Cf)
along the flat-plate with I = 6.5%

2.1.2 T3B case
Figure 2 shows the result of simulations with the turbulence intensity of 6.5%. Compared

with the T3A case, this is more like a kind of bypass transition. Menter’s model shows a
much earlier transition and a relatively big difference between his minimal skin friction and
experimental data. Moreover, slightly higher values can be seen in his results even in the fully
turbulent zone compared with experimental results. However, results using the Rt-γ model
are basically consistent with the experiment, no matter the length of the transition zone or
the extreme points in the curve. The reason is probably related with the transition type, i.e.,
bypass transition. The length of the transition zone decreases as the turbulence intensity grows
bigger, indicating a better capability for the Rt-γ model to predict the bypass transition. It
also can be seen from the turbulent zone that the Rt-γ model shows a better prediction than
Menter’s model.
2.1.3 Effects of grid resolution

Effects of grid resolution can be examined by numerical simulations on grids with different
orders of near-wall distance. In this part, orders of O(10), O(1), and O(0.1) have been tried,
and the results of these simulations are compared. For the case of O(10), the simulation is
performed with various near-wall treatments, such as wall functions and directly solving. The
T3A and T3B cases are both examined, and all the settings are kept the same with the previous
study.

When y+ is of the order of 10, the results in both cases show a great difference with exper-
iments, which indicates an unreasonable simulation as the dash-dot lines shown in Fig. 3 and
Fig. 4. One reason can be sought. As the grid grows coarse, the diffusion caused by the coarse
grid becomes larger, and acts as a numerical dissipation, which can be confused easily with the
dissipation caused by turbulence. As a result, an earlier transition happens and higher values
of skin friction are observed. The solid lines and the dashed lines in Fig. 3 and Fig. 4 indicate
that the good agreement with experiments can be attained as long as y+ is less than or equal
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(Cf) along the flat-plate in T3B case

to the order of 1. This can be deduced from the definition of skin friction that is linear with
the gradient of velocity U over y, the cross-stream direction. The profile of velocity along the
cross-stream direction keeps linear with y when y+ is less than 5, which means the skin friction
stays constant as long as y+ is less than or equal to the order of 1. The above analysis reveals
that the grids resolution with the order of 1 is sufficient to predict transition, and there is no
need to mesh the grid much finer. Moreover, a coarser grid with an order of 10 or larger should
be avoided due to the ignorance of near-wall turbulent behaviors. The wall function approach
assumes a statistical behavior of velocity, which is not suitable for transition prediction.
2.2 Analysis of two-dimensional NACA0012 airfoil

As a fairly typical type of airfoil, NACA0012 has been widely used for helicopter rotor
blades for a considerable number of years, and its stalling behavior under a certain angle of
attack is still of particular interest to researchers. Transition always occurs when fluid passes
through the airfoil due to an adverse pressure gradient, which leads to a sudden change in
aerodynamic properties. In this section, in order to better study the airfoil’s aerodynamic
properties, different turbulent models are utilized. An ordinary realizable k-ε model is used
here to make a comparison with the Rt-γ transition model.

The airfoil in this simulation is of 0.76 m chord. The numerical simulation is performed
with a free stream Ma = 0.16, Re = 2.88 × 106, U = 55 m/s, under various angles of attack,
i.e., 0◦, 2◦, 4◦, 6◦, 8◦, and 10◦, respectively. Drag coefficients and surface pressure coefficients
are chosen as the main concerned properties, compared between different turbulent models and
experimental data. The grid used is presented as Fig. 5.
2.2.1 Comparison of surface pressure coefficient (Cp)

As long as the pressure distribution along the airfoil is known, the aerodynamic character-
istics of the airfoil can be deduced in a simple way. The surface pressure coefficient, given by
Cp = 2(P−P∞)

ρU2∞
, become a particular factor when a study on the airfoil is carried out. Tran-

sitions always occur due to a large adverse pressure gradient when the airfoil flies with a big
incidence. Special attention should be paid to that when a numerical simulation is performed,
turbulent models with or without transition prediction could lead to considerable difference in
aerodynamic properties on the surface of the airfoil. Unreasonable results can be obtained if
the transition is not taken into consideration.

Simulations on the two-dimensional NACA0012 airfoil with various pitch angles are per-
formed and the profiles of Cp along the upper surface are sketched in Figs. 6(a)–6(f), with the
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Fig. 5 Grid in the simulation of NACA0012 airfoil

results from different turbulent models and the experimental data from a fundamental study
on the NACA0012 airfoil by Gregory and O’Reilly[19]. It can be seen from these figures that
simulations with a transitional model always agree well with the experimental data, while sim-
ulations with the conventional realizable k-ε model always give a worse prediction, which can
be related with that the inner physics of fluid can be perfectly captured by the Rt-γ transi-
tion prediction model rather than the conventional realizable model. Another simulation is
performed by embedding a leading-edge transition model with the conventional realizable k-ε
model. The results show that a prediction of Cp is obtained as well as that with the Rt-γ model,
except for a relatively long CPU time. As the angle of attack increases, the effects of transition
become dominant, announcing a failure application of the conventional realizable k-ε model.
The results shown in Fig. 6(e) reveal that the Rt-γ model acts significantly better in a big angle
of attack whilst the realizable k-ε model gives a totally ridiculous result. The accuracy for the
Rt-γ model increases as the angle of attack increases.
2.2.2 Drag coefficient (Cd)

As a particularly important non-dimensional variable, the drag coefficient is defined by
Cd = 2Fd

ρU2∞
, where Fd is the drag. Simulations under different angles of attack are performed

to obtain Cd for different turbulent models. Compared to the experimental results in [19],
the Rt-γ model shows an acceptable similarity, whilst the realizable k-ε model fails to predict
drag coefficients correctly, especially when the angle of attack increases over 5◦. This can be
attributed to the instability that is a result of the vortex shedding in the wake of the airfoil.
Figure 7 also indicates that a transitional turbulence model should be utilized as long as the
flow experiences a transition and the Rt-γ model operates well as a transition prediction model.

3 Concluding remarks

In the present paper, an Rt-γ model based on the one-equation turbulent Rt model is dis-
cussed, and numerical simulations in subsonic applications with this model are performed. With
local variables used, the Rt-γ model benefits in a low computational cost and fast convergence.
Because of the relatively deficient data from three-dimensional large scale complicated experi-
ments, data from a two-dimensional flat-plate boundary layer experiment and a two-dimensional
NACA0012 airfoil experiment have been adopted here. Numerical results show that this model
can correctly predict the fluid’s behavior through and after the transition zone. A perfect
agreement with experimental data is achieved, indicating that the Rt-γ model is a promising
transition prediction model with high accuracy and is very suitable for flows with high Reynolds
numbers. The analysis of grid resolution reveals that a near-wall distance requirement of y+ ≤ 1
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is needed to correctly predict transition.
Predicting transition still remains a fairly complicated problem, and a lot of difficulties exist

when numerical simulations are performed. Initial values of the turbulent variables should be
given when using a turbulent model, while in the present study it is done by giving the free
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stream turbulence intensity and a ratio of molecular viscosity and turbulent eddy viscosity.
The latter is a sensitive factor. It is an equivalent quantity to turbulence length scale, which is
usually pretty difficult to estimate.

The transition in supersonic and hypersonic fields is still a key problem for researchers today.
Because of the advantages of the one-equation Rt model in supersonic and hypersonic fields, a
promising application prospect of the Rt-γ model in these fields can be foreseen, which will be
continuously studied in further research.
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