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A B S T R A C T :  This paper appears to be the first where the multi-temperature 

shock slip-relations for the thermal and chemical nonequilibrium flows are derived. 

The derivation is based on analysis of the influences of thermal nonequilibrium and 

viscous effects on the mass, momentum and energy flux balance relations at the shock 

wave. When the relaxation times for all internal energy modes tend to zero, the 

multi-temperature shock slip-relations are converted into single-temperature ones for 

thermal equilibrium flows. The present results can be applied to flows over vehicles 
of different geometries with or without angles of attack. In addition, the present 

single-temperature shock slip-relations are compared with those in the literature, and 

some defects and limitations in the latter are clarified. 

K E Y  W O R D S :  shock slip, thermal nonequilibrium, multi-temperature 

1 I N T R O D U C T I O N  

As a result of development of space flight and missile engineering the hypersonic re- 

entry flows in the slip region become important  research topics. Since the flows generally 

axe of thermal  and chemical nonequilibrium, the continuum t rea tment  of the problems re- 

quires the employment  of mul t i - temperature  governing equations [1] and corresponding slip- 

boundary  conditions. The author  and Tao[ 2] first presented recently the mul t i - temperature  

wall sl ip-boundary equations for thermal  and chemical nonequilibrium flows. The purpose 

of the present work is to derive the corresponding shock sl ip-boundary equations for these 

flOWS. 

2 V A R I O U S  F L U X  B A L A N C E  E Q U A T I O N S  A T  T H E  S H O C K  

The analysis outlined herein contains the following assumptions: 

(1) In the slip region it is still possible to t reat  the bow shock as a discontinuity 

surface, taking into account the viscous effects [3] (including viscosity, thermal  conductivity 
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and diffusion effects, similarly hereafter) behind the shock in the flux balance equations at 

the shock. 

(2) When the free-stream velocity U*  >8 km/s ,  the thermal radiation fluxes from 

the wall and gases of the shock layer may have influence on the state parameters of gases 

before the shock. It is assumed that  the gas flows before the shock are in the thermal and 

chemical equilibrium. So hereafter the term "nonequilibrium" always relates to flows behind 

the shock. In addition the radiation fluxes across the shock are assumed constant. 

(3) In the cases of thermal nonequilibrium flows the changes of fluxes of various internal 

energy modes (except translational mode for heavy particle species) in transit process of the 

flows across the shock are neglected. 

(4) The translational temperatures of various heavy-particle species behind the shock 

are assumed equal to each other, and written as Ts. 

(5) For the chemical nonequilibrium cases the chemical reactions of gas mixture in 

transit  process of the flows across the shock are neglected. 

In order to obtain simpler results we use the shock-fitted orthogonal coordinates 

(~*,~*,~'*) tha t  at arbitrary point .4(~*,~*) of the shock the directions of ~* and ~* are 

identical to those of the normal to the shock and projecting line of the U *  on the tangent 

plane of the shock, respectively, while the direction of ~* is defined by left-hand rule. The 

corresponding velocity components are (~*, ~*, ~*). 

Employing the aforementioned assumptions, the general  expressions of flux balance 

equations at .4(~'*,~') for mass, normal momentum, tangential momenta,  species mass, 

total  energy and internal energies are derived from analysis of influences of the viscous 

effects and thermal noneq'uilibrium on the flux balance equations and writ ten as follows: 

* ~ .  , * 
psv~ = - p ~ U *  s ina  (1) 

* * " * 2  * * * 2 -  2 p~ + p~(v , )  - ~ - -  = p ~  +p~(V:~)  sm o (2) 
y y s  

.~. . N . - .  . �9 2 .  
- p . v ~  = p ~ ( v L )  s m , ~ c o s , ~  (3a) 

~-- *-* -* (3b) 
- -  PsVs ms : 0 z y s  

j~7, + p .  v~-~c,~ = - p * U * c , o ~ s i n  a (i --- 1 , .~NS,  the same hereafter) (4) 

