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Abstract Many physical experiments have shown that the
domain switching in a ferroelectric material is a complicated
evolution process of the domain wall with the variation of
stress and electric field. According to this mechanism, the
volume fraction of the domain switching is introduced in
the constitutive law of ferroelectric ceramic and used to study
the nonlinear constitutive behavior of ferroelectric body in
this paper. The principle of stationary total energy is put for-
ward in which the basic unknown quantities are the displace-
ment ui , electric displacement Di and volume fraction ρI

of the domain switching for the variant I . Mechanical field
equation and a new domain switching criterion are obtained
from the principle of stationary total energy. The domain
switching criterion proposed in this paper is an expansion
and development of the energy criterion. On the basis of the
domain switching criterion, a set of linear algebraic equations
for the volume fraction ρI of domain switching is obtained, in
which the coefficients of the linear algebraic equations only
contain the unknown strain and electric fields. Then a sin-
gle domain mechanical model is proposed in this paper. The
poled ferroelectric specimen is considered as a transversely
isotropic single domain. By using the partial experimental
results, the hardening relation between the driving force of
domain switching and the volume fraction of domain switch-
ing can be calibrated. Then the electromechanical response
can be calculated on the basis of the calibrated hardening rela-
tion. The results involve the electric butterfly shaped curves
of axial strain versus axial electric field, the hysteresis loops
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of electric displacement versus electric filed and the evo-
lution process of the domain switching in the ferroelectric
specimens under uniaxial coupled stress and electric field
loading. The present theoretic prediction agrees reasonably
with the experimental results given by Lynch.
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1 Introduction

Ferroelectric ceramics are used in many electric components
such as sensors, actuators and transducers owing to their cou-
pled electromechanical character. And as the core device of
smart structures they are used in aerospace, precise instru-
ments, automatic control and micro electromechanical sys-
tem and so on. When the applied electric field closes to or
exceeds the coercive electric field, the classical linear piezo-
electricity theory is not suitable. There have been exten-
sive research efforts in the field of constitutive modeling
and numerical simulation of the behavior of ferroelectric
ceramics.

Many theories were proposed to explain the nonlinear
behavior of the ferroelectric ceramics. The different types
of constitutive models for the ferroelectric ceramics can be
classified into two groups. One group is on the basis of the
micro-electro-mechanical behavior of grains and the second
on the macro phenomenological model.

Early a micro-electro-mechanical model was proposed by
Hwang et al. [1]. They established the energy criterion of
the domain switching using the energy difference before and
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after the domain switching,

Ek�Ds
k + σi j�γ s

i j ≥ 2Ec Ps, (1)

where �γ s
i j and �Ds

k are the changes of spontaneous strain
and spontaneous electric displacement before and after the
domain switching, respectively, Ec is the coercive electric
field, Ps is the spontaneous polarization. Lu et al. [2] devel-
oped Hwang’s [1] switching criterion. They distinguished
the energy barriers of 90◦ and 180◦ domain switching. The
results given by them matched well with those under uniaxial
mechanical loading. Chen et al. [3] introduced the volume
fraction of various kinds of domains as internal variables
describing the pattern of the internal rearrangement result-
ing from the domain switching and studied the nonlinear
behavior of polycrystalline ferroelectrics. Huo and Jiang [4]
considered that every crystal had different kinds of domains
and that the mass fractions of the various domains were the
internal variables, so the average polarization of each crystal
could be expressed as the linear function of the mass frac-
tion and the domain switching corresponds to changes of the
volume fraction of domains. Huber et al. [5] developed the
ferroelectric constitutive model on the basis of the domain
wall motion that is similar to the crystal slip. They thought
that there were several variants in a tetragonal crystal and
the volume fraction of each variant was cI . They used a self-
consistent analysis to estimate the macroscopic response of
tetragonal crystals under a variety of loading paths. Huber
and Fleck [6,7] improved this model. The micro-electro-
mechanical models described some aspects of the behavior
of ferroelectric ceramics [8–11]. Micro-electro-mechanical
model reflects the physical essence of the nonlinear behavior
of the ferroelectric material. But in order to make the calcula-
tion accuracy, those methods require thousands of crystallite
grains. Hence the finite element simulations cost too much
computation time and are not efficient.

On the other hand, instead of micro-electro-mechanical
based constitutive model the phenomenological models with
fewer internal variables are developed. Chen and his
collaborators [12–14] proposed the phenomenological model
to describe the coupled electromechanical characters of
ferroelectric materials. They used the remanent polarization
and remanent strain as the internal variables and they only
considered the uniaxial loading. Another attempt to study
the nonlinear constitutive behavior of the ferroelectric mate-
rials was made by Bassiouny and Maugin [15,16]. They
presented a thermodynamical phenomenological theory to
describe the constitutive behavior of the ferroelectric
ceramics. The theory considers both the plastic and electric-
hysteresis effects in the form of “plasticity”. A simple macro-
scopic constitutive model with remanent polarization and
remanent strain as internal variables was developed by
Kamlah and his coworkers [17–19]. The model can be used
to study the fully coupled electromechanical boundary value

