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Avalanche Behavior and Statistical Properties in a Microcrack Coalescence Process
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Fracture owing to the coalescence of numerous microcracks can be described by a simple statistical
model, where a coalescence event stochastically occurs as the number density of nucleated microcracks
increases. Both numerical simulation and statistical analysis reveal that a microcrack coalescence
process may display avalanche behavior and that the final failure is catastrophic. The cumulative
distribution of coalescence events in the vicinity of critical fracture follows a power law and the
fracture profile has self-affine fractal characteristic. Some macromechanical quantities may be traced
back and extracted from the mesoscopic process based on the statistical analysis of coalescence events.
[S0031-9007(98)08252-0]
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The catastrophic fracture in inhomogeneous materia
such as rock and composite, etc. is the result of a sequ
tial process of the nucleation, growth, and coalescence
numerous microcracks or voids created in previously i
tact media [1]. A classic example is the ductile failure o
a smooth bar in tension, where the failure occurs throu
the nucleation, growth, and coalescence of millions
microscopic voids in the necking of the region. To unde
stand the underlying physical mechanism in such a co
plex process, one must understand not only the thresh
conditions (traditional fracture criteria) that trigger thi
process, but also the dynamics by which it proceeds.

As an important nonlinear dynamic phenomenon, fra
ture has been widely attracting much attention from phy
cists [2]. More recently, several remarkably univers
features in fracture process have been discovered. For
ample, the fracture surface of metals is observed to e
hibit fractal characteristics [3], and its topology is usual
self-affine with a universal roughness exponent [4]. Stu
ies of acoustic emission from the microfracturing proce
reveal power-law behavior [5]. All these new discove
ies have suggested that a microfracturing process mi
display criticality or self-organized criticality [6]. Some
conceptually simple models related to critical phenomen
such as fractals or multifractals, percolation, and renorm
ization group, have been applied to fracture studies [7,
Although significant progress has been achieved, many
pects associated with fracture itself—in particular, a c
alescence process which governs the finally catastrop
fracture—are still unclear. In this Letter, we will focus at
tention on the statistical properties of a coalescence proc
of microcracks and present a simple statistical model bas
on numerical simulations.

In order to study the nature of this process, especia
the interplay between disorder and dynamical effects
a mesoscopic scale, we have produced a two-dimensio
evolution induced catastrophe model by experimental fin
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ings [9]. In this model, two important processes (m
crocrack nucleation and coalescence) are involved. T
nucleated microcracks are simulated through a rand
distribution function which is often closely related to
the distribution of microstructures, such as second-pha
particles, inclusions, and flaws, etc. The coalescence c
dition between two neighboring microcracks can be a
proximately determined by mechanical calculation. Her
as an example, we consider a simple dynamics of da
age evolution, i.e., a load-sharing principle where the lo
supported by a broken part is shared by its two neighb
ing intact parts. The average stress on an intact segmen
s  s1 1 cydds0, wheres0 is the nominal stress,c is the
average length of two microcracks, andd is the Euclidean
distance between the closest tips of two neighboring m
crocracks. We suppose that two neighboring microcrac
will coalesce when the average stresss attains a critical
value sc, then the critical coalescence condition can b
written as

r 
d
c


s0

s 2 s0
# rc 

s0

sc 2 s0
. (1)

Here, the probability for microcrack coalescence is ind
pendent of the angle between the orientation of the crac
and the line joining their tips. The length of each coalesc
crack is approximately represented by its projection norm
to the loading direction. The time evolution of stress ca
be indirectly calculated from the crack density.

More details on the model were discussed in Ref. [9
The dynamics used in numerical simulations can be brie
summarized as follows:

(1) A newly nucleated microcrack is added randomly
the lattice, with the horizontal orientation and the leng
from a given size distribution.

(2) Check the coalescence condition for the new
nucleated crack with all preexisting cracks, in turn, startin
from the closest pair. If the left tip of the new crack lie
© 1999 The American Physical Society 347
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below or above the right tip of an existing crack (or vic
versa), it is supposed that the new crack is shielded by
old one, and coalescence would not occur.

(3) Repeat procedure (2) until there are no more crac
satisfying the condition and, at the same time, there
not a crack spanning the whole lattice. Then, return
procedure (1).