1 . 2  ~. J~sh.- p~:~;{h: + ~[(~)  + (~:)~ + (~:)~]} + q~ + ~ ~* * 
i 

. . . .  ~ (u2~) ~ 

.~ .  �9 ~ 7 ,  �9 +Ekis". �9 �9 �9 �9 ] PsVs c~seki8 + qk~s + J~seki8 = - P o o U ~ c i ~ e k ~ s m a  

r , v , e  for polyatomic species (6) 

k = e for monoatomic species 

t for flee-electron e -  

. * .  " .  
where a is the angle between U *  and x*; e k the internal energy of mode k; Ek~ s =-- E ~ s I  - 
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�9 . " ,  " ,  " .  
Ekisb , and Eki , ,  Ekl ,y  , E~isb the net, forward, backward source rates per unit area for the 

mode k on account of energy exchange between the modes in transit  process of the flows 
�9 . ~  * .  

across the shock, and in the cases of thermal  nonequilibrium we have Eki s ~ E~isl  ---- Ekisb = 

0 (see assumption (3)) while for the cases of thermal  equilibrium we have E~i , l  and J~i~b, 

approaching to infinity (see par. 4); superscript  �9 - -  the 'dimensional ' ;  subscript s - -  the 

'post-shock' ;  subscript c~ - -  the 'afore-shock' and it will be different from 'free s t ream'  when 

the radiation fluxes mentioned in assumption (2) are remarkable; subscripts t, r, v, e and i 

- -  the translational, rotational,  vibrational,  electronic modes and species index respectively; 

affix ~ - -  the 'shock-fitted coordinate system' .  The other symbols are in common use and 

explanations for them are omitted.  

3 N O N D I M E N S I O N A L  M U L T I - T E M P E R A T U R E  S H O C K  S L I P - R E L A T I O N S  

Equations (1) ~ (6) with addition of the equation of s tate  behind the shock are just  the 

dimensional shock slip-relations in pr imary  form. Employing the same nondimensionlization 

factors as in Ref.[4], the dimensionless mul t i - temperature  shock slip-relations (MTSSR) are 

derived from the above dimensional equations as follows 

p,v~ = - sin a (7) 

p8 - ~,sin ~ - ~ = Po~ + sin2a y y s  

T ~  + - "u~sm a = sin a cos a :r.ys 

~ + ~ s i n  a = 0 z y s  

~ - (ci~ - c i ~ ) s i n a  = 0  (i = I ~ N S ,  the same hereafter) 

q~ - sin cr [ Z cio~ ( hi~ - hioo ) ] + 
i 

l s i n a [ l §  ~ --2 ] r ~ v ~  0 
- -  % + %  -- 2 c o s a ( ~  + ~8) -- ~ -- = 

qki, -- cio~(eki~ -- e k i ~ ) s i n a  = 0 (k is tha t  in (6)) 

Ps_= ~].i pis__.= .[pRT + p~- R~-  (Tt~- - T)],  ) 

R = R o / ( M  C p ~ )  ~  ~ ~ ' t ~ O l k  i poo]  

(8) 

(9a) 

(9b) 

(10) 

(11) 

(12) 

(13) 

where 
( 0Tki 

= _- Z = t , r , v , e )  (14) 
i k i /r 

hi = h, ~ + R i T .  + ~ e~, (k = t, r , . ,  e) (15) 
k 

the expressions of thermal  conductivity Kki  and internal energy eki are the same as those 

in Ref.[5], and we take Kki  = eki = 0 for such a species i, for which the S k i  and eki are 

meaningless, for example,  Kri  -- eri = 0 for a tomic species i; the expressions for viscous 
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stresses ~ - - ,  ~ N ~v8 T~Vs' ~ ' 8  and diffusion flux ~ ,  must be consistent with those in the governing 
equations of the flows. 

