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Abstract

The temperature and stress field in a thin plate with collinear cracks interrupting an electric current field are de-
termined. This is accomplished by using a complex function method that allows a direct means of finding the distri-
bution of the electric current, the temperature and stress field. Temperature dependency for the heat-transfer coefficient,
coeflicient of linear expansion and the elastic modulus are considered. As an example, temperature distribution is
calculated for an alloy (No. GH2132) plate with two collinear cracks under high temperature. Relationships between
the stress, temperature, electric density and crack length are obtained. Crack trajectories emanating from existing crack
are predicted by application of the strain energy density criterion which can also be used for finding the load carrying

capacity of the cracked plate.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Electromagnetic effects have numerous useful
engineering applications because they can alter the
strain, stress, and temperature field in the material.
Magneto—thermo-elastic theory can be applied for
a quantitative assessment of these effects. One such
application is to arrest crack motion by changing
the material properties in the immediate vicinity of
the crack tips. This involves heating the local
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material electromagnetically in a very short period
of time such that sufficiently high energy can be
localized to cause a change in the material micro-
structure. Such a change is sufficient to prevent a
crack from initiating or to arrest a moving crack.
For those structural components that conduct
electric current, the method can be easily applied
using a voltage source once cracks are detected by
non-destructive testing techniques such as ultra-
sonic and acoustic emissions.

Addressed in this work are cracks or line defects
in metals that are aligned collinearly. More spe-
cifically, consider a thin plate conducting an elec-
tric current field that is interrupted by N collinear
cracks. The temperature and stress field are de-
termined for the situation when crack propagation
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is stopped by changing the material properties
ahead of the crack. This is done by sending an
electric current down the plate. The timing and
strength of the current depend on the size of the
specimen and the mechanical and thermal prop-
erties of the material. To this end, it is pertinent to
have knowledge of the prevailing stress, strain and
thermal field around the cracks. To demonstrate
the feasibility of the proposed scheme, a high tem-
perature resistance alloy GH2132 with two col-
linear cracks has been selected for this study.

2. Temperature field with NV collinear cracks
2.1. Electric current density distribution

Fig. 1 shows N collinear cracks in a complex
plane. The length of each crack is L;. Now, let
L =73, L. When the electric current is switched
on normal to the crack, the relationship between
the current intensity / and the current density J is
given by [1]
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With reference to the complex plane z = x + iy, an
analytic function ¢(z) =7 +1iV can be defined

such that / and V satisfy the Cauchy—Riemann
condition [2]. This implies that
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Fig. 1. A thin current carrying plate with multiple cracks.

The symbol Re[] stands for the real part of the
function. It follows that

=]\ + 2] = 197 ) (4)

The boundary conditions of L are given by
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The solution to the Hilbert problem as given by
Eq. (5) is well known:
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Note that the branch cuts for the cracks are given
by

n

1(2) = zZ- aj)l/z(z - bj)l/z
1(2) g( )

Pl(z) =cyz" + 12"+ +e,

The current density is given by

1/dI\~ )
Cy = Y (@) = _ZJO (9)
Similarly, the coefficients ¢, c¢,,...,c, can be de-
termined by using the current intensity condition:
Re{?{ @T(z)dz} =0 (10)

while using Egs. (6) and (5). It follows that

f(s)=0, g(s)=0 (11)

This gives a system of N linear equations solving
for the N unknowns ¢y, ¢y, ...,c,. The current in-
tensity modulus can then be found by using Eq.

(4).
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2.2. Heat source

From the principle of electromagnetic heating, it
is known that heat can be produced. when current
flows in a conductor. The greater the current inten-
sity, the higher is the temperature. The current in-
tensity increases rapidly near the crack tips with the
crack length being a factor. Hence, the temperature
near the tip is intensified locally. The temperature
field caused by the current is therefore assumed to be
controlled by the point-heating source at the crack
tip. The thin plate should have a high electrical
conductivity while the remaining electromagnetic
heating effects can be ignored. The power of each
heating source at a crack tip is given by [5]

a) = / paofaz=" [ ol e
/|ka - /}@T (b dz

(12)

where / is half of the thickness of the plate and o is
the electrical conductivity.