A typical evolution process in a1000 3 1000 lattice is
shown in Fig. 1, where the critical parameterrc  1 and a
uniform length distribution of nucleated microcracks with
the mean length equal to 2 (lattice units) are used in t
simulation. It is obvious to see there are three differe
phases (stages) in this process. (i) Initial phase: Ne
(small) events appear too sparse to cause coalescence,
the number of microcracks increases linearly with time
(ii) stable phase: a significant proportion of new events fa
close enough to an existing crack tip to cause coalescen
Such a coalescence has two effects: (a) It increases
zone of influence around crack tip and so increases t
chance of a coalescence event, perhaps a large one,
(b) it increases the area shielded from the coalescence.
this case, if a new event appears in the shielded region
does not coalesce. These two effects balance produc
a near-stable regime; and (iii) critical phase: After som
time, the zones of influence extend and overlap to su
an extent that a newly nucleated microcrack (small flu
tuation) will trigger a cascade coalescence of microcrac
and result in a catastrophic failure (avalanche). We cou
not predict,a priori, the position where the final fracture
appears (see Fig. 1).

The variation of coalescence events versus time c
be distinguished from the evolution process, as shown
Fig. 2. Clearly, coalescence events occur stochastically
both space and time as the number density of nucleated
crocracks increases in the system. As we usually see a
expect [10,11], the cumulative distribution of coalescenc
events in the vicinity of critical failure follows a power-law
distribution (see Fig. 3). At the same time, we also ca
culated the roughness of fracture interfaces. For a giv
configuration, the roughness of a fracture profile is defin
asw  kmaxhisxd 2 minhisxdl, wherehisxd is the inter-
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FIG. 1. Patterns of a microcrack coalescence process in
1000 3 1000 lattice. (a) Just before fracture and (b) a newl
nucleated microcrack triggers the catastrophic fracture.
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face position of a fracture profile. As presented in Fig.
it is clearly seen that there is a scaling law,w , Lz with
the exponentz  0.67 6 0.02, which is well consistent
with experimental results [4]. In other words, the fractu
surface has a self-affine fractal characteristic.

Although an exact analysis of this process is very d
ficult and even impossible, some general features can
extracted [12]. As discussed above, a newly nucleated
crocrack will increase the local stress, especially the str
at its tip. Otherwise, the coalescence of two neighbor
microcracks will transfer and redistribute the stress in t
system. Here, the stress level (the number density of
cleated microcracks) is a key parameter which controls
probability of a coalescence event occurrence. For s
plicity and as a first attempt, we approximately consid
that the stress levelsstd increases deterministically be
tween two coalescence events and releases stochasti
as a scalar Markov process when a coalescence even
curs. The evolution of stress level versus time follows t
equation

sstd  ss0d 1 rt 2
X

i:ti,t

Sistd , (2)

where ss0d is the initial stress level,r is the constant
loading rate from external force or displacement, andSi

is the stress release associated with theith coalescence
event at timeti . It is called a stress release model (SRM
[13]. Here, the stress release valueSi is supposed to be
proportional to the length of a coalesced crack. On t
other hand, we can also consider the coalescence pro
from an energy viewpoint by replacingSi in Eq. (2) with
Ei , S2

i (i.e., the so-called energy release model).
The probability intensity of a coalescence event is co

trolled by the risk functionCssd, which is defined by
the conditional probability of a coalescence event occ
ring in the time intervalst, t 1 dtd given thatsstd has
the current values. Generally speaking, it is very diffi-
cult to model fully, but to a first approximation, the SRM

FIG. 2. The magnitude of coalescence events as a func
of time in the evolution process shown in Fig. 1. Here, t
magnitude of a coalescence event is proportional to its lengt
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FIG. 3. The cumulative distribution of coalescence even
(over around 30 random simulations) with magnitude grea
thanS, where the slope of the dotted line is23.0.

can be used to model at least the first and second phase
mentioned above. The simplest form ofCssd is taken as
an exponential functionCssd  expsm 1 nsd, wherem

andn are constants withn indicating the sensitivity to risk.
This is a convenient compromise between time-predicta
and purely random (Poisson) processes [14].

