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Abstract: By using characteristic analysis of the linear and nonlinear parabolic stability
equations ( PSE), PSE of primitive disturbance variables are proved to be parabolic intotal .
By using sub- characteristic analysis of PSE, the linear PSE are proved to be elliptical and
hyperbolic-parabolic for velocity U, in subsonic and supersonic , respectively; the nonlinear
PSE are proved to be elliptical-and hyperbolic-parabolic for relocity U + u in subsonic and
supersonic , respectively . The methods are gained that the remained ellipticity is removed
from the PSE by characteristic and sub-characteristic theories , the results for the linear PSE
are consistent with the known results, and the influence of the Mach number is also given
out . At the same time, the methods of removing the remained ellipticity are further obtained
from the nonlinear PSE .
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Introduction

In 1987, the parabolic stability equations (PSE) of fluid mechanics are presented by Herbert

(11 and they have become main methods to investigate the computation and theory

and co-workers
of fluid flow. The analysis of computation of fluid flow shows: The diffusion parabolic stability
equations have not been completely parabolized, there exists remained ellipticity'>~3' . Thanks to
the remained ellipticity of the PSE, it not only has the high cost of computation to deal with the
PSE directly, but also makes the streamwise marching of the solution ineffective. Haj-Hariri
particularly investigated some mathematical details of the PSE!*!, and analyzed the ellipticity of
the PSE, and also gave some methods of removing the ellipticity of the PSE. Haj-Hariri and
others suggest that each physical quantity @ in the PSE is represented as a shape function ¢ and a

t>~5! | By using the unknown coefficient method, the sources of ( unwanted )

wavelike componen
ellipticity in these equations are identified. Then, they removed the ellipticity from the PSE in

acoustic and viscous. Therefore, PSE can be solved by using a marching procedure, which is
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economical and available. The goal of the present contribution is to analyze the remained ellipticity
of the PSE by using characteristic and sub-characteristic which are used to study the grade structure
equations of fluid mechanics in Ref.[2]. Mathematical characteristic and sub-characteristic imply
that the PSE are not really parabolic, and only the name of the diffuse parabolic stability equations
(DPSE) can reflect their mathematical and physical qualities. The advantages of the DPSE are that
the description of the problem of stability of fluid mechanics is reasonable, and CPU hours and
EMS memories are greatly economized for streamwise marching of the DPSE compared with the
cost of the computations of the stability equations of fluid mechanics. The computations of the
DPSE don’ t neen to regulate the outward flow boundary conditions of disturbance quantity, which
is material simplification. Therefore, we further analyze mathematical characteristic of the PSE and
remove the remained ellipticity of the PSE, our results for the linear PSE are consistent with that of
Ref.[4], and we also give the influence of the Mach number out. At the same time, we further
analyze the remained ellipticity from the nonlinear PSE, and also give out the methods of removing
the remained ellipticity from the nonlinear PSE.

1 The Linear and Nonlinear Parabolic Stability Equations (PSE)

Let the fluid flow satisfy the following two-dimensional compressible basic equations of fluid
mechanics (BEFM)?!
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For the sake of argument, a parallel boundary layer over a flat plate is studied. Let the basic

state be .
(U(x,y,t),O,T(x,y,t),p(x,y,t)), ;

which also satisfy the basic equations of fluid mechanics (1a) ~ (le). The idea of small
disturbance is that a little disturbance satisfying the basic equations of fluid mechanics is added
into the fluid flow. Therefore, the parameter of fluid flow can be expressed by summation of the
parameters of the basic flow and the disturbance flow. Assuming the linear compressible
disturbances are (u,v,0,p), and the velocity, temperature and density of the shear flow
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respectively are

U=U+u, V=v, T=T+0, p=p+p,

(2)

Let the formula (2) be replaced into Eqs. (1a) ~ (1d) . The pressure p of Egs.(1a) ~ (1d)
is eliminated by using the equation of state (1e) . Then, we obtain the following two-dimensional

compressible parabolic stability equations:

(U+u)—§+v +(p+p)——-+(p+p)——=F1,
T4+002 du 90 4# #u
D+ pa (U+u) 3y+3x_3([)+p)Reax2+
2pu v _ 7 v _ 7 *u
3(p + p)Re x93y ~ 3(p + p)Re dydx (5 + p)Re 34>
L 63p v, v 20 4
p v p 3y (U+u)3x+v3y+ay_(p+p)Rea'x2+
2u *u )7 Pu 4u v