2.3. The temperature field

When the current flows in the thin plate with N
collinear cracks, the resulting influence on the
temperature field is the same as that of a heat
source with a particular power setting. So the
problem is to calculate the temperature field re-
sulting from 2n heat sources. It has two parts:

T(z) = Toz) + L.(2) (13)

Here, Ty(z) is the temperature in the absence of the
cracks and 7.(z) is the correction for the presence
of the cracks.

Solution of Ty(z). The temperature Ty(z) can be
easily found and it is given by the complex func-
tions [6]:

To(z) = 2Re[Fy(2)],

Fo(2) = [mg In(z — @) + my, In(z = b)) (14)

where

R 15
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Note that 4 is the thermal heat conduction coeffi-
cient. Q(a;) and Q(b;) are the power of the heat
source at the right or left tip of a crack. They can
be calculated from Eq. (12) as

n

To(r.y) = {mo Inf(x = @) + 7

k=1

o+ Inl(x = b + 7]} (16)
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Solution of T.(z). Assume the cracks are insu-

lated such that heat cannot flow across the crack
surfaces. The heat boundary conditions are

;<ag_’(:)) =0, 1€l (18)

From Egs. (13) and (18), the following equation
can be obtained:

(T90) - (), cer

Hence T7.(z) is obtained [5]:

T.(z) = 2Re[F.(z)]

1 o(7) (20)
F.(z) = §+277'51 LT_ZdT, tel

where ¢ is a real content. It is twice the tempera-
ture of the plate without cracks and without heat
sources. ¢(t) is a real function defined on the
boundary L. On L, it is found that

mg Ab
=—2|y|Zl — 5 2]

| z—a) = (b)Y
- Aa» Ab
=-2b : + :
; [(Z—ak)z—yz (Z—bk)z—yzl
(21)

with b being the width of the cracks.

Consider the initial temperature of the plate as 0
°C, so that ¢ = 0. It is also known that 5 = 0. Ac-
cording to Eq. (19), it is known that 7,(z) = 0. This
means: when a point-heating source is collinear
with a crack, the crack has no influence on the
temperature field. From Eq. (12) the temperature
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field of the plate with N cracks and 2n point heating
sources is given by

n

F(z2) =Y [mgIn(z— a) +my, In(z— b)) (22)

k=1

n

T(x,y) = Z {mak In [(x — )’ —|—y2}

k=1

+my, In [(x )+ yz} } (23)

3. Temperature dependent thermal conductivity

The thermal conductivity of metal may be re-
garded as the sum of lattice coefficient and electro
conductivity. The power transmission of the lattice
and free electrons is influenced by the temperature.
This influences the thermal conductivity [7]. Sup-
pose that the variation of thermal conductivity
coefficient with the temperature is linear:

4= (14 B,7T) (24)

The governing equation for the temperature then
becomes [8]

o[, oT o [.oT

Now define a new variable
T
H
H :/ AdT  with 6—: A (26)

Therefore, Eq. (25) can be transformed into the

classical Laplace equation:
O*H O°H
a2 + 0 0 (27)

The procedure for of solving H is well known.
Hence, m,, and m,, in Eq. (14) follows from the
relation 0H /0T = . The temperature can then be
obtained from Eq. (23).

4. Stress field with collinear cracks

Because the problem is symmetrical about the
axis ox, it suffices to solve the semi-plane problem

with mixed boundary conditions [9]. Now, also let
L =3, L such that L' stands for the uncracked
portion of the axis ox. Analysis will be on the lower
semi-plane. The basic equations of this field are
given by [4,5,10]

gy + 0, = 2| ®(2) + &(2)] (28)

0, — ity = P(z) — P(2) + (z —2)P'(2) (29)

Zu%(u +iv) =k®(z) + P(z) — (z—2)¥'(z) + BF(2)
(30)

X +1Y = —i|o(z) — ¢(2) + (z —2)P(2) , (31)
where @(z) is the harmonic function of the field;
(u,v) are the displacement components. Note that
(X, Y) are components of the force vector acting on
a curve a'b’. u is the material’s shear modulus with
k = 3 — 4v. Moreover, § = 2Ew,, v is the Poisson’s
ratio, E is the elastic modulus and «, is the coeffi-
cient of thermal expansion.