problem. A phenomenological theory was also presented by
Cocks and McMeeking [20]. The model is established in
the framework of traditional incremental plasticity. Landis
[21] introduced nine internal variables corresponding to the
components of remanent strain and remanent polarization to
match all of the types of behaviors of ferroelectric ceram-
ics in uniaxial loading. A simplified formulation with fewer
internal variables is derived by McMeeking and Landis [22].
In the model only three internal variables are employed by
linking the remanent strain to the remanent polarization. Due
to this simplicity the switching criterion can be expressed by
a modified electric field variable and the kinematic hardening
potential can be given as a function of the remanent polariza-
tion. A detailed review on recent advances in the nonlinear
constitutive modeling of ferroelectric material was given by
Landis [23]. So far all the phenomenological theories pre-
dicted well for the uniaxial mechanical loading and the uni-
axial electric loading. But there are some deviations between
the theoretic prediction and experimental results under uni-
axial combined electromechanical loading.

2 Constitutive law and energy principle

2.1 The volume fraction of domain switching

The physical experiments given by Miller and Weinreich [24]
and Hayashi [25] showed that the domain switching in the
ferroelectric ceramics was a complicated process. It was com-
posed by four stages: nucleation, longitudinal growth, trans-
verse expansion and merging of new domains [26]. Hence
the domain switching in each single domain is an evolution
process of the domain wall motion.

Following Hwang et al. [8], Chen and Lynch [10],
Kamlah [18] and McMeeking and Landis [22], the ferroelec-
tric ceramic is assumed to be isotropic elastic and isotropic
dielectric for simplicity. But the piezoelectric coefficient dki j

will be changed due to the domain switching. Firstly consider
the domain switch only in one direction. Suppose the mate-
rial element is a single domain zone before switching. The
spontaneous polarization, the spontaneous strain and piezo-
electricity coefficient are Ds(0)

i , γ
s(0)
i j and d(0)

i jk , respectively.

The corresponding quantities will be Ds(I )
i , γ

s(I )
i j and d(I )

i jk
after whole domain in the material element has switched. If
the volume fraction of the switched domain in the mater-
ial element is ρI , the spontaneous polarization, spontaneous
strain and piezoelectric coefficient of the material element
will be

Ds
i = (1 − ρI )Ds(0)

i + ρI Ds(I )
i = Ds(0)

i + ρI �Ds(I )
i , (2a)

γ s
i j = (1 − ρI )γ

s(0)
i j + ρI γ

s(I )
i j = γ

s(0)
i j + ρI �γ

s(I )
i j , (2b)

dikl = (1 − ρI )d
(0)
ikl + ρI d(I )

ikl = d(0)
ikl + ρI �d(I )

ikl , (2c)
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where symbol � is the change of related physical quantity
before switching and after whole domain of the material
element having switched. Note that the material element
considered here includes thousands of crystalline grains. So
the volume fraction of domain switching may not directely
depend upon that of the grain boundaries, the orientations of
crystal lattices and the twinning mode. If the material ele-
ment is a grain, the reader is referred to the contribution by
Zhang [27].

In fact, the domain may switch both in the 90◦ and 180◦
directions. And the domain may switch in several potential
orientations during 90◦ switching. Suppose the volume frac-
tion of 180◦ switching is ρ1. If there are N − 1 90◦ switch-
ing, the volume fraction of 90◦ switching can be expressed
as ρI (I ∈ 2, 3, . . . , N ).

Similar to Eq. (2), the spontaneous electric displacement,
the spontaneous strain and the piezoelectric coefficient of the
material element can be written as follows

Ds
i = Ds(0)

i +
N∑

I=1

ρI �Ds(I )
i , (3a)

γ s
i j = γ

s(0)
i j +

N∑

I=1

ρI �γ
s(I )
i j , (3b)

dikl = d(0)
ikl +

N∑

I=1

ρI �d(I )
ikl , (3c)

where I = 1 corresponds to 180◦ switching, I ∈ 2, 3, . . . , N
are corresponding 90◦ switching in the I th orientation.

The constitutive law of the ferroelectric ceramic can be
described as following

γi j − γ
s(0)
i j −

N∑
I=1

ρI �γ
s(I )
i j = Si jklσkl + dki j Ek

= Si jklσkl +
(

d(0)
ki j +

N∑
I=1

ρI �d(I )
ki j

)
Ek,

Di − Ds(0)
i −

N∑
I=1

ρI �Ds(I )
i = diklσkl + εik Ek

=
(

d(0)
ikl +

N∑
I=1

ρI �d(I )
ikl

)
σkl + εik Ek,

(4)

where Si jkl and εik are the elastic compliance and dielectric
permittivity tensor measured at constant electric field and
constant stress, respectively. Tensor dikl is the piezoelectric
coefficient at constant stress. In general the displacement ui

and electric potential φ are used as the basic unknown quan-
tities in finite element method. Hence the second type consti-
tutive law is needed in which the basic unknown quantities
are the strain γi j and electric field Ei . We have

σi j = Ci jmn
(
γmn − γ s

mn

) − Ci jmndkmn Ek,

Di = Ds
i + Cmnkldikl

(
γmn − γ s

mn

)
(5)

+(
εik − dkmneimn

)
Ek,

where Ci jmn is the elastic modulus tensor measured at con-
stant electric field, eimn is the piezoelectric coefficient tensor
at constant strain eimn = Cmnkldikl .

