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Abstract  
A hybrid finite dfference method and vortex method (HDV), which is based on 

domain decomposition and proposed by the authors (1992), is improved by using a 

modified incomplete LU decomposition conjugate gradient method (MILU-CG), and a 

high order implicit d([ference algorithm. The flow around a rotating circular cylinder 

at Reynolds number Ro = 1000, 200 and the angular to rectil#war speed ratio 

a E (0.5,3.25) is studied mmTerically. The Ion~,,r full  developed features about the 

variations of the vortex patterns in the wake, and drag, lft .forces on the cylinder are 

given. The calculated streamline contours agreed well with the experimental visuali-ed 

.[low l~it:tta'es. Tile existence o[" critical states and the vorte.v patterns at the states art, 

given for  the./'ir.vt thne. Tbe nltl.Vhlttt111 I(/'l to drag force ratio can be obtained nearby 

the critical states. 

Key words rotating circular cylinder, vortex pattern, finite difference 

method, vortex method, preconditioned conjugate gradient 

method, incomplete LU decomposition 

I.  I n t r o d u c t i o n  

The flow around a rotating circular cylinder is a complex unsteady one. It  includes many 

complicated flow phenomena such as the unsteady boundary layer separation, the generation 

and shedding of vortices and the interaction with wakes etc.. The rotation of a circular 

cylinder around its axis will decrease and suppress the flow separation and vortex shedding on 

one side of the cylinder, while increasing and developing on another Side. A transverse lift 

force will act on the cylinder, and this phenomenon is called the Magnus effect. The most 

important parameter for the case is the angular to rectilinear speed ratio a (  = g]a/U** ,where 

s is thc angular speed of the cylinder, a the radius of  the cylinder, U** the ambient fl0w 

velocity at infinity). The variation of it will effectively change the vortex patterns in the wake, 

so the drag and lift forces on the cylinder. It is one of the important  subjects in flow control 
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research currently to well know the effect of cylinder rotation, to which great attentions are 

paid by many fluid mechanists in the world. 

The early research works were only for smaller a and lower Re flow regions. Since 80s, a 

series of experimental I~l-t~l and numerical 13t-t~1 studies has been carried out for some larger a 

and higher Re flow regions. But, trere are some issues of  whether the vortex shedding will be 

depressed and disappear completely, while the flow is approaching steadily. The article [5] 

indicates that rotation does not suppress vortex shedding even for R e - 2 0 0 ,  a = 3.25. After the 

first main vortex (the initial starting vortex), there are still the second and third (and so on) 

vortices shed from the same side of the cylinder (called the single side vortex shedding). This is 

contradictory to the experimental results of [1]. [1] indicates that after the first main vortex, the 

flow is tending to steady and the vortex shedding disappears completely then. Recently a 

systematical study on the flow around a rotating circular cylinder for Re = 100, cr E (0 .5 ,6 )  

is done ha [7]. Its results support the conclusions of [1], but does not give more details about 

theflow characters at the critical states. 

The attthors proposed (1992) a hybrid finite difference and vortex method (HDV), which 

was based on domain decomposition, and applied it to calculating the impulsively started 

flowtX. 91 and oscillating flow I1~ around a circular cylinder successfully. With the increasing flow 

complexity, some more effective, stable and accurate computational methods must be 

developed. Besides finer grids, the higher order '(greater than 2) implicit difference algorithm 

should be adopted. It will produce a kind of large broad band (more than 3 diagonals) sparse 

matrix equations. For such equations, some traditionally used methods in CFD, like the ADI 

method or SIP method etc., are not valid or efficient any longer. An advanced, effective 

conjugate gradient method with modified incomplete LU decomposition as preconditioner 

(MILU-CG) is adopted insteadly. It can simultaneously fast solve the broad band" matrix 

equations and doesn't need any alternate directional iteration pro~:ess, tt belongs to the most 

optimized kind of updated algorithms in the large scale scientific and engineering computations"~L 

The MILU-CG method combined with the modified HDV method is used for calculating 

the flow around a rotating circular cylinder at Re=1000,  200, a ( - ( 0 . 5 , 3 . 2 5 ) f o r  

investigating the variation rules of vortex patterns and forces in long time period from start to 

full developed. The calculated Streamline contours are agreed well with the experimental 

visualized flow pictures. The characters of vortex patterns at the critical states are given for the 

first time. The maximum lift to drag force ratio is discovered to be obtained nearby the states. 