Because of the point heat sources at a;, by
(k=1,2,...,n), the harmonic function &(z) near
the crack tip a; and b, can be written as

n

D(z) =Y [Au(2) + A (2)] + .(2),

k=1

when z — a; or z — by
(32)

n

P(z) = > [Bu(2) + By (2)] + @.(2),

when z — @; or z — by

where

A = 1Ly In(z — a),

Ap, (2) l—kixmhk In(z—5b;) (k=1,2,...,n)
B, (z) = — ] —If—;cm“k In(z — a),

By, (2) ] _’fxmbk In(z—&) (k=1,2,...,n)
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(34)

If the displacement boundary conditions are
known on L, stress boundary conditions can be

written as
u+iv=0 (onl'), o,—it, =0 (onL) (35)

From Eqgs. (31) and (32), the boundary condition
of @(z) becomes

Kk® (1) + & (z) = go(¢) (on L")

& (1) — @7 (z) =0 (on L) (36)
where
go(t) = —BF (1) (37)

The values of @(z) at a; and b, are determined by
Eq. (29). In this case, the solution of the boundary
problem stated by Eq. (35) is given by

2(2) [ fo(r)de

0(z) = A(z) + B(z) + 5 St 1(2)P,(2)
(38)

Note that

P(2)=cZ"+caZ '+ 4,

1@ = [T e~ a) (e — 5y 7 (39)

From Eqgs. (28)-(30), the following can be ob-
tained

0, + 0, = 4Re[D(2)] = =48> [my, In|z — a]
k=1

+ myp, In |z — by|] (40)
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The stresses o,, o, and 7,, can be obtained by
separating the real and imaginary parts in the

above equations. The modulus of elasticity £ and
the coefficient of expansion for different tempera-
tures can be found in handbooks.

5. Strain energy density function

While many fracture criteria are available, the
strain energy density criterion will be used because
of its generality for determining the crack path and
the critical load to initiate crack growth. In this
criterion, a strain energy density factor S is defined
from the strain energy density function dW/dV
using the relation dW/dV = S/r.

The distance r is measured from the crack tip.
Using the asymptotic crack tip stress field, S be-
comes independent of r. It depends only on the
angular distribution of the stress field. In general,
S can depend on r for the relation dW/dV =S/r
hold in general as S takes on the interpretation of
the area under the d /dV versus distance r curve.
A finite distance r is always kept between the crack
tip and the element under consideration. The S or
dw /dV criterion applies to all materials and ex-
ternal disturbances including thermal and mois-
ture variations. The loading can in general be
applied in an arbitrary direction such that the di-
rection of crack initiation is not known but must
be determined without additional assumptions.

Application of the criterion can be found in [3].
It requires a knowledge of the strain energy density
function
i—pg = % [(1 +v)o;0, — vakk] (42)
For linear and isotropic elasticity, d#/dV can be
separated into two parts. One refers to the dis-
tortional strain energy density given by

dw _1+V 2 2
<W)d_ G o= o) (o

+ (0=’ (43)

and the other to the dilatational the strain energy
density expressed by

dw 1-2
(37), = e ooy (a4)
Vv
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where o; (j=1,2,3) are the principal stresses.
According to Egs. (40) and (41), the strain energy
density near crack tip when discharging can be
obtained so that the path of crack propagation can
be predicted by the strain energy density.

6. Temperature and the stress field for two collinear
cracks

Consider two collinear cracks in a plate, Fig. 2.
An electric current with intensity J, is activated at
remote distance from the cracks. Here,

A1 (—361, 0)7 Bl(—a, 0)7 Az(a, O), 32(361, 0)

and L= Ll U L2

Note that L' is the uncracked ligaments (except
L) along the axis ox. From Egs. (7) and (11), the
following is obtained

Jo 2 E(K) }

PEI= | e T { ~ )

(45)

where E(k),K(k) are respectively the first and
second elliptic integrals with argument k& where
K=1—(1/3)

From Egs. (23) or (25), T(x,y) may be written
as

NE

T(x,y) = {mak ln[(x — ak)Z + yz}
+ my, In[(x — by)’ erz]} (46)
y
S
ay by az b2 X

Ly L,

SRR

Fig. 2. A thin current carrying plate with two collinear cracks.