2.2 Principle of stationary total energy

Suppose the volume and boundary of the ferroelectric body
are V and S, respectively. When no body forces and free
charges are present, the field equations can be written as

σi j, j = 0, (6)

Di,i = 0. (7)

The mechanical boundary conditions are:

σi j n j = t̄i on Sσ , (8)

ui = ūi on Su, (9)

where σi j is the components of stress, t̄i is the prescribed
traction on Sσ , ūi is the prescribed displacement on Su .

The electrical boundary conditions are:

Di ni = −ω̄ on Sω, (10)

φ = φ̄ on Sφ, (11)

where Di is the electric displacement, ω̄ is the prescribed
surface free charge on Sω, ni is the unit normal to the surface
S, φ̄ is the prescribed electric potential on Sφ .

The internal energy density can be expressed as following
[28]

U = 1

2

[
σi j

(
γi j − γ

s(0)
i j −

N∑

I=1

ρI �γ
s(I )
i j

)

+Ek

(
Dk − Ds(0)

k −
N∑

I=1

ρI �Ds(I )
k

)]
. (12)

When the domain switching is considered, the total energy
is

� =
∫

V

UdV −
∫

Sσ

t̄i ui dS +
∫

Sφ

φ̄Di ni dS

+
∫

V

( N∑

I=1

ρI W (I )
cr

)
dV, (13)

where W (1)
cr is the critical energy barrier that the single domain

of per unit volume must overcome when the polarization of
the whole domain has switched by 180◦, W (I )

cr (I = 2, 3, . . . ,

N ) is the critical energy barrier that the single domain of
per unit volume must overcome when the whole domain has
switched by 90◦ in the I th variant orientation. The last term
is the additional energy due to domain switching which is
introduced in this paper.
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The first variation of the internal energy density is

δU = σi jδγi j + EkδDk −
N∑

I=1

δρI
(
σi j�γ

s(I )
i j

+Ek�Ds(I )
k + �d(I )

ki j σi j Ek
)
. (14)

The first variation of the total energy of the system is

δ� =
∫

V

δUdV −
∫

Sσ

t̄iδui dS +
∫

Sφ

φ̄δDi ni dS

+
∫

V

( N∑

I=1

δρI W (I )
cr

)
dV . (15)

Substitute Eq. (14) into Eq. (15), we get

δ� =
∫

V

[
σi jδγi j + EkδDk −

N∑

I=1

δρI
(
σi j�γ

s(I )
i j

+Ek�Ds(I )
k + �d(I )

ki j σi j Ek − W (I )
cr

)]
dV

−
∫

Sσ

t̄iδui dS +
∫

Sφ

φ̄δDi ni dS. (16)

The displacement ui which satisfies the boundary con-
dition (9) is called the kinematical admissible displacement
and the electric displacement Di which satisfies the field
Eq. (7) and the boundary condition (10) is called the electric
admissible electric displacement. The volume fraction ρI of
the domain switching that satisfies the conditions ρI ≥ 0

and
N∑

I=1
ρI = 1 is called the physically admissible volume

fraction.
We have the following principle of stationary total energy.
Among all kinematical admissible displacements ui , elec-

tric admissible electric displacements Di and physically
admissible volume fraction ρI , the actual displacement u∗

i ,
actual electric displacement D∗

i and actual volume fraction
ρ∗

I make the total energy � stationary. The proof of the prin-
ciple of stationary total energy is given in the Appendix A.

According to this principle of stationary total energy, one
can obtain the stress field Eq. (6) and boundary conditions
(8) and (11). In addition, one can also obtain the following
switching criterion

σi j�γ
s(I )
i j + Ek�Ds(I )

k + �d(I )
ki j σi j Ek = W (I )

cr

(I ∈ 1, 2, 3, . . . , N ). (17)

It should be emphasized that the Eq. (17) is only available
for the variant I in which the domain switching is active (It
means that the volume fraction ρI satisfied the active con-
dition ρI > 0). Equation (17) is the modification and fur-
ther development of the energy criterion proposed by Hwang
et al. [1]. It accords with the work by Hannes and Herbert

[28] in the spirit. Substitute Eq. (5) into Eq. (17), a set of
linear algebraic equations for ρI are obtained

N∑

J=1

ρJ AI J = Ŵ (I )
cr (I ∈ 1, 2, 3, . . . , N ), (18)

where

AI J = Ci jkl�γ̂
(J )
i j �γ̂

(I )
kl , (19)

�γ̂
(I )
i j = �γ

s(I )
i j + �d(I )

ki j Ek, (I ∈ 1, 2, 3, . . . , N ), (20)

Ŵ (I )
cr = σ̂i j�γ̂

(I )
i j + Ek�Ds(I )

k − W (I )
cr ,

(I ∈ 1, 2, 3, . . . , N ), (21)

σ̂mn = Cmni j
(
γi j − γ

s(0)
i j − d(0)

ki j Ek
)
. (22)

It must be emphasized that the unknown quantities in the
coefficients AI J are the strain and the electric field. Once
the strain and electric field are given, the volume fraction
ρI of the domain switching can be determined by Eq. (18).
Especially for plane problem, ρ1 is the volume fraction of
180◦ switching, ρ2 is the volume fraction of clockwise 90◦
switching, ρ3 is the volume fraction of counter clockwise 90◦
switching.