3(p + p)Re 3y3x ~ (p + p)Re 3z3y ~ 3(p + g)Re 35>

- F,,

(3a)

(3b)

(3¢)

(o+p)(u+ U)(Cp—l)%+(p+p)v(cp—1)%—(T+0)(u+ v) 28 -

Cop 3°9  Cou 20

dp _ _
(T +0)v ) PrRe 35> PrRe 94>
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where, U, u,v are united by U,; x,y are united by L; T, 0 and C, are united by gas constant

R; p and g are united by p, and y, , respectively. Re = p, U, L/ is the Reynolds number. F,,
F,, F; and F, denote all of the other terms except for all of the terms of 3/ x and /9y in the
equations. In the remained parts of our paper, F,, F,,F; and F, always denote the same

masning terms, and will not be explained any more (see Refs.[6~9])

By neglecting viscous partial derivative terms with respect to x in Egs.(3a) ~ (3d)), one

obtains the following nonlinear diffusion parabo]ic stability equations:

(U+u)—§+v +(p+p)—+(p+p) = Fy,
VLY w, w0 4 Fu_
,0+{59x+(U+u)3x+vay+3x_(P+P)Reay2_Fz’
T4 09 v, 26 4y P
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., a0 _ af
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dp _ 9p _ Gpr 2°0

(T +60)(u + U)ax (T + 0)113 PrRe 3,° =

(4a)

(4b)

(4c)

(4d)

Furthermore , let the disturbances be very small, thatistosay, u <« U,v < V,p <« Pand 0 «

T, then one obtains the following linear diffusion parabolic stability equations:

2

A YT L I S

(o +p) 9z Ix (p + p)Re 3y °
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20 G 79 _
dx  PrRe 34 ~
By the following analysis of characteristic and sub-characteristic, we know that Eqs. (4a) ~ (4d)

3 _
- GUﬁ +(C, - 1)pU F,. (5d)

and (5a) ~ (5d) are parabolic, and there exists remained ellipticity in the subsonic. Therefore,
we always call Egs. (4a) ~ (4d) and (5a) ~ (5d) the diffusion parabolic stability equations
(DPSE) .

2 Characteristic and Sub-Characteristic of the Linear PSE

By application of theories analysis of Ref. [ 1], there exist two sorts of the transmission
fashion of information, one is the convection-diffusion transmission of information, the other is
the convection-disturbances transmission of information. The first one is determined by the
characteristic of the basic equations of fluid mechanics ( BEFM), and the second one is
determined by the characteristic of the sub-characteristic equations which are obtained by
neglecting all viscous partial derivative terms of BEFM. In the following, in terms of
characteristic and sub-characteristic theory for grade structure equations of fluid mechanics in
Ref.[2], we will investigate characteristic and sub-characteristic of the PSE and study how to
remove the remained ellipticity from the PSE. In order to obtain the characteristic of the linear
PSE, let

du . dv . ag '
_a__:; = U9, Z = Vv, 97 = 9 (6)

Then, the linear diffusion parabolic stability equations (5a) ~ (5d) can be denoted by the
following first-order simulative linear partial differential equation on Z = (p ,u, U o, v,
g, 1e% )

2z VA
A E + B Z = F, (7)
where Z and F are seventh-order vectors, A and B are 7 x 7 matrixes. The determinant equation is
det(o,a; + 0,by) = 0, (8)
where
det(al ay; + 0 b’:l) =
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mo'z 0 0 Ua'l 3(P N ,(—))Redz [0} 0
_ Cu |~
- TUsy, O 0 0 0 pUs (C, - 1) Pere o
0 o, 0 0 0 0 0
0 0 0 a4 0 0 0
0 0 0 0 0 oy 0
4Cot o3,

" 3Pr(p + 5)*Ré
Then the characteristic values are
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61 =0, o3 =0. (9)
All the characteristic values are zero. Therefore, the diffusion parabolic stability equations
(5a) ~ (5d) are parabolic. In a similar way, one can gain all characteristic values of two-
dimensional compressible stability equations (3a) ~ (3d) which are

v . . .
o =0, A, = T+ a’ As,6 =1, A7 =x1, Agq9 =1, (10)
where A = - o/0, . Third-order O-characteristic roots are related to the three equations with the

main portions du/dx, dv/dx and d T/d x , respectively. They are independent of the other seven
equations of Eq.(7), the other seven characteristic roots are complex except for one real root.
Therefore,, two-dimensional compressible stability equations (3a) ~ (3d) are elliptical .

