On the initial unloading slope in indentation of elastic-plastic solids
by an indenter with an axisymmetric smooth profile
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A simple relationship between the initial unloading slope, the contact area, and the elastic modulus
is derived for indentation in elastic-plastic solids by an indenter with an arbitrary axisymmetric
smooth profile. Although the same expression was known to hold for elastic solids, the new
derivation shows that it is also true for elastic-plastic solids with or without work hardening and
residual stress. These results should provide a sound basis for the use of the relationship for
mechanical property determination using indentation techniques19@y American Institute of
Physics[S0003-695097)04544-Q

Indentation experiments have been performed fornearly 1 1,2 1-,2
one hundred years for measuring the hardness of matérials. E-E + E
Recent years have seen increased interest in indentation be- ' !
cause of the significant improvement in indentation equip-may be calculated from
ment and the need for measuring the mechanical property of dF  2E
materials on small scales. With the improvement in indenta-  —_ -~ /o, (1b)
tion instruments, it is now possible to monitor, with high dh /7

precision and accuracy, both the log®) and displacement Equation(1) has also been applied to indentation experi-
(h) of an indenter during indentation experiments in the re-

. icro-N q Afbig. 1). | ments where plastic deformation clearly occurs during load-
spective micro-Newtons and nanometer range&ig. 1. In .5 poemer and Niksuggested that if the area in contact
addition to hardness, the elastic modulus may be deducq}i

¢ he ind ior load disol ; mains constant during initial unloading, the elastic behav-
I(r)(z)argir:ge Indentation load versus displacement curves for ung,, may be modeled as that of a blunt punch indenting an

. . . _ elastic solid and, consequently, Ed) can be used to deter-
The basis for obtaining the elastic modulus relies on th‘?‘nineE Oliver et al1° pointed out that Eq(1) can be used
. . ) r- ; (
theory for elastic contacts. The relationships between Ioag0 determineE, using the initial unloading slope and the

and. dlsplgcement fo_r several shapes of rigid !ndent_ers COMitial projected contact area even when the contact area be-
tacting with an elastic half-space are known, including thatt

¢ hered f hesd ical he ween the indenter and the solid changes continuously as the
or spheres, flat punches, and conical punche€sMore gen- i, janer is withdrawn and the indenter does not behave like
erally, Sneddohhas derived expressions for load and dis-

X . ; _a flat punch.
placement for elastic contacts between a rigid, axisymmetric While Sneddon’s solution for elastic contacts has been

punch With an arb(ijt(rjary, smootlh profile ?th an elastic lhalf'used to derive Eq1), there has not been general discussions
space. Using Sne don's resu ts, Pheiral.” have re_centy on the validity of applying Eq(1) to analyzing the initial
derived an expression relating the slogk-(dh), projected

contact aredA), Young's modulugE), and Poisson'’s ratio
(v) at any point on the load versus displacement curves:

dF 2E

dh ™ Jm(1-47) e

If the slope,dF/dh can be evaluated at a point on the load
versus displacement curyading and unloading coincide
for purely elastic contactsand the corresponding projected
contact ared\ is known, Eq.(1a can be used to evaluate the
quantity E/(1— v?). In the case that the indenter itself has
finite elastic constant&; andv;, the reduced modulug, ,
conventionally defined as
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YElectronic mail: Yang Cheng@notes.gmr.com FIG. 1. Typical indentation load-displacement curve.
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F Next, we let an infinitesimal unloading take place so that
the depth of penetration measured with reference to the un-
deformed surface decreases frdmy to h. We denote the
change in stress components &y and the change in dis-
placement by;. Then, since at initial unloading all addi-

tional deformations are elastic and the total stress isothe

+<r?j, oij; must satisfy the equations of equilibrium and are
related to changes of strain expressed in terms wgf; (

Initial Surface +u;;)/2 by Hooke's law with the same elastic constants

everywhere. The following boundary conditions »xa=0

Position \
_____ S W FE N A must be satisfied:

us=h—hy, for r=\x%+xi<a= A/, (38
033=— 0%, for a<r=\xi+x5<anp=+VAn/m, (3b)

»'% 033=0, for r>a,,, (30

0'31:0'32:0, for all r>0. (3d)
FIG. 2. lllustration of surface deformation by an axisymmetric indenter.