When the domain only switches by 180◦, we have

ρ1 = Ŵ (1)
cr

A11
. (23)

When the domain only switches by clockwise 90◦, we
have

ρ2 = Ŵ (2)
cr

A22
. (24)

When the domain only switches by counter clockwise 90◦,
we have

ρ3 = Ŵ (3)
cr

A33
. (25)

When the domain switches by both the 180◦ and clockwise
90◦, we have

ρ1 = Ŵ (1)
cr A22 − Ŵ (2)

cr A12

A11 A22 − A12 A21
, (26)

ρ2 = Ŵ (2)
cr A11 − Ŵ (1)

cr A21

A11 A22 − A12 A21
. (27)

When the domain switches by both the 180◦ and counter
clockwise 90◦, we have

ρ1 = Ŵ (1)
cr A33 − Ŵ (3)

cr A13

A11 A33 − A13 A31
, (28)

ρ3 = Ŵ (3)
cr A11 − Ŵ (1)

cr A31

A11 A33 − A13 A31
. (29)
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Fig. 1 Schematics of single
domain mechanical model

If the whole domain has completely switched, a partial
domain switches by 90◦ and the others switch by 180◦. It
means that

ρ1 + ρ2 = 1. (30)

It must be pointed out that the Eq. (30) is obtained when
the mixture domain switching occurs by both 180◦ and clock-
wise 90◦. For this saturated situation of the mixture domain
switching, the variation of the total energy is no longer the
Eq. (16), and becomes

σi j
(
�γ

s(2)
i j − �γ

s(1)
i j

) + Ek
(
�Ds(2)

k − �Ds(1)
k

)

+(
�d(2)

ki j − �d(1)
ki j

)
σi j Ek = (

W (2)
cr − W (1)

cr

)
. (31)

From the first one of the Eq. (4), we can get

σi j = Ci jmn

[
γmn − γ s(0)

mn −
(

d(0)
kmn +

2∑

I=1

ρI �d(I )
kmn

)
Ek

−
2∑

I=1

ρI �γ s(I )
mn

]
. (32)

Substitute the Eq. (32) into the Eq.(31), we obtain

Ci jmn

[
γmn − γ s(0)

mn −
(

d(0)
kmn +

2∑

I=1

ρI �d(I )
kmn

)
Ek

−
2∑

I=1

ρI �γ s(I )
mn

](
�γ

s(2)
i j − �γ

s(1)
i j

)

+Ek
(
�Ds(2)

k − �Ds(1)
k

) + Ci jmn
(
�d(2)

ki j − �d(1)
ki j

)

×Ek

[
γmn − γ s(0)

mn −
(

d(0)
kmn +

2∑

I=1

ρI �d(I )
kmn

)
Ek

−
2∑

I=1

ρI �γ s(I )
mn

]
= (

W (2)
cr − W (1)

cr

)
. (33)

Then we have

ρ2 = Ŵ (2)
cr − Ŵ (1)

cr − (A12 − A11)

(A11 + A22) − A12 − A21
, ρ1 = 1 − ρ2. (34)

3 Mechanical model for ferroelectric specimen

3.1 Mechanical model

In order to describe the electromechanical coupling phe-
nomena of the ferroelectric specimen, the hardening relation
between the driving force of domain switching and the vol-
ume fraction of domain switching need to be determined.
A plane strain single mechanical model is proposed in this
paper. As shown in Fig. 1, the poled ferroelectric specimen is
considered as a transversely isotropic homogeneous material
with single domain. The single domain is assumed to switch
when the reduction of potential energy of the system due to
that switch exceeds a critical value, which can be considered
as the energy barrier that must be overcome to achieve the
switch.

The switching criterion proposed by Hwang et al. [1] can
be expressed as

Ei�Ds(I )
i + σi j�γ

s(I )
i j = W (I )

cr . (35)

The initial energy barrier against the 90◦ switch is assumed to

be
3

2
σcγ

s , the initial energy barrier against the 180◦ switch is

2Ec Ps , σc is the coercive stress, γ s is the spontaneous strain.
The present model is similar to the mechanical model pro-
posed by Li et al. [29]. But two different points between these
two models need to be emphasized. Firstly, the energy barrier
will increase when the volume fraction of the domain switch-
ing increases in the present model meanwhile the energy
barrier will keep constant in their model. Secondly, the 180
domain switching can be occurred directly in the present
model.