Equations (7),-(13) are the dimensionless MTSSR in general form, for which the 

number of unknown temperatures N T  = 1 + N S  + 2 N M ,  where N M  is the number 

of molecular species. The other simplified MTSSR can be derived easily from these re- 

lations. For the simplified cases that  were mentioned in Ref.[2], Eqs . (7 )~( l l )  remain 

the same,  and Eqs.(12),,~(15) can be simplified. For example, in case of five-temperature 

(translational, rotational, vibrational, electronic excitation and electron) model, assuming 

Tk~ = Tk(k = r, v, e) and combining an Eqs.(12) with identical Tk we reduce the number of 

Eqs.(12) from ( N S  + 2 N M )  to four, and rearranging all terms with the same Tk in Eqs.(14) 

and (15), we obtain the five-temperature shock slip-relations; in case of four-temperature 

(translational-rotational, vibrational, electronic excitation and electron) model, eliminating 

Eqs.(12) with k = r and repeating the above simplification operations the four-temperature 

shock slip-relations are derived. Similarly, we can obtain the shock slip-relations for cases of 

three-temperature (translational-rotational, vibrational and electron-electronic excitation), 

two-temperature A (translational-rotational and vibrational-electron-electronic excitation) 

and two-temperature B (translational-rotational and vibrational) models. 

For using the shock slip-relations to solve the governing equations, the coordinate 

transformation formulas for the above shock-fitted coordinate system and that used in the 

governing equations are required. In general 3-D cases these formulas can be found in 

Refs.16,7]. 
When the flows are 2-D or axisymmetric, and the governing equations are viscous 

shock layer (VSL) ones of two-temperature A model, and when considering only the term 

concerning species mass fraction gradient for the diffusion fluxes and neglecting the terms 

with ~--~, the above MTSSR can be simplified as: 

PsV, = - sin c~ (16) 

p~ - ~,sin a =  P~o + sin2a (17) 

( 0 ~  _ ~ , ~ )  + ~ s in~ s i n ~ c o s ~  e2#~ . ,  = (18) 

2 D /Oci~ e p~ ,~-0-~]~ + (c,8 - c i ~ ) s i n a  = 0 (19) 

e2 (KT 0~TT OTvE, 
oy  s i 

I 
s i n a [ ( ~  - cosa)  2 + sin2a - ~ ]  = 0 (20) 

2 

k 

v,e for polyatomic species (21) 

k = e for monoatomic species 

t for free-electron e -  
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p8 = [pRTT + Pe- R e -  (TvE -- TT)], (22) 

where a is the shock angle (a = a for 2-D or axisymmetric flows); K~ the shock curvature; 

Di the effective diffussion coefficient of species i [5]; subscripts T and VE the translational- 

rotational and vibrational-electron-electronic excitation respectively; the other symbols are 

in common use for VSL equations [4] and explanations for them are omitted. 

For 2-D or axisymmetric cases using the body-surface fitted orthogonal coordinates 

(x, y) in the governing equations, the transformation formulas for velocity components and 

partial derivatives in the two coordinate systems are as follows 

~, = uscos (~ - 0) + v,sin (~ - 0) 

~ = - ~ , s i n  (~ - 0) + vscos (~ - 0) 

8 8 8 

where 0 is body surface angle. 

4 SHOCK SLIP-RELATIONS F O R  T H E R M A L  E Q U I L I B R I U M  FLOWS A N D  

C O M P A R I S O N  W I T H  O T H E R  RESULTS 

In the lower part  of the slip region sometimes the gas flows in the shock-layer are 

thermal equilibrium and chemical nonequilibrium ones, so that  consideration of the shock 

sliP-relations for thermal equilibrium cases has practical interest. Moreover, the obtained 

results can be used for comparison with those in literature. 

When all the relaxation times of internal energy modes are much less than the transit 

t ime of the flows (or we say that  the former tends to zero), the state of the gas flows is 

converted from thermal nonequilibrium to thermal equilibrium in a very thin layer behind 

the shock, while the chemical reactions are still negligible (since the number of particle 

collisions axe not high enough to produce noticeable reactions) in transit process of the flows 

across the layer. Because the thickness of this layer can be neglected, it is reasonable to 

consider the layer together with the shock, so that  we have an 'effective shock', for which 

the thermal nonequilibrium shock slip-relations must be replaced by the thermal equilibrium 

ones. 