II .  M a t h e m a t i c a l  Mode l  

The flow is assumed to bc viscous and incompressible, with a uniform velocity U.. at 

infinity in the .v-direction. A circular cylinder of radius a rotates in the counterclocl~:wise 

direction with angular Velocity 12. The origin of the reference ( r ,  0 )  coincides with the centre 

of the cylinder. In order to make the meshes denser in the vicinity of the cylinder surface, we 

introduce a log-polar coordinate system, i. e. r = exp(2~r~e), 0 = 27rr/. 

The dimensionless governing equations of the flow, in thc form of vorticity(~o)and stream 

function (fir), are 

+ (v,o)  + G ( v , )  = (2 .1)  
f 

V 2 ~  = _ E~o (2 .2)  
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where 

O 2 a 2 2 U,, a 
V 2 = ~_~ + ~-'~2, E = 4 , : ~  4"~, R~ - 

P 
I 

Oq/ E i ~ V , ,  V = Ogt U -  o,7 - - "~ = E ~  Vo 

On the cylinder surface ( 8 - 0 ) :  the non-slip condition of impermeable wall must be 

satisfied, i. e. 

0~2" _ E l n  a ] gt = O, -~"  = 

I 3 2 ~  ' ~ = 0 
co =-E O~ 2 

and at infinity the influence of rotation on the flow field can be neglected, i. e. 

(2.3) 

-. E in  sin(2~r~) a~ 

aaJ (2 .4)  

The periodical condition is 

and the initial condition is 

Iv=o = ~ Iv=i, oa l~t= o = co Iv= i (2.5) 

~o I t=o = O, g > 0 (2.6) 

Having got the vorticity distributions in the field from equations (2.1)--(2.6), we can deduce 

the distributions of the pressure and shear stress on the cylinder surface, as well as the drag 

and lift force coefficients. C,~ and C~, 

2 0/o%, ,, / ] ] 
Ca = ~eJ0k - ~  - gzrto} ]~=08in(2rc'q) dr/ 

2 f l / ^  3oj~ [ } (2 .7)  
Ct ~e jo t  zzraJ - -~)l~=0cos(2~rr/)dr/J  

III .  N u m e r i c a l  M e t h o d s  

The bakic idea of our numerical model is of the hybrid finite difference and vortex method 

(HDV), which is based on domain decomposition and proposed by the authors (1992), and 

some improvements are made in the difference algorithm and solver. 

The flow field is divided into two regions, the inner region is immediately close to the 

cylinder surface, and the outer one covering the rest of the field. A finite difference method 

and a vortex method are used for calculating the flows in the inner region and the outer one 

respectively. Tile flows in the two regions are coupled through the interface. 

For the convection term of the vorticity transport equation (2.1), a three order eccentric 

difference scheme is adopted. For example, the discrete form of the term 0( Ur is 

(( UoJ)i+2.i - 2( Uco)i+i./+ 9( Uw),i 

- I0( UoJ)~_i.i + 2( UoJ)i_2.i)/6A~ Us./ > 0 
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0-'~ (UfO) (-- 2( Ufo)i+2,. / + 10( Uc.o)i+l,j -- 9(Uco)~,j 
+ 2( Uoo)~.~ a - ( Uoo)~_2,j)/6/x~ U~, i < 0 

For tile viscous term ill equation (2.1) and for the equation (2 .2) ,a  two order eentrical 

difference scheme is used. The difference form for time forward march is implicit. So a nine 

and a five diagonal matrix equations will be produced. These matrix equations are solved by 

an advanced conjugate gradient method with modified incomplete LU decomposition as 

prcconditioner (MILU-CG). 