In Lynch’s experimental work [30], Samples were cut to
10 mm cubes, polished, and electroded with sputtered Au/Pd.
The sample is first subjected to electric field and then to
uniaxial stress loading. The silicone oil bath prevents high
voltage arcing. The sample is isolated from the test frame by
two alumina blocks, one on top and one on bottom. A servo-
hydraulic test frame applies the compressive stress and a high
voltage amplifier applies the electric field.

One can see from the experiment results by Lynch [30]
that the butterfly loop tails become narrow and short when the
compressive stress increases. The narrow tails indicate that
the coercive electric fields Eσ

c reduce with the compressive
stress increasing clearly.
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Suppose the volume fraction of 180◦ switching is ρ1. The
volume fraction of clockwise 90◦ switching can be expressed
as ρ2. The volume fraction of counter clockwise 90◦ switch-
ing can be expressed as ρ3. Due to the symmetry of the model,
only clockwise 90◦ switch is considered in this model. The
whole process of domain switching contains four stages when
the ferroelectric specimen is subjected to both the negative
electric and compressive mechanical loading. First the vol-
ume fraction ρ2 of 90◦ switching increases when 90◦ domain
switching takes place. Then the 180◦ switching occurs when
the applied electric field reaches the coercive electric field
Eσ

c , meanwhile the ρ2 keeps constant since the driving force
of domain switch for the second 90◦ switching is less than the
energy barrier. Third when ρ1 + ρ2 reaches 1, ρ1 increases
continually and ρ2 decreases to keep ρ1 + ρ2 = 1. Last
the electric field is reduced to zero while the mechanical
load keeps constant. According to this process of domain
switching, the hardening relation between the driving force of
domain switching and the volume fraction of domain switch-
ing can be calibrated by using the partial experimental data
by Lynch [30].

(1) Purely mechanical loadings
According to the domain switching criterion, only 90◦

domain switching occurs. Using the constitutive Eq. (4) one
can be obtained

ρ2 = D3 − Ds(0)
3 − d(0)

333σ33

�Ds(2)
3 + �d(2)

333σ33

, (36)

where γ33 is the experimental result for the ferroelectric spec-
imen under purely mechanical loading.

(2) Purely electric loadings
The domain can switch by 90◦ or 180◦. Only the 90◦

domain switch occurs before the applied electric field reaches
the coercive electric field.

ρ2 = γ33 − γ
s(0)
33 − d(0)

333 E3

�γ
s(2)
33 + �d(2)

333 E3

. (37)

After the applied electric field is greater than the coercive
electric field, the 180◦ domain switching occurs. If ρ1 + ρ2

is less than 1, ρ1 increases continually and ρ2 keeps constant.

ρ1 = γ33 − γ
s(0)
33 − ρ2�γ

s(2)
33 − (

d(0)
333 + ρ2�d(2)

333

)
E3

�d(1)
333 E3

. (38)

When ρ1 + ρ2 reach 1, ρ1 increases continually and ρ2

decreases according to following formula

ρ1 = γ33 − γ
s(0)
33 − �γ

s(2)
33 − (

d(0)
333 + �d(2)

333

)
E3

(
�d(1)

333 − �d(2)
333

)
E3 − �γ

s(2)
33

, (39)

ρ2 = 1 − ρ1.

(3) Electromechanical loadings
After a prescribed compressive stress is applied to the

specimen and held fixed, the strain of the specimen can be
expressed as γ

(0)
33 and the volume fraction of 90◦ domain

switching is ρ
(0)
2 . Then a circle of electric field is introduced.

The strain increment is

�γ33 = γ33 − γ
(0)
33 = (

ρ2 − ρ
(0)
2

)
�γ

s(2)
33

+(
d(0)

333 + ρ1�d(1)
333 + ρ2�d(2)

333

)
E3. (40)

Only the 90◦ domain switch occurs when the applied elec-
tric field is less than the coercive electric field Eσ

c .

ρ2 = �γ33 + ρ
(0)
2 �γ

s(2)
33 − d(0)

333 E3

�γ
s(2)
33 + �d(2)

333 E3

. (41)

After the applied electric field is greater than the coercive
electric Field Eσ

c , the 180◦ domain switch occurs. If ρ1 +ρ2

is less than 1, ρ1 increases continually and ρ2 keeps constant.

ρ1 = �γ33 − (
ρ2 − ρ

(0)
2

)
�γ

s(2)
33 − (

d(0)
333 + ρ2�d(2)

333

)
E3

�d(1)
333 E3

.

(42)

When ρ1 + ρ2 reaches 1, ρ1 increases continually and ρ2

decreases.