Let us now turn to consider the relation of sub-characteristic and the Mach number. In fact,
parts of ellipticity for the linear PSEs (5a) ~ (5d) are remained in subsonic regions. Removing
all of the viscous terms of the linear parabolic stability equations (5a) ~ (5d), then the governing
equations become the following sub-characteristic stability equations:

2 E e
U§§+p£+pé—;=ﬁ“1, (11a)

d a a
T —‘9+U—9—2+9—2-=F2, (115)

U9—§+p+p9y+_y=F3’ (11¢)
9 Y
-0UL 4 (¢, - DU 5. = Fu. (11d)

Ley Z = (p,u,v, V") ,8) . Then, sub-characteristic stability equations (11a) ~ (11d) can be
denoted by the following first-order simulative linear partial differential equation:

A, p %-yz- - F. (12)
Then the sub-characteristic equation is
det(o,a; + a,b;) =
g U(C, - ot [(U? - a*)ot - a’03] = 0, (13)

where TCP/ ( C, - 1) = 4*, ais the velocity of sound. From the sub-characteristic equation
(13), we have

2 1
61 =0, A34 =t ——, (14)
My -1
where A = - 0,/0,, M;,; = Ula is the Mach number of the non-disturbed flow- It is evident that

the sub-characteristic of linear PSE is related to M, . If M;, > 1, the sub-characteristic values are
real which implies that linear PSEs (5a) ~ (5d) are hyperbolic-parabolic. If M, < 1, the sub-
characteristic values are complex which implies that linear PSEs (5a) ~ (5d) exist remained
ellipticity . It is obvious that the remained ellipticity is not caused by the viscous diffusion terms.
We will talk about how to remove the ellipticity from the linear PSE in Section 4.
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3 Characteristic and Sub-Characteristic of the Nonlinear PSE

Next we consider the characteristic and sub-characteristic of nonlinear PSE, then consider the
difference of characteristic and sub-characteristic of linear and nonlinear PSE, and the relation of
the sub-characteristic of nonlinear PSE and the Mach number. Let

= (p,u,U("),v,V<"),0,0(")). (15)
Then, nonlinear PSEs (4a) ~ (4d) can be denoted by the following first-order simulative linear
partial differential equation on Z = (p,u, Uy v, U ,6,007).

A E;—f + B g% = F. (16)
The determinant equation is
det(o,a; + 02b;) =
4C,°

_3Pr(p+p)2Re3[(U+ u)o; + vo,loies = 0. (17)

Then the characteristic values are

|4 3 3 _
T u o1 =0, o5 = 0. (18)

All the characteristic values are real,. therefore nonlinear PSEs (4a) ~ (4d) are hyperbolic-
parabolic. Let us now turn to consider the relation of sub-characteristic and the disturbance Mach
number M,, ;, a part of ellipticity of the nonlinear PSEs (4a) ~ (4d) virtually remained in

A1=

subsonic regions .
Removing all of the viscous terms of nonlinear PSEs (4a) ~ (4d), one obtains the sub-
characteristic stability equations

a a a 2
(u+U)—‘:-:+(p+p)—u+(p+p)—v+v§§=Fl_, (192)
T+03_p du 30
103 +(u+U)a tugt 7, = P2 (19b)

dv dv T+03_£ 6
(u+U)— ’l)ﬂ-l—_- +p3y a—y Fg, (19C)
(T +0)(u+ U)—B—(T+0) g‘;
: L
(C,,—l)(p+p)(u+U)$+(Cp—1)(p+p)v§—9;=F4. (19d)

The nonlinear equations (19a) ~ (19d) can be translated into the following united first-order
simulative linear partial differential equations on Z = (p,u,v,8):