The preconditioned conjugate gradient method (PCG) is a kind of the best effective 

algorithms for solving such a large broad band sparse matrix equation Ax=b II*~. Its efficiency 

depends on the selection of preconditioner. A good selection of preconditioner is to desigh a 

matrix M, which must satisfy that, (1) the inverse matrix of M can be easily obtained, (2) the 

condition number of M-IA should be much less than of A. The procedure of PCG is as 

follows: 

X : = X  ~ 

g : = ~ t X -  b; h := M-I g 

d : = -  h;  80 := grh 

if 80 ~< e then stop 

R : continue 

h :=Ad 

r : = 8o/(drh) 

X : = X +  rd  

g : = g +  rh 

h := M-lg 

~'1 := g rh 

if #1 ~< r then stop 

:--- ~1/80; ~0 :--- 81 

d : = - h + ~  

goto R 

One of the popular preconditioners is. the incomplete LU decomposition (ILU). A 

subscript set SA =l{( i , j ) :aq  ~ 0} is defined. If a LU decomposition is only carried out to 

such a0-, in which subscript belongs to SA. This kind of  decomposition is called the 

incomplete LU decomposition (ILU). Because of  the spareness of A, the number of the 

elements in S, is little. So the computation cost for LU is much less than for ILU. If the 

neglected term - a ~ t r ~ . , ( i , j ) E  SA is added to the main diagonal element, a more effective 

modified version of ILU, so called MILU, is formed. The procedure of MILU is as follows: 

A~ 
f o r r : =  1 t o n d o  

begin 
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for j > 1  r a n d ( r , j )  E Sado 

r ~.-1 a q : =  a 

f o r i  > r a n d ( i , r )  E Sado 

r r - l - -  r 
air : = a i r  /a,r 

for i , j  > r and ( i , r )  E St and (r , /)  E Sa do 

begin 
�9 r q : = - a ~  

if ( i , j )  E SA then a~ : = a~ -1 + q 

else a t  : =  a~ + q 

end 

e n d ,  

T h e a ~ , ( i , j ) E  SA, gotten from the above, will be given to a lower triangular matrix L and a 

upper one U respectively. The inversion of tlie preconditioned matrix M = L U  can be obtained 

through a simple forward and backward return substitution procedure. 

Within the same accuracy, the calculation speed for the modified incomplete LU 

decomposition conjugate gradient method (MILU-CG)  is about six to eight times faster than 

that for the traditional line relaxation iteration (LSOR) t~' ,-'t. This advantage of speed will be 

more obvious w~ith increasing the matrix scale and the complicity of the problem. So the latter 

is replaced by the former in tiae large matrix equation computations now. 

The flow in the outer region is calculated by the Vortex-in-Cell method. To know the 

details of the calculation procedure, please refer to [8]--[10]. 

IV,  R e s u l t s  

The flows around an impulsively started rotating circular cylinder for Re=200,  1000 and 

a E (0 .5 ,3 .25) '  are simulated respectively. Fine grids are applied to the inner region, where 

the total number of  grid nodes is 144 x 240, and the corresponding region on the physical 

phme is a <~ r <~ 3a,  0 ~< 0 ~< 2~r. Coarse grids are applied to the whole region, where the 

total number of  grid nodes is 300 x 240, and the corresponding region on the physical plane is 

a ~< r <~ l l 0 a ,  0 ~< 0 ~< 2~r. The time step is At = 0.01. The calculation end time is t=80.  

In Fig. I the calculatcd streamline contours are compared with the experimental 

visualizationsm-I-~I. Ist for Re = 200, (a)  a = 0 . 5 , t  = 3 and (b)  a = 3 . 2 5 , t  = 5 .  The good 

agreement between them has verified the accuracy of our numerical methods. 

With the change of a, different vortex patterns will be presented in the wake of  the 

cylinder. 

Fig. 2 is of  the streamline and vorticity contours at t =24  for Re = 200, (a) tt = 0.5,  

and (b)  a =1. The patterns in the both cases are of  periodical alterriate shedding votices from 

the upper and lower sides of the cylinder, just like the von K~.rm/m vortex street-in a 

stationary cylinder's wake. The streamline contours are periodically waved in large amplitudes, 

which central lines are deflected in the rotating direction with increasing a. 

Fig. 3 is of  the streamline and vorticity contours at t=24 ,  45 for (a) Re = 1000, a = 3 ,  and 

(b) Re = 200, a = 3.25. The development of  vortex on the lower side is fully depressed. After the 

first main vortex is shed from the upper side, the flow is tending to steady. The shape of the 
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(a) 

F i g .  