ρ1 = �γ33 − (
1 − ρ

(0)
2

)
�γ

s(2)
33 − (

d(0)
333 + �d(2)

333

)
E3

(
�d(1)

333 − �d(2)
333

)
E3 − �γ

s(2)
33

,

ρ2 = 1 − ρ1. (43)

3.2 The hardening relation

According to the partial experimental results, one can easily
obtain the measurement value γ33 or D3 when the ferro-
electric specimen is subjected to different stress and elec-
tric fields. Substituting the stress and electric field and the
corresponding γ33 or D3 into Eqs. (36)–(43), the hardening
relation between the driving force of the domain switching
and the volume fraction of the domain switching can be cal-
ibrated. Then the relation can be dimensionless by the initial
energy barrier,

f1(ρ1) = W (1)
cr

2Ec Ps
, (44)

f2(ρ2) = W (2)
cr

1.5σcγ s
s

. (45)

In this paper for the ferroelectric single domain
(PLZT 8/65/35) the material parameters are chosen to be
Y = 62 × 109 Pa, υ = 0.3, ε33 = 62 × 10−9 C/(V m),
γs = 0.143 × 10−2, Ps = 0.25 C/m2, Ec = 0.36 MV/m,
d333 = 0.9 × 10−9 m/V, d31 = −4.5 × 10−10 m/V, d15 =
1.35 × 10−9 m/V. According to the experimental data mea-
sured by Lynch, the corresponding “coercive electric fields”
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Fig. 2 The hardening relation and fitted hardening function between
f2 and ρ2 under purely electric loading

Eσ
c of ferroelectric ceramics are 0.36, 0.2, 0.14, 0.075 MV/m

under a uniaxial compressive stress 0, −15, −30, −60 MPa.
The experimental data taken in the following analyses are

on the basis of the Lynch’s work [30] for ferroelectric ceram-
ics PLZT 8/65/35.

First we discuss 90◦ domain switching:
(1) Purely electric loadings
The hardening relation curve of 90◦ domain switching

between the driving force of domain switching and the vol-
ume fraction of domain switching is shown in Fig. 2.

The fitting hardening function of 90◦ domain switch is
given by

f2(ρ2)=1+ 1.289(1 − e−2.588ρ2)

(1 − e−2.588)
+ 3.711(1 − e−15.47ρ2)

(1 − e−15.47)
.

(46)

(2) Purely mechanical loadings
The hardening relation of 90◦ domain switch between the

driving force of domain switching and the volume fraction
of domain switching is shown in Fig. 3.

Fig. 3 The hardening relation between f2 and ρ2 under purely
mechanical loadings

Fig. 4 The relationship and fitted curves between γ
p

33 and −σ33/σc

The ferroelectric ceramics usually contains many micro
pores. The irreversible strain, which is called “plastic” strain,
denoted as γ

p
33, will be generated under compressive loading

due to the pores. According to the experimental results mea-
sured by Lynch [30], one can obtain the following fitting
formula

γ
p

33 = 0.01477(e−0.5856σ33/σc − 1),

−σ33/σc < 3.26. (47)

It must be pointed out that the formula (47) is only suitable for
−σ33/σc < 3.26. When −σ33/σc ≥ 3.26, these pores will
collapse so that the plastic strain keeps constant. Hence the
plastic strain γ

p
33 is equal to −0.085% for −σ33/σc ≥ 3.26

(Fig. 4).
(3) Electromechanical coupling loadings
The hardening relation curves of 90◦ domain switch under

electromechanical coupling loadings are shown in Fig. 5.
The hardening curves of 90◦ domain switch under electro-
mechanical coupling loadings are quite similar to that of
purely mechanical loading. The comparison between Figs. 3
and 5 is shown in Fig. 6. A single function is used to fit
the similar hardening relation in two loading conditions. The
function can be expressed as

f2(ρ2) = 7.340ρ2

0.2790 + ρ2
+ 1.835ρ2

0.9799 − ρ2
− 6.256ρ2 + 1.

(48)

The comparison between the fitting function (48) and the
experimental data for the purely mechanical loading is given
in Fig. 7.

Now we discuss 180◦ domain switch.
(4) Purely electric loadings
The hardening relation of 180 domain switch is shown in

Fig. 8.
The corresponding fitting function is

f1(ρ1) = 1 + 0.0242ρ1/(1.043 − 1.024ρ1). (49)
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Fig. 5 The hardening relation between f2 and ρ2 under combined
electromechanical loadings

Fig. 6 Comparison of the hardening relation between combined
electromechanical loadings and mechanical loadings

Fig. 7 The hardening relation between f2 andρ2 under electromechan-
ical coupling loadings and purely mechanical loadings

(5) Combined electromechanical loadings
The hardening relation curves of 180 domain switching

between the driving force and the volume fraction of domain
switching are shown in Fig. 9. The experimental data is com-
plex. A linear function is used to fit the experimental data, as
shown in Fig. 10.