It should be noted that
b] = —da, bz = 3a

and 4,,, A, may be found by Eq. (17). From Egs.
(40) and (41), the following is known

o, + 0. = 4Re[P(z)]

a; = —3a, a, = a,

2
= 4/32 [my, In(z — ax) + my, In(z — by)]
=1

(47)

2
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2 m my,
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z— by

7. Example

A thin plate with two collinear cracks in Fig. 2
is made of high temperature resistance alloy
GH2132. The plate thickness is 24 =2 mm and
a = 10 mm. The coefficient of heat conduction is
assumed to have a linear variation with time so
that ff; can be found from its values at 100 and 900
°C. This gives B, = 1.048 x 10°. The electrical
conductivity of the alloy is ¢ = 1.12 x 10 (Qm)~".
The linear expansion coefficient and the elastic
modulus of the material are given in Tables 1 and
2 [11]. In Fig. 3, curves a and ¢ show the tempera-
ture near the crack tip a; and b, when the variation
of the heat conduction coefficient is not consid-
ered. Curves b and d show the temperature when
the variation of the heat conduction coefficient is
considered. Temperatures at the crack tip a, and
b, are the same as those at a; and b;.

In Fig. 4, the curves 1 and 2 describe the value
of o, at 1 mm from the crack tip. The current in-
tensity is changed. In Fig. 5, when the crack size
is changed, the curves 1 and 2 describe the value
of o, at 1 mm from the crack tip. The current in-
tensity is Jy = 1.3 x 108 A/m? which shows the
values of o, as a function of distance along the line
collinear with the crack. Displayed in Fig. 6 is the
distribution of strain energy density at crack tip b,.
The crack propagation path is shown when the
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Table 1

Coefficients of linear expansion of alloy at different temperature
T (OC) or
100 15.37
200 16.09
300 16.31
400 16.84
500 17.58
600 18.06
700 18.74
800 19.62
900 20.45

Here the values of o, are a; x 10°¢ C!.

Table 2
Elastic moduli of alloy at different temperature
T (°C) E (GPa)
20 198
100 193
200 186
300 181
400 173
500 165
600 157
700 150
800 139
2500
~20001
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Fig. 3. Curve T ~ J,.

discharging current density is J, = 1.3 x 108 A/m?.
Fig. 7 shows the distribution of the strain energy
density for different current density at crack tip b;.
In Fig. 8, the variation of the ratio of dilatational
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Fig. 4. Curve o, ~ Jj.
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Fig. 5. Curve g, ~ a.
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Fig. 6. Fracture trajectory.

and distortional energy density factor with angel 0
is shown. Here, r is the distance measured from the
crack tip b, while 0 is the angle between » and the
X-axis.
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8. Conclusions

From the results obtained in this work, the
following conclusions can be made:

e Fig. 3 shows that the influence of temperature
on the variation of the coefficient of heat con-
duction cannot be ignored when the tempera-
ture is high. The influence of the current
intensity on the temperature is very pro-
nounced. Crack arrest behavior depends sensi-
tively on these factors.

e As shown in Fig. 4, the stress near the crack tip
is compressive. The greater the current inten-
sity, the larger is the stress magnitude.

e From Fig. 5, it can be observed that when the
variation of the size of a is small, the stress vari-
ation is very large. When the size of a is more

than, say 13 mm, changes in the size of a have
a smaller influence on the stress.

e Fig. 7 shows that the strain energy density will
increase when the discharging current density
increases. It is also shown that the strain energy
density intensity tends to increase as the crack
tip is approached. Fig. 8 shows that the distor-
tional energy is much bigger than the dilata-
tional energy near the crack tip. However,
they do not occur at the same location. The for-
mer is away from the line of prospective crack
growth. What should be kept in mind is the
order of events implicit in the equilibrium the-
ory of mechanics. That is distortion will always
take place over a longer time period prior to di-
latation. The latter takes place over a much
shorter time interval and more abruptly. The
equilibrium nature of mechanics only presents
the space and time average results. This pre-
vents a detail account of the actual physical na-
ture of the phenomenon of yield and fracture.
Refer to [3] for a detail description of the situa-
tion near the crack tip.
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