This stress field again approaches zera/&§+ x22+ x32—>oo.

unloading slopes when plastic deformation occurs during thé(ve r_10te th?ttﬁccord;ngttcsa)f the _dlsplac;am;anmg, of ttge
loading part of indentation experiments. Such discussiongpeﬁ'me.g at' thot?] a% surdace IS cg?s a?h sto (tmild?:
seem necessary since both experiments and simulations haleS! IS identical to the boundary condition that would have

demonstrated the dependence of initial unloading slope an@ bﬁ saﬂsﬁg% byta ”g.'t?] cwcule:;‘flat ;f)':mctkru{ t
contact area on the plasticity as well as elasticity of materi- or an indenter with Smooth profile, the Stress compo-

als. For example, the unloading behavior is significantly dif—ne?t.(‘jf33 t?]t r—amt 'St continuous. imcar%_ IS trz]erol_Ju_ft ¢

ferent for aluminum and fused silica, which have about theou_s'h eh edﬁon ;’;‘C_ Oa_reaébwe ave, dmb © t'lml't °

same Young's modulus and very different yield strengtht3=N—Nhm—dh, 3;=0 in (3b) as required by continuity.
10 Furthermore, it has been recognized that work hargJ he other conditions then show that the initial unloading

values. blem | duced to the indentation by a rigid, flat
ening behavior and residual stresses can also affect contdgioP'em IS now reduced fo he indentation by a rigid, fa

area and load versus displacement cuie& Therefore, a ended circular flat punch of constant radius. According to

verification of Eq.(1) when plasticity and residual stresses Ref. 13, to produce a uniform displacemetit under the

are involved appears necessary rigid, flat ended circular flat punch, a decrease in contact
We show in this letter that Eq.l) holds for general pressure in the following form is required,

elastic-plastic solids with or without strain hardening and dp=—(1—r2/aﬁ])‘1’2d Po, (4)

residual stresses. Furthermore, the equation can be obtained ) S ]

without invoking Sneddon’s resulfsin doing so we also Wheredpy is the infinitesimal change in the average contact

show possible limitations of this relationship. pressure in response tth. Integrating Eq(4) over the con-
We first consider the stress and deformation field at thdact area, we obtain the decrease in load,
mg;\ximum load. We denote the corresponding stress field by jg_ —27-raﬁ1 dpo. (5)

o}, the strain field by}, and the displacement field ky,
wherei,j=1,2,3. The stress components satisfy the equilib-The corresponding decrease in penetration depth, according
rium equations;ioj’jzo. Furthermore, based on the infinitesi- to Ref. 13, is given by
mal theory of continuum mechanics, the following boundary (1 v?)a
conditions are satisfied on the undeformed surface of the dh=—- —— "™ dpo. (6)
specimen X3=0) being indented: E

Equation(1a) is obtained from Egs(5) and (6), sinceA
ud=h,—f(r), for r=\xi+xs<an=VAn/m, (23 :qﬂaﬁq_ (13 4 © "

Equation(1a) is true irrespective of the shape function of

05=0, for r>a,, (2b)  the indenter as long as it is axisymmetric and does not
cause stress discontinuity irb; ata,,. This is assured if the
03,=09%,=0, for all r>0, (20  profile of the indenter is smooth. The usual substitution of

E/(1—v?) by the reduced modulug, can obviously be
wherea,, and A, are the respective contact radius and themade in the case of an elastic indenter, leading to(Eo).
projected contact area at the maximum indenter displace- In the above derivation elastic unloading initiates from a
ment, h,,. The shape function of the rigid indentéfr) is  general elastic/plastic state. The effect of the rules of plastic
assumed to be smootfrig. 2). The boundary condition in deformation imposed during loading with or without strain
Eq. (2c) assumes that there is no friction between the in-hardening and the effect of the residual stress field appear
denter and the specimen. In addition, the stress field amnly implicitly in the value ofA,,. Also, strain hardening

proaches zero a$x21+x22+ x32—>oo. does not change the elastic constants during unloading. Con-
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sequently, Eq(1a) is valid for any strain hardening elastic- may not be met because of possible stress concentrations at
plastic materials and when residual stress is present prior tsharp edges of the indenter. In these cases, the validity of Eq.
indentation experiments. Recent finite element calculation§la) requires further study.
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