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ABSTRACT: The features of the wake behind a uniform circular cylinder at
Re = 200, which is just beyond the critical Reynolds number of 3-D transition, are
investigated in detail by direct numerical simulations by solving 3-D incompressible
Navier-Stokes equations using mixed spectral-spectral-element method. The high-
order splitting algorithm based on the mixed stiffly stable scheme is employed in
the time discretization. Due to the nonlinear evolution of the secondary instability
of the wake, the spanwise modes with different wavelengths emerge. The spanwise
characteristic length determines the transition features and global properties of the
wake. The existence of the spanwise phase difference of the primary vortices shedding
is confirmed by Fourier analysis of the time series of the spanwise vorticity and at-
tributed to the dominant spanwise mode. The spatial energy distributions of various
modes and the velocity profiles in the near wake are obtained. The numerical results
indicate that the near wake is in 3-D quasi-periodic laminar state with transitional
behaviors at this supercritical Reynolds number.
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1 INTRODUCTION

The extensive studies with both experiments and numerical simulations of the wake
behind a circular cylinder at various Reynolds numbers have been carried out for nearly a
century. Now it is well-known that the primary instability of the wake leads to the 2-D
Karman vortex street, that is the result of Hopf bifurcation of the steady wake behind the
cylinder. And the 3-D transition results from the instability of the 2-D periodic wake to the
spanwise disturbances, which is known as the secondary instability.

Two different modes of 3-D vortex shedding in wake transition in the regime 180 <
Re < 260, namely, mode A and mode B, were demonstrated by Williamson![!). They involve
vortex loops and streamwise vortex pairs. In mode A, the primary vortices deform in
a wavy fashion along their length during the shedding process. They result in the local
spanwise formation of vortex loops, which become stretched into streamwise vortex pairs.
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The spanwise length scale of these vortex loops is around 3 to 4 diameters. When Reynolds
number increases, the energy gradually transfers from mode A to mode B. In mode B,
finer-scale streamwise vortex pairs are formed. The primary vortex deformation is more
spanwise-uniform than in mode A, and the streamwise vortex structure has a markedly
smaller spanwise wavelength of around one diameter.

The existence of modes A and B is justified by the 3-D numerical studies of Zhang &
Fey et al.2l, Thompson & Hourigan!®!, Persillon & Brazal¥, Yul’! and Ling & Yu et al.[f],
as well as the Floquet stability analysis of Barkley & Henderson!”l. Persillon & Brazal4 also
reported spatial distributions of the mean velocities and the mean square root (RMS) of
velocity fluctuations, as well as spectral distributions of the time-domain velocity signals in
the regime 100 < Re < 300.

Henderson!®l investigated the wake transition in the regime 100 < Re < 300 by 3-D
direct numerical simulations. In the framework of interactions among mode A, mode B and
the primary vortices, he provided an interpretation on how the wake of a cylinder evolves
from 2-D to 3-D, and eventually to a state of spatiotemporal chaos. He suggested that
three-dimensionality in the wake leads to the irregular states of the flow and fast transition
to turbulence at Reynolds numbers just beyond the onset of the secondary instability. A
key feature of the transition is the competition between self-excited 3-D instability modes
in the mode A wavenumber band.

The studies on the onset features and nonlinear evolution of 3-D instability can con-
tribute to the understanding of how the wake transits into 3-D and to the turbulence as
Reynolds number increases. In this respect, however, some important problems still remain
open. For instance, when employing spectral expansion in the spanwise direction, the span-
wise characteristic length L and the number of modes M determine the number and the
wavelengths of the possible spanwise modes in the flow. So different values of L and M
may lead to different flow patterns. The obtained flow may not be identical with the ideal
case with infinite spanwise length and infinite modes. However, from the point of view that
with finite L and M, some specific group of spanwise modes can be picked out of infinite
ones, it is possible to isolate the interactions among these typical modes. Thus, studies on
how the transition features of the wake change with L (and M in the spectral method) are
significant. But the work in this respect is lacking. The numerical simulations with different
L have provided quite different results. In previous simulations of the 3-D wake for system
size L/D = = /2, Karniadakis & Triatafyllou® observed a period-doubling bifurcation at
Re = 300 and proposed that the wake might follow a period-doubling route to turbulence.
In simulations of 3-D wake at Re = 265, Henderson!®) found that the flow state turned from
time-periodic mode B to quasi-periodic mixed A-B, then to spatiotemporal chaos when
L/D increases from 0.822 to 3.288, then to 13.152, respectively. And he suggested that the
wake follows the Ruelle-Takens-Newhouse (RIN) route to turbulence for sufficiently large
L. However, we are still far from a complete understanding. And one of the purposes of the
present work is to provide detailed results about the effect of L and M on the supercritical
3-D transition of the wake, which is seldom mentioned in the previous studies. The present
investigation of the wake concentrates on a supercritical Reynolds number of 200, which is
just beyond the inception of 3-D transition of the cylinder wake and is seldom addressed by
previous work. The remainder of this paper will investigate in detail the temporal evolution
of various spanwise modes, the phase difference of primary vortices shedding and finally the
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features of supercritical transition in the wake.