(b) 

1 C o m p a r i s o n  o f  t h e  c a l c u l a t e d  s t r e a m l i n e  c o n t o u r  ~nd  e x p e r i m e n t a l  

v i s u a l i z a t i o n  fo r  R,.=200:, ( a ) a = 0 . 5 ,  t = 3  ,, (b) a=3 .25 ,  t = 5  

Re = 200,a =0 .5 , t  =24.0 

(a) a = 0 . 5  
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Re = 200,a = 0 . 5 , t  =24.0 

Re. = 200,a = 1.0,t  = 24.0 2 4  

i 

(b) a =  I 
S t r e a m l i n e  a n d  v o r t i c i t y  c o n t o u r s  a t  t = 2 4  f o r  R, =200  F i g .  2 
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S t r e a m l i n e  a n d  v o r t i c i t y  c o n t o u r s  a t  t = 24,  45 f o r  ( a )  R~ = 1000 .  

a = 3 , ( b )  R , = 2 0 0 .  a = 3 . 2 5 .  
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Re = 200, a = 2 .0 ,  : = 35.0 

- 4 0  i ' i  
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T h e  v a r i a t i o n s  o f  (a)  t h e  m e a n  d r a g  f o r c e  coeff ic ient-C-r id ,  

(b)  t h e  m e a n  l i f t  f o r c e  c o e f f i c i e n t - ~ l , t ( C )  t h e  m e a n  l i f t  t o  

d r a g  f o r c e  r a t i o  C t / C d  w i t h  a f o r  Re = 1000 ,200 ,  
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streamline is flat and smooth. Besides a vortex attached with the upper side, there are not any 

other vortices shed from the cylinder. It is agreed with [1] and [3]'s experimental and [7]'s 

numerical results. 
There should exist a transition state, so cal!ed the critical state, between the state of  

periodical alternate double side shedding vortex pattern for smaller a and  the state of  steady 

single side attached vortex pattern for larger a. So far it is little known that about the flow 

Characters and vortex patterns at critical states. Through numerical tests, the critical speed 

ratio ac are found tO be 2.2 and 2.0 for Re = 1000, 200 respectively, and the characters about 

the vortex patterns at critical states are given for the first time. Fig. 4 is of  the vorticity 

contours at critical states for (a) Re = 1000, a = 2 . 2  and (b) Re=200 ,  a = 2 .  The strength of the 

vortex shed from the lower  side is so decreased that the vortex doesn' t  need to be shown in the 

plot. But the lower side vortex still exists, which is playing a periodical effect on the upper side 

vortex. So after the first main vortex is shed, the upper side vortex takes a shape like a lotus 

root, (,not the flat and smooth shape as in the steady case). As time is developing, the parts of  

the 'lotus root '  will shed one after one. This is like the case of  single side shedding vortex of  

[5], but it now takes place at the critical state, and not at the steady state. 

The speed ratio a also has great influence on the drag and lift force cofficients. In Fig. 5 

the variations of (a) the mean drag force coefficient Ca, (b)  the mean lift force coefficient "Ct 

and (c) the mean lift to drag force ratio C t / C d  with a are shown. The Ct increases almost 

linearly with increasing a. The Cd also increases with increasing a, but the increase speed 

before or after the critical state is different, the latter is greater than the former. So the Ct/Ca 

lnay get a maximum value at one a. The calculated results show that the maximum Ct/Cd 

will be obtained nearby the critical state. It implicates the importance of studying the critical 

state of  a rotating circular cylinder for the flow control problems. 

V.  C o n e l u s i o n s  

t. For the large broad band sparse matrix equations deduced from high order implicit 

difference algorithms, an efficient preconditioned conjugate gradient method, e.g. MILU-CG 

method is recommended to be the solver. 

2. The speed ratio a plays a determining effect on the vortex patterns in the wake of  a 

cylinder, and the variations of  the drag and lift force coefficients. 

3. There exists a critical state. When ~r < ac, a periodical alternate double side shedding 

vortex pattern occurs in the wake. When a > ct c, a steady single side attached vortex pattern 

occurs. When a ~ a~, a lotus-root-like single side shedding vortex pattern occurs. 

4. The maximum lift to drag force ratio is obtained nearby the critical state. 
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