Fig. 8 The hardening relation between f2 and ρ2 under purely electric
loadings

Fig. 9 The hardening relation between f1 and ρ1

The fitted function is

f1(ρ1) = Eσ
c /Ec + B · ρ1. (50)

where Eσ
c is the corresponding coercive electric field of fer-

roelectric specimen under a suppressive stress σ . Figure 11
shows that the slope B versus corresponding stress σ displays
linear relation. The fitting function is

B = 0.0242 − 0.3607σ33/σc. (51)

The formula (49) for the purely electric loading and the
formula (50) for the electromechanical loadings can be com-
bined as a single formula as following

f1(ρ1) = Eσ
c /Ec + B · ρ1 · H(−σ33/σc), (52)

where

H(−σ33/σc) =
⎧
⎨

⎩

1

1.043 − 1.024ρ1
σ33 = 0,

1 σ33 �= 0.

(53)

When the electric unloading occurs after the negative elec-
tric load arrives the maximum value, the 90◦ and 180◦ domain
switching cannot occur under purely mechanical loadings
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Fig. 10 The fitted hardening function between f1 and ρ1

Fig. 11 The relation between B and −σ33/σc

and purely electric loadings since the driving force decreases.
So the constitutive behavior is linear. As for combined
electromechanical loadings, the 180◦ domain switch cannot
occur. But the 90◦ domain switch will take place when the
driving force of domain switch is greater than the value of
hardening function. Then the volume fraction of 90◦ switch-
ing is calculated according to Eq. (48).

4 The calculation results

According to the hardening relation between the driving force
and the volume fraction of domain switching presented in
the previous section, the nonlinear constitutive behavior of
ferroelectric ceramics is calculated under three loading
conditions.

4.1 Uniaxial mechanical loading

The nonlinear constitutive behavior of the ferroelectric body
subjected to a purely uniaxial compressive stress is studied
in this section. The comparison of simulated and measured
results is shown in Figs. 12 and 13. The solid lines in Fig. 12

Fig. 12 Simulated and measured stress versus electric displacement
at zero applied electric field

and Fig. 13 correspond to the experimental results by Lynch
[30] and the present calculation results are plotted as the open
circles.

Divide the load −85 MPa into 100 steps. The external
mechanical loading is increased step by step. The behaviors
of the stress versus electric displacement and stress versus
strain are linear when the applied compressive stress is less
than the critical value σc. In our simulation there is no domain
switching before the applied compressive stress less than the
critical value σc. The initial slope of the stress–electric dis-
placement curve is the piezoelectric coefficient d33. The ini-
tial slope of the stress–strain curve is the Young’s module.
The 90◦ switching takes place when the uniaxial compres-
sive stress exceeds the critical value σc. Now we discuss the
unloading process from σ33 = −85 MPa. In our simulation
no domain switching occurs during unloading. Hence the
behavior of the stress-electric displacement and stress–strain
becomes linear again. The slope of the stress–electric dis-
placement curve is close to infinity (d33 is nearly zero.) and
the slope of the stress–strain curve is Young’s modules again
during unloading. Figure 12 shows that the calculated elec-
tric displacement versus applied compressive stress curve for
the specimen is consistent with the experimental results for
the case |σ33| < 30 MPa. When σ33 is less than −30 MPa the
calculated results begin to deviate the experimental curve.
At −85 MPa the calculated electric displacement D3 is great
than the experimental result. Figure 13 shows the axial stress–
strain curve. When |σ33| is less than 30 MPa, the calculated
results are in good agreement with the experimental results.
With the increasing of the compressive stress the calculated
axial strain γ33 deviate the experimental curve gradually.

4.2 Uniaxial electric field loading

Figures 14, and 15 show the ferroelectric hysteresis and
butterfly shaped curve under the uniaxial electric loading,
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Fig. 13 Simulated and measured stress versus strain at zero applied
electric field

Fig. 14 Comparison of simulated and measured strain versus electric
field curves at σ33 = 0

respectively. First we discuss the negative electric field load-
ing (E3 opposite to the direction of the remanent polarization
of the specimen).

We can see from Fig. 14 that the calculated axial strain
γ33 agrees well with the experimental results from point A
to points B and C.

As shown in Fig. 15 the calculated electric displacement
D3 is in good agreement with the experimental results before
Ec. Now a positive electric field is applied to the specimen
from point D.

When the electric field E3 increases, the domain switch-
ing occurs in some elements. The situation of the domain
switching is similar to that of the negative electric loading
from point A to points B and C. The computed strain γ33

and electric displacement D3 for the specimen agree well
with the experimental data from point E to point F. The com-
puted strain γ33 and electric displacement D3 for the speci-
men match well with the experimental data from point F and
point A.

Fig. 15 Comparison of simulated and measured electric displacement
versus electric field curves at σ33 = 0

Fig. 16 Comparison of simulated and measured strain versus electric
field curves at σ33 = −15 MPa

4.3 Combined electromechanical loading

As for electromechanical coupling loading, first a prescribed
compressive stress is applied to the specimen. Then a circle
of electric field is applied to the specimen while the exter-
nal compressive stress is held fixed. Figures 16, 17, 18, 19,
20, 21 show the results of experimental and calculated elec-
tric displacement and strain versus the applied electric field
with different compressive stress loading. The solid lines in
Figs. 16, 17, 18, 19, 20, 21 correspond to the experimental
results obtained by Lynch [30] and the present calculation
results are plotted as the open circles.