2 MATHEMATICAL MODEL

To numerically investigate the flow past a uniform circular cylinder, a right-handed
Cartesian coordinate system is established, in which the positive direction of the x axis is the
direction of incoming flow and the z axis is the axis of the cylinder. The 3-D Navier-Stokes
and continuity equations governing the incompressible viscous flow are taken as follows with
all variables normalized by the diameter of the cylinder D and the uniform stream velocity

U

oV /8t = —Vp+ V2V /Re + N(V) (1)

V.V=0 (2)
where the Reynolds number is defined as Re = UD/v, in which v is the kinematic viscosity,
and N(V) = -V . VV represents the nonlinear convection operator in the Navier-Stokes
equations.

3 NUMERICAL FORMULATION

Considering the geometric shape of the infinite uniform circular cylinder, mixed spectral-
spectral-element method is employed in 3-D numerical simulations of the wake transition
of the cylinder, i.e. the Fourier spectral method in the spanwise direction and the spectral
element method suggested by Paterall® in the z-y plane. The spectral element method
combines the geometric flexibility of the finite element method with the exponential con-
vergence property of the spectral method. The detailed implementation of spectral element
method can be found in Korczak & Pateral'!l and Karniadakis & Triantafylloul®,

3.1 Spanwise Fourier Spectral Discretization
Velocity V' and pressure p are expanded in spanwise direction into the form of Fourier

series
M M
Veyat)= Y Vieund®™  peyzn)= Y. m@ye®™  (3)
h=— Mt k=—M+1

where M is the number of Fourier modes, § = 2x/L, in which L denotes the spanwise
characteristic length, i.e. spanwise periodic length. So the Navier-Stokes and continuity
equations are transformed into the forms

OV /0t = —Vpi + (V2, — k*B%) Vi/Re + Fi[N(V)] (4)
V.-Vi=0 (5)

where F';,[N (V)] is the kth component of the Fourier transform of N (V'), which is evaluated
by pseudo-spectral method. And the aliasing error is eliminated by truncation.

3.2 Time Discretization
The time discretization of Eq.(4) is made using a high-order splitting algorithm based
on the mixed stiffly stable scheme suggested by Karniadakis, Israeli & Orszag'?l. The
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solving procedure is split into three steps

J-1 -1
(VZ+1/3 B Z aqu—q) At = Z B Fr[N(V™9)] (6)

q=0 q=0
(VZ+2/3 _ VZ+1/3) /At = —Vpptl (7)
(’YOVZH _ VZ+2/3) /At = (V2, - K83 V7! /Re 8)

where V" *1/3 and V"2/3 are intermediate values of the velocity variables, o, and 8, are
implicit/explicit weight coeflicients for the stiffly stable scheme of order J, and 7, is the
weight coefficient of the backwards differentiation scheme. The values of these coefficients
for J = 3, which is employed in this paper, are listed in Table 1.

Table 1 Values of weight coefficients of the mixed
stiffly stable scheme for J =3

Yo a9 oy a Bo B1 B2
11/6 3 —3/2 1/3 3 -3 1

The Poisson equation for pressure is
Vit = v (Vi /at) 9)

with the consistent high-order boundary condition

J-1 J-1
onp?on = { S I (V) yme S x (v

g=0
so the Jth-order time accuracy of the splitting scheme is preserved. In Eq.(10) n denotes

the unit vector normal to the computational domain boundary I'.