A%§+Baz F. (20)
x dy

And the sub-characteristic values are solved out to be
det(ora; + 02b;) = (p+p)[- (u + U)oy + v0,1*(C, - 1) x
{{(u+U)?-a12* +20(u+ U)X - a*}=0, (21)
where A = - 0y/0,, a®> = a? = (T + 0)C,/(C, - 1), a’ is sound velocity. By using sub-

characteristic equation (21), four sub-characteristic values are solved to be
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Tag2 )
v A3,4 - Mt)Mu+Ui\/M1j’Mu+U+Mu+U "‘1’ (22)
TI+U - 1
where M, = v/a is the Mach number which is related to the normal direction, M,.,; = (u +
U)/a the Mach number which is related to the flow direction. By using characteristic values

A3,4 , the sub-characteristic of nonlinear PSE is related to the Mach numer M ItM,. ., >1,
the sub-characteristic values are real which implies that nonlinear PSEs (4a) ~ (4d) are

hoo= T

u+ U -

hyperbolic-parabolic. If M,, ; < 1, the sub-characteristic values are complex which implies that
nonlinear PSEs (4a) ~ (4d) exist remained ellipticity . It is obvious that the remained ellipticity is
not caused by the viscous diffusion terms. In the following, we will talk about how to remove the
remained ellipticity from the nonlinear PSE.

4 Application of Characteristic and Sub-Characteristic Theories in Removing
the Ellipticity from the PSE

From the analysis of Section 2 and Section 3, we gain the methods of removing the remained
ellipticity from the PSE. From the linear PSE, the method of removing its ellipticity is: The
characteristic values are real of the linear PSE. Therefore, the linear PSE are completely
hyperbolic-parabolic. Then, sub-characteristic of the linear PSE is related to the non-disturbance
flow Mach number M, . If My > 1, sub-characteristic values are real, and the sub-characteristic
equations are hyperbolic-parabolic. If M, < 1, sub-characteristic values are complex, and there
exists remained ellipticity for the linear PSE. It is obvious that the remained ellipticity is not
caused by the viscous diffusion terms. By using the characteristic and sub-characteristic theories,
if the partial term 59 /3 x is neglected on disturbance velocity # of base flow for Eq. (5a) (or the
term (T/(p + 5))(3p/dx), for Eq.(5b), or the term (T/(p + 5))(dp/3y), for Eq.(5¢)),
we can remove the remained ellipticity for the linear PSE. By using the above “neglected”
operation, the characteristic values of the linear PSE are

o} =0, 03 = 0, (23)
That the characteristic values are real implies that the linear PSE are parabolic. Therefore, the
linear PSE have heen completely parabolized, and our results are consistent with that of Ref.[4] .

By using characteristic and sub-characteristic theories, we can further talk about how to
remove the remained ellipticity for the nonlinear PSE. Firstly, sub-characteristic of the nonlinear
PSE is related with the disturbance flow Mach number M, , ;. If M,,, > 1, sub-characteristic
values are real, and the sub-characteristic equations are hyperbolic-parabolic. If M,,, ; < 1, sub-
characteristic values are complex, and there exists remained ellipticity for the nonlinear PSE. If
the partial term (5 + p)Jdu/dx is neglected on disturbance velocity u of base flow for equation
(4a), we can remove the remained ellipticity for the nonlinear PSE. By using the above
“neglected” operation, the characteristic values of the nonlinear PSE are

v
(C _ 1)1/2,0 _ (T + 6)1/201/2
Ax = P . P ,
q 13 (Cp _ 1)1/-1} (24)
p (G =D (Tr o))

L (Cp _ 1)1}’2” *



Ellipticity of Stability Equations on Fluid Mechanics 1341

That the characteristic values are real implies that the sub-characteristic equations are hyperbolic-
parabolic, and they are not related to the disturbance Mach number M, ;. Therefore, the

nonlinear PSE have been completely parabolized .

5 Conclusion

In this paper, characteristic and sub-characteristic theories!?!

are used to analyze the
mathematical characteristic and remove the remained ellipticity of the parabolized stability
equations (PSE)™**! . By using our “neglected” operation, the linear or nonlinear PSE have been
completely parabolized. By using characteristic and sub-characteristic theories, we can remove
the remained ellipticity from the PSE, and our results for the linear PSE are consistent with that of

Ref.[4], and we also give the influence of the Mach number out.
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