Now we discuss the case of σ33 = −15 MPa. This pre-
scribed compressive stress is applied to the specimen and
held fixed. An electric parallel to the applied stress is then
introduced and cycled between positive and negative limits.
The general feature of the hysteresis loop and the butterfly
loop for a constant stress of −15 MPa are captured quite well
in the predicted curves.

123



Energy principle of ferroelectric ceramics and single domain mechanical model 541

Fig. 17 Comparison of simulated and measured electric displacement
versus electric field curves at σ33 = −15 MPa

Fig. 18 Comparison of simulated and measured strain versus electric
field curves at σ33 = −30 MPa

For the cases of σ33 = −30 MPa and −60 MPa, the com-
parison of simulated and measured longitudinal strain versus
electric field is satisfying. But the remanent polarization is
predicted relatively poorly in the calculated curves. This dis-
crepancy is probably associated with deficiency of the model
in handling 180◦ switching. A simple linear fitting of hard-
ening relation of 180◦ switching cannot reflect the actual
evolution of the domain switching.

5 Conclusions

According to the physical mechanism the volume fraction
of domain switching is introduced in this paper. The mini-
mum energy principle were put forward in which the basic
unknown quantities are the displacement ui , electric dis-
placement Di and volume fraction ρI of the domain switch-
ing for the variant I . Mechanical field equation and a domain
switching criterion were deduced from the energy principle.

Fig. 19 Comparison of simulated and measured electric displacement
versus electric field curves at σ33 = −30 MPa

Fig. 20 Comparison of simulated and measured strain versus electric
field curves at σ33 = −60 MPa

The domain switching criterion established in this paper is
the expansion and development of the energy criterion estab-
lished by Hwang et al. [1]. According to the domain switching
criterion, a set of linear algebraic equations for the volume
fraction ρI of the domain switching are obtained, which only
contains the unknown strain and electric field. Furthermore,
the single-domain mechanical model is developed in this
paper. By using the partial experimental results, the harden-
ing relation between the driving force of domain switching
and the volume fraction of domain switching can be cali-
brated. The validity of the model is examined by means of
the comparison of the simulations and experimental data. The
calculation results are in good agreement with the experimen-
tal results. Recently researchers have more interest to charac-
terise the multi-axial constitutive behaviors of ferroelectric
ceramics. Huber and Fleck [6], Fang et al. [31] and Wang et al.
[32] reported their experiments results of multi-axial behav-
ior for ferroelectric materials. Experiments results by Wang
et al. [32] show that the pre-stress when applied along the
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Fig. 21 Comparison of simulated and measured electric displacement
versus electric field curves at σ33 = −60 MPa

poling direction has a significant effect on electromechan-
ical behavior of PZT53 while the pre-stress in a direction
transverse to the poling direction has negligible effect on the
electric hysteresis loops, dielectric coefficient and coercive
electric field. So the next goal is the devolvement of present
models capable of predicting multi-axial constitutive behav-
iors of ferroelectric ceramics.

Appendix A

The total energy � can be expressed as

� =
∫

V

UdV −
∫

Sσ

t̄i ui dS +
∫

Sφ

φ̄Di ni dS

+
∫

V

( N∑

I=1

ρI W (I )
cr

)
dV . (A.1)

By using Lagrange multiplier λ, the principle of stationary
total energy � is equivalent to the following principle of
stationary functional �̃:

�̃ = � −
∫

V

λDi,i dV . (A.2)

The first variation of �̃ has the form

δ�̃ =
∫

V

(σi jδγi j + EiδDi )dV −
∫

Sσ

t̄iδui dS

+
∫

Sφ

φ̄niδDi dS +
∫

V

( N∑

I=1

δρI W (I )
cr

)
dV

−
∫

V

Di,iδλdV −
∫

V

λδDi,i dV . (A.3)

Above equation can be rewritten as

δ�̃ =
∫

V

[
− σi j, jδui + (Ei + λ,i )δDi

−
N∑

I=1

δρI
(
σi j�γ

s(I )
i j + Ek�Ds(I )

k + �d(I )
ki j σi j Ek

−W (I )
cr

)]
dV +

∫

Sσ

(σi j n j − t̄i )δui dS

−
∫

Sφ

(λ − φ̄)niδDi dS −
∫

V

Di,iδλdV . (A.4)

The necessary conditions for �̃ to be stationary is

δ�̃ = 0. (A.5)

From Eq. (A.5), one can obtain
⎧
⎨

⎩

σi j, j = 0,

Ei = −λ,i ,

Di,i = 0,

in V, (A.6)

σi j�γ
s(I )
i j + Ek�Ds(I )

k + �d(I )
ki j σi j Ek

= W (I )
cr , in V, (A.7)

σi j n j = t̄i , on Sσ , (A.8)

λ = φ̄, on Sφ. (A.9)

Clearly these are the basic equations and the boundary
conditions for the ferroelectric body. From Eq. (A.6) and
Eq. (A.9) one can see that the Lagrange multiply λ is the
electric potential φ.
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