3.3 Spatial Discretization in the z-y Plane
Spectral element method is employed to solve the Helmholtz Eqs.(8) and (9), which
can be written into the form of a generic modal equation associated with the variable u

Viu—du=f (A>0) in £
u=g on [ (11)
Ou/dn=nh on I}

According to the variational principle of the boundary-value problem of the elliptic
equations, the modal Eq.(16) is equivalent to

/ (Vu - Véu + Audu + féu)ds2 — / héudl' =0 (12a)
n I;

ul, =g (12b)

Assume that the computational domain 2 is partitioned into a set of quadrilater-
als, each of which is mapped from the z-y plane into the £-n plane by an isoparametric
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tensor-product mapping ¢ = &(z,y), 7 = n(z,y)(§,n € [—1,1]). The determinant of the
corresponding Jacobian matrix is

J = (82/9€)(8y/n) — (9/m)(9y/9€) (13)

Assume that z;(¢ = 0,1,---,N) are the Gauss-Lobatto collocation points in the in-
terval [—1,1] and [;(z) the associated Lagrange interpolating functions of order N. So
1(&)l;(n)(5,5 = 0,1,---,N) are the basis functions in the {-n plane. And any function
u(€,n) (including geometry, velocities and pressure) in the element can be interpolated as

u(€,n) = Z Z ui;Li(€)l;(n) (14)

Evaluation of the integral form Eq.(12) gives the elemental equations

ZAmnijuij = bmn m,n=0,1,--- N (15)
1,5
where
Amnij = Z Z E |Jot] ™ Vijat - Vinnpg BipoBigt + A Z |Jkt| BimkBijnt (16)
k!l p,g ot k,l
b == Y I |pqfrtBempBing + / L (O)ln(n)(—Y dz + Xdy) (17)
k1 g ik
and
1
Viki = [V (li(f)lj(??))] g Buk= / . Li(@)l{z)le(z)de (18)
n-(Xe, + Yey) =h (19)

in which n denotes the unit vector normal to the boundary I',. The global equations can
be obtained through the direct stiffness summation.

In the implementation of spectral element method, one can choose different type of
Gauss-Lobatto collocation points, such as the Gauss-Lobatto-Chebyshev (GLC) points em-
ployed in Korczak & Pateral'!l and the Gauss-Lobatto-Legendre (GLL) points in Karni-
adakis & Triantafylloul®!. The former is adopted in this work for its explicit formulations.

4 NUMERICAL RESULTS

Before carrying on 3-D numerical simulations at Re = 200, tests on 2-D flow at
Re = 100 are performed to verify the reliability of the algorithm and the program codes
and to assess the effect of the size of the computational domain on the numerical results.
Computational domains with different mesh size are used in the tests. The typical meshes
are shown in Fig.1. The parameters of the 2-D cases used in the tests are listed in Table
2, where XL; and XL, are the distances from the axis of the cylinder to the inlet and
the outlet boundaries, respectively, Y L is the distance between the upper and lower bound-
aries, NE is the number of the elements in the domain, NT is the number of the nodes on the
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(a) Mesh A (b) Mesh E

Fig.1 Typical 2-D meshes, Py ~P4 indicate the positions in the domain of com-
putation where the flow field quantities are recorded in the 3-D simulations

Table 2 Parameter of the size of the meshes used

Mesh  XL,/D  XLz/D  YL/D NE  NT

A 3.5 14 7 34 614
B 6.5 14 13 50 862
C 10.5 30 21 90 1502
D 15 30 21 176 2896
E 22.5 30 30 184 3024

element interfaces and represents the scale of the equations to be solved. The comparison
of the obtained Strouhal number St = fd/U between our simulation tests and the previous
experimental and numerical researches(*7:13~18] confirms the reliability of the algorithm and
the program codes.

The selected dimensionless spanwise characteristic lengths of the cylinder L/D and the
corresponding numbers of Fourier modes are listed in Table 3. Since mode A, the length
scale of which is around 4 diameters, plays an important role in the wake behind a circular
cylinder at Re = 200, L/D is chosen as 4k, where k is a positive integer, to ensure that
mode A is included.

Table 3 Selected cases of spanwise characteristic length and corresponding
number of Fourier modes. Also the permitted discrete modes
in mode A band and dominant modes, respectively

Spanwise characteristic Number of Fourier Permitted wave length Dominant mode
Wave length Whether in the
length modes in mode A band mode A band
4 16 4 4 yes
8 32 4 4 yes
12 32 4 6 no
4.8
24 64 4 24 no
3.43

Because of the limitation of available computer resources, the simulations employ mesh
A illustrated in Fig.1(a) as the mesh in z-y plane. The dimension reference length is the
radius of the cylinder R. The time step At = 0.01. At ¢t = 0, the initial disturbance along
z dii‘ection, which is in a triangular-shaped distribution with a maximum amplitude of 0.1,
is added to the streamwise velocity v in the domain # < 0. When t > 0, the artificial
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disturbance is removed in computation. The numerical results of 3-D evolution of the wake
behind a circular cylinder at Re = 200 are presented in the following paragraphs.