On the basis of the above analysis the shock slip-relations for thermal equilibrium 

cases can be derived easily from the general flux balance Eqs.(1)~(6) and state Eq.(13). In 

these cases the orders of magnitude o f / ~ i s f  and /~isb are much greater than those of all 

other terms (or we say tha t  Ek~8l and Ek~sb approach to infinity) in Eqs.(6), so that  Eqs.(6) 

are converted into identicals, which must be replaced by the following thermal equilibrium 

relations 

Tki8 = T8 (i = 1 ~ N S  k is the same as that  in Eqs.(6)) (24) 



122 ACTA MECHANICA SINICA (English Series) 1996 

Substituting Eq.(24) into Eqs.(1)~(5) and (13), we obtain the general dimensionless 

single-temperature shock slip-relations (STSSR), in which the mass, normal momentum, 

tangential momenta and species mass flux balance equations are the same as Eqs.(7),,~(10) 

respectively, while the energy flux balance and state equations are as follows 

1 sinai1 + u~ - v~ + ~2 e2(K~yT~) +sina[~-~cioo(hi , -hioo)]  - 2 w s -  
s i 

2 c o s  + - = 0 ( 2 5 )  

p, = (pRT), (26) 

For the axisymmetric or 2-D cases, which are similar to those for two-temperature A 

model in par. 3, from the above STSSR we obtain the simplified relations, in which the mass, 

normal momentum, tangential momenta, species mass flux balance and state equations are 

identical to Eqs.(16)~(19) and (26) respectively, while the energy flux equation is simplified 

a s  

e2(K.~).  + 0 T  s ina[Zc,  oo(h,. -h,cr sinc~[(~.- cosa)' +sin2c~-v~] = 0 (27) 
i 

Comparing the single-temperature shock slip-relations of this paper with those in 

Refs.[4,8,,41], the following main points deserve notice: 

(1) In the shock slip-relations of the above literatures the differences of velocity com- 

ponents in the shock-fitted and body-surface fitted coordinate systems ave accounted for, 

but the differences of partial derivatives of velocity components, temperatures, species mass 

fractions with respect to spatial coordinates in the above two coordinate systems are not 

considered. It can be seen from Eqs.(23) that  the latter differences are magnitudes of the 

same order as the former, so that  neglect of the latter differences is unreasonable, and it can 

result in remarkable errors in the shock slip-relations when the directions of corresponding 

coordinates of the two coordinate systems are very different (e.g., in the leeward side of the 

3-D flows with large angles of attack). 

(2) In the expressions of shear-stress components the terms concerning shock curvatures 

(the - ' -  K , u ,  of Eq.(18) for axisymmetric or 2-D flows) are omitted in the shock slip-relations 

of the above literature. It is unreasonable due to the following facts: the above shock 

curvature terms generally have the same order of magnitude as the corresponding terms 

(the K'u/ (1  + K'y)  for axisymmetric or 2-D flows) in the governing equations, and the 

latter terms are always accounted for; in addition, the results of numerical solutions [a'9] 

show that  the normal gradient of tangential velocity decreases rapidly from the wall to the 
Ou 

shock, so that  in the vicinity of the shock sometimes ~yy < K'u/ (1  + K'y) are possible. 

(3) In comparison with the shock slip-relations of Refs.[10,11], the Eq.(9b) and the 

terms containing ~ ,  in Eq.(25) are new. They must be considered in view of the following 

fact: For flows over vehicles of complex geometries with large angles of attack, sometimes 

it is possible that  the post-shock stream lines and the corresponding afore-shock ones have 

no coplanarity, so that  ws r 0. In addition, for general 3-D cases we take into account also 

the terms with ~--~, which are neglected in the above literature. 
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5 C O N C L U S I O N S  

(1) T h e  MTSSR are first derived in this paper from analysis of the influences of thermal 

nonequilibrium and viscous effects on the mass, momentum and energy flux balance 

relations at the bow shock wave, and the simplifications of them for some practical cases 

are discussed. 

(2) The general expressions of the shock slip-relations presented here are applicable for solv- 

ing the governing equations of several types (NS, PNS and VSL) with shock-fitting 

algorithm, and for flows over vehicles of complex geometries with or without angles of 

attack. 

(3) The shock slip-relations presented here are free from the coordinate system adopted in 

the governing equations, and the latter influences only upon the complemental formulas 

for transformation of velocity components and partial  derivatives in different coordinate 

systems. 

(4) When the relaxation times for all internal energy modes approach to zero, the MTSSR 

are converted into the STSSR, which are compared with those in the literature and some 

defects and limitations in the latter are indicated. 
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