The key for statistical analysis is that the coalescen
events in the evolution process can be treated as a p
process in time-stress space with the conditional intens
function

lstd  Cfsstdg  exp

√
a 1 n

"
rt 2

X
i:ti,t

Sistd

#!
,

(3)

where a f m 1 nss0dg, n, and r are the parameters
to be fitted, and the distribution of the stress releaseSi

in a coalescence event is independent of the stress le
itself. Estimates of these parameters can be found
maximizing the log-likelihood function

logL 
NX

i1

loglstid 2
Z T

0
lsmd dm , (4)

FIG. 4. Log-log plot of the fracture profile roughness versu
the system sizeL (see Fig. 1), where the slope of the dotte
line is 2
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where T is the length of observation interval andN is
the total number of coalescence events observed in t
interval [15].

The choice of models is based on the Akaike informatio
criterion (AIC), which is defined as AIC 22 log L̂ 1

2k, where logL̂ is the maximum likelihood for a given
model andk is the number of parameters to be fitte
in this model [16]. This represents a rough way o
compensating for the effect of adding parameters, and
a useful heuristic measure of the relative effectiveness
different models. For example, the stress release mo
with three parameters as against the Poisson model w
only one or the Poisson with exponential trend with tw
should demonstrate a significantly better fit to justify th
additional parameters. The best model is selected
which AIC has the smallest value [17]. However, w
should notice that the AIC value obtained here is used a
rough guide only, since the amount of coalescence eve
is not very large and the distribution of the log-likelihoo
is nonstandard.

Analytical results for the microcrack coalescenc
process, as shown in Figs. 1 and 2, indicate that the str
release model fits the data better than both the Pois
model [DAIC  AICsSRMd 2 AICsPoissond  24.99]
and the Poisson model with trend [DAIC  AICsSRMd 2

AICsPoisson with trendd  21.58]. This means that the
coalescence process is not fully random. Using the fitt
parameters, we can reproduce the change of the to
stress versus time in the system, as shown in Fig. 5.
near-critical stable state is observed in the vicinity of crit
cal fracture where the interaction between enlarging a
shielding effects in the coalescence process is balanc
As recent research shows, if some similar mechanis
such as plasticity, is introduced, critical steady state can
also observed in microfracturing phenomena [18]. Usin
the same approach, we can check the problem of whet
or not a final fracture surface is governed by minimu
energy [19]. Unfortunately, the difference of AIC value
between stress release model and energy release mod

FIG. 5. The total stress in the system versus time is rep
duced by the fitted parameters in the stress release model, w
a  26.98, r  0.075, andn  0.015.
349
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too small to be distinguished by the present simulatio
model.

All the results mentioned above indicate that the
are some hints of long-range interaction in a microcra
coalescence process. This can be highlighted throug
natural extension of the present SRM model. We c
divide the system into several sections and consider
interplay between different sections as follows:

listd  exp

(
ai 1 ni

"
ri t 2

X
j

uijSs jdstd

#)
, (5)

whereSs jdstd is the accumulative stress release in secti
j over the periods0, td, and the coefficientuij represents
the fixed proportion of stress drop, initiated in thejth
section, which is transferred to theith section anduii 
1. If uij  0 for all i fi j, it is reduced to the simple
form [see Eq. (3)]. Through different combinations of th
parameters in Eq. (5) and the difference in AIC value
obtained, we can deeply understand the underlying phys
in this process.

The stress release model proposed here is not und
stood as a best model, but as a first attempt to find a mo
that allows the internal state of the specimen to be judg
from external orientation. In this model, the risk func
tion as well as the stress calculation is oversimplificatio
The present description may be suitable to the mesosco
level where the microcrack number density is a key p
rameter. However, this assumption has to be modified
an accurate simulation of the properties of real materials
required. The attempts to produce a more adequate mo
are on progress and will be reported in another paper.

In summary, a new statistical model for the statistic
analysis of a microcrack coalescence process is presen
in this Letter. Both numerical simulations and statistic
analysis show that there is an avalanche behavior in t
process. It can be explained as a critical phenomenon
the competition between enlarging and screening (or
laxation) plays an important role in the evolution proces
Based on the statistical analysis of the data from sim
lations, some macromechanical behaviors can be tra
back and finally extracted from the mesoscopic evolutio
process. As one of direct implications, the present meth
can be easily applied to the statistical analysis of acous
emission signals from the microfracturing process.
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