4.1 The Spanwise Modes of the Near Wake Flow

For Re = 200, the wavelength range of instability mode A band is (3.25D,5.13D)
according to the Floquet stability analysis in Barkley & Henderson!”l. And the discrete
wavelengths of the modes in the mode A band, which are determined by L and M, are listed
in Table 3.

First let us examine the temporal development and interactions of different spanwise
modes with the time series of their kinetic energy

Eit;z,y) = (i +vi+wi) /2  k=0,1,2,--,M/2-1 t>0 (20)

at specific (z, y) points in the flow field. The Ex(t) curves of typical modes at the point
P, for L/D = 12 are shown in Fig.2. Note that the ranges of the vertical coordinate in the
figures vary with different modes.
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Fig.2 Time series of kinetic energy of the spanwise modes, £k =0, 1, 2, 3, 10
and 13 (from the top to down), at point Py for L/D = 12
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The evolution of Fourier modes illustrated in Fig.2 differs distinctly from the cases de-
scribed by the linear stability theory, which concerns with disturbance of small amplitudel”:8],
According to the linear stability theory, the linear unstable modes are induced directly by
small disturbance at an early stage of the evolving process of the flow; while other linear sta-
ble modes emerge through their nonlinear interactions with the developed unstable modes.
However, in the present work we found that the peaks of marked amplitude appear in the
early stage of the Ey(t) curves at more modes, not only those linear unstable modes in mode
A band, such as the mode k£ = 1(A = 12D) for L/D = 12 (in Fig.2). It indicates that some
modes being stable predicted by linear analysis, as well as those linear unstable ones, are
directly induced, and the time needed for all the modes to tend to some kind of dynamical
equilibrium is shortened a great deal, which is one of the motivations of introducing initial
disturbance with a finite amplitude.

Although all the spanwise modes involved in the present computation emerge, the am-
plitudes of their kinetic energy differ a great deal. The dominant spanwise mode can be
determined by the mean energy averaging in its equilibrium interval at specific points in the
flow field, which is shown in Fig.3. The equilibrium interval is determined by the time series
of velocity at the chosen points. For example, see the time series of velocity components u

10° ¢ 10° i
107! § 1071
1072 1072
1072 | 1072
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(c) L/D=12 (d) L/D=24
Fig.3 Mean kinetic energy in the equilibrium interval at four points shown in Fig.1
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and v at point Py(z = 0) for L/D = 24. For various L/D, the velocity signal becomes quasi-
periodic when ¢ > 100 and the effect of initial disturbance vanishes, so the temporal interval
[100, 500] is regarded as the equilibrium interval, in which the mean energy is evaluated.
Note that although the most part of kinetic energy is held in mode k = 0, it is excluded in
our discussion on spanwise modes because it corresponds the energy of a uniform flow and
does not represent patterns. The obtained dominant modes for various L/D are listed in
Table 3 for convenience of comparison. It is worth noting that for L/D = 12, mode k = 3 is
the sole linear unstable mode, but its mean kinetic energy is less than that for mode k = 2.
So in this situation the dominant mode is not mode A but the mode A = 6D. No similar
case where the linear stable mode becomes the dominant mode in the wake, overwhelming
mode A, was previously reported.

The contours of streamwise vorticity shown in Fig.4 confirm that the dominant modes
in the flow field for L/D = 4 and 12 are modes A = 4D and 6D, respectively. These results
confirm the above arguments. Our results show that the spanwise characteristic length
selected in the computations determines the dominant mode in the flow field. For some
L/D, for example, L/D = 12, the specific mode predicted to be stable by the linear stability
theory can be excited and become a dominant mode. Consequently L/D has a great effect
on the global properties of the flow field. Comparison of the energy distributions among the
spanwise modes for different L/D can lead to the conclusion that in the flow at Re = 200
investigated in the present work, from upstream to downstream in the wake, the energy
distribution at small wave number (long wave) modes is in the same level for different L/D.
While the energy of large wave number (short wave) modes for larger L/D, i.e. 12 and
24, decays much faster downstream than that for smaller L/D, i.e. 4 and 8. By the way,
the energy distribution for L/D = 8 remarkably differs from the other cases by a curve in
sawtooth waveform, the origin of which remains to be explained by research in future.

)
16 | “!

8 F s N .\'—|'"
w4 4L

WL i 0
0 10 20 ( 10 20

(a) L/D =4,t=200 (b) L/D =12, t =200

Fig.4 Contours of streamwise vorticity at y =0

4.2 Average Velocity Profiles

The distributions of time mean values of streamwise velocity u and transverse velocity
v, denoted as U,, and V,,, at tlie rear axis of the cylinder (y = 0) for L/D = 4, 8 and 12
are calculated. The interval for time averaging is chosen as [100, 500}, too. For the purpose
of studying the global features of the flow, the time mean values are also averaged in the
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spanwise direction. And it is the same for the RMS of the velocity fluctuation. The results
are illustrated in (a), (b) and (c) of Fig.5. The spatial distribution of U,, is almost the same
for different L/D. When 2 increases, its value decreases from zero to negative and then
increases to positive, which implies the existence of recirculation region behind the cylinder.
And the point of vanishing U,,, from negative to positive determines the reattachment length.
In this work it is found that /D = 1.54, 1.56 and 1.33 for L/D = 4, 8 and 12, respectively.
It is given by Persillon & Brazal®l that /D = 1.28 at Re = 200, where the spanwise length of
computational domain is 2.25D and 3.72D. As for the spatial distribution of V,,,, the curve
for L/D = 4 is close to that of Persillon & Brazal4l. While the amplitudes for L/D = 8 and
12 are evidently smaller; dut to the increase of irregularity of v with the increase of L/D.
The comparison between the mean velocity profiles at several sections (z = 7.0, 13.0 and
23.0) for L/D = 4 and 12 shown in Figs.6, indicates that the irregularity of v and v along
the transverse direction increases with the increase of L/ D and decays with the development
of the flow downstream.

1.0 0.05 ¢

0.8 0.04 £ —L/D=4
06 oouooooo“"oonoo‘,Dooo vavens 88% o Persillon & Braza
S 04
0.2 ——L/D=4
0.0 Persillon & Braza
—0.2
E . e 1
0 10 20
x
(a)
1.0 0.05 ¢
0.8 0.04 £ —— L/D=12
0.6 :daa““’“‘“‘““%onn,,,“o veeuaas 88% = o Persillon & Braza
S 04 o1 ¢
0.2 —L/D=12 01
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E [N B | AP B IR S I N TN |
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Fig.5 Profiles of streamwise and transverse mean velocity at y = 0. The circles in
(a) and (b), which are identical results, are extracted from Fig.29 and Fig.30 in
Persillon & Brazal®l, where L/D = 2.25 and 3.72

The profiles of streamwise velocity fluctuation RMS w] /U at sections z = 7, 13 and
23 for L/D = 12 are illustrated in Fig.7(b). The cases for L/D = 4 and 8 are almost
the same. A key feature of these profiles is that they all show two symmetrical peaks no
matter in the near wake or in the little far wake, usually associated with the two rows of
laminar vortices traveling downstream. Comparing the profiles of u, /U at three sections
shows that the peak value decreases downstream, which results from the energy damping
of primary vortices caused by viscous dissipation. But on the rear axis of the cylinder
(y = 0), the value of ul_ /U at z = 23 is slightly larger than that at z = 7 and 13, which

is more clearly shown in Fig.7(a). In comparison with the measured RMS profile of the
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Fig.6 Profiles of mean velocities at sections z = 7.0, 13.0 and 23.0
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Fig.7 Profiles of streamwise velocity fluctuation RMS

streamwise velocity fluctuation in the laminar regime (Re = 152) by Williamson(!l, which
shows two side peaks, we suggest that the near wake at Re = 200 is still laminar.

4.3 Phase Difference of the Primary Vortices Shedding

Fourier analysis of the spanwise vorticity time series at several points in the flow field
is carried out to quantitatively study the phase difference of the primary vortices shedding,
the origin of which is also explained. Our choice of employing Fourier analysis and putting
aside the popular method of isosurfaces of vorticity or pressure is based on the consideration
that since the wake of the cylinder has turned into 3-D, the deformation of vorticity and
pressure isosurfaces may result from the shedding difference of both phase and intensity.
The isosurface itself can not exactly tell the effect of one factor from the other. But Fourier
analysis can extract the phase difference from the time series and eliminate the effect of the
intensity difference of the spanwise vortices.

The comparison between the phases of the signals of different frequencies makes no
sense. As for two signals of the same frequency s; = cos(27ft + 0y ) and sy = cos(2n ft +
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6o2), the phase difference between them is constantly o2 — 0p1. A periodic signal s(t)
composed of multiple components of different frequencies can be written into the form s(t) =

x .

> cxe*™/T  where ¢; denotes the Fourier coefficients. The wave form corresponding the
k=—o0
frequency component fi = k/2T of signal s(t) is 2|cg| cos(27 fyt+arg cx). So its initial phase
is

0o(fx) = arg ¢y = arctan [Im(cx)/Re(ck)] (21)

Therefore, the initial phase 8(f;z,y, z) of any frequency component f of the spanwise
vorticity signal w,(¢; @, vy, z) can be evaluated by Eq.(21). Since the most part of the spanwise
vortex energy is concentrated in the shedding frequency f, of primary vortices, it is taken for
granted that the phase difference of f, determines that of the spanwise vortices. Shown in
Fig.8 are the phase differences 8(z) — 6 of f, in the time series w, (¢; 2), relative to w,(¢; 20),
which is the spanwise vorticity at z = 0, at four (z,y) points marked in Fig.1 for L/D = 4
and 12.
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0.7854 |
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—LB708 e —0.7854 Ll L
0 2 4 6 8 0 4 8 12 16 20 24
z z
(a) L/D=4 (b) L/D =12

Fig.8 Phase difference of frequency component f, of w,(¢; 2) relative to w,(¢; 20)

From the phase difference curves of spanwise vortices in the near wake we can inves-
tigate the phase difference of the Kdrman vortices shedding. In the near wake where the
spanwise vortices form (for example, at points P; and P3), the wavelength of the phase
difference curves is 4D for L/D = 4, and the phase at the ends of the cylinder takes the
minimum and in the middle the maximum; while for L/D = 12, the wavelength of the
curves is 6D, and the phase in the vicinity of z = 4 and 20 takes the minimum and in the
middle the maximum. During the shedding process the maximum phase difference along the
spanwise direction is around 7/2 for L/D = 4 and around 7 /4 for L/D = 12. Conjugated
with the isosurfaces of streamwise vorticity in Fig.4, the phase difference of the Kdrman
vortices shedding is suggested to be the result of the development of spanwise modes, and
consequently to be determined by the dominant mode in the flow field.

5 CONCLUSIONS

Based on the results of the direct numerical simulations we can draw some conclusions
on the nonlinear features of the supercritical transition in the wake of a circular cylinder at
Re = 200 as below:
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(1)

(2)

(3)

(4)

In the supercritical 3-D transition, the nonlinear evolution of 3-D instability causes the
coexistence and interactions of the spanwise modes with different wavelengths. One of
the most remarkable effects of nonlinear behaviors is the intermittent property of the
modes with large wave number during the temporal development.

The spanwise characteristic length has a great effect on the global properties of the flow
field. In the numerical simulations with chosen L/D, new dominant spanwise modes other
than mode A are found, which were not reported by previous work. For some L/D, the
specific mode predicted to be stable by the linear stability theory could become dominant
mode in addition to the linear unstable mode. These new dominant modes can result in
new features of the transition and the flow field. As for the energy distribution between
different spanwise modes at Re = 200, the increase of the spanwise characteristic length
can result in the increase of the portion of mode k& = 0 in the total kinetic energy, the
damping rate of large wave number modes downstream, and the irregularity of spatial
distribution of velocity.

The primary vortices shedding is 3-D. There are differences in phase along the span. The
maximum of the phase difference is relatively small, which is around #/2 for L/D = 4
and around = /4 for L/D = 12. And the spanwise wavelength of the phase difference is
largely determined by the dominant mode of the flow. It is speculated that the phase
difference is produced by the spanwise mode structure.

The time series of the velocity, vorticity and kinetic energy and the bilobate structure of
the RMS profiles of the velocity fluctuation are provided. The results indicate that the
flow in the computational domain of this work is essentially in a three-dimensional quasi-
periodic transitional laminar state. The flow field at supercritical Reynolds number has
shown to be irregular in the span and transverse direction. The irregular state will evolve
into the spatiotemporal chaos and even turbulence at higher Reynolds numbers. While
at the current Reynolds number of 200, it is suppressed by the viscosity and decayed
downstream.
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