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We proposeherea local exponentialdivergenceplotwhichis capableofproviding anewmeansofcharacterizingchaotictime
series.Thesuggestedplotdefinesa timedependentexponentAanda“plus” exponentA÷whichservesasa criterionfor estimat-
ing simultaneouslytheminimalacceptableembeddingdimension,theproperdelaytimeandthelargestLyapunovexponent,

In recentyearsmuch progresshasbeenmadein pling time & and construct vectors of the form
understandingandcharacterizingchaoticdynamical X~=(x1, X•+L, ..., X~(rn—I )L), with m the embedding
systems.Much oftheprogresshasbeenbroughtabout dimensionand L delaytime. Hencea dynamicsF:

by the importantdiscoverythatan appropriatestate X1—*X~+1is defined,which is assumedto be repre-
spacecanbe reconstructedfrom a scalartime series sentativeof the original system. The distancebe-
[1]. Calculationof thecorrelationdimensionandof tweenX~andX~,denotedby dis(X~,X), is mapped
the K2 entropyby the Grassberger—Procacciaalgo- to dis(X,+k, ~÷k) after k iterationsof F. Thelocal
rithm [2], and estimationof the Lyapunov expo- exponentialdivergenceplot is definedby plotting
nents [3—6]havebecomestandardproceduresfor ln[dis(X,+k, A+k)/dis(X, X~)]versus ln[dis(X1,
analyzingchaoticsignals.However,onemaynotgain Xi)] whendis(X,, X~)is smaller thana prescribed
much understandingby routine calculationsunder small distancer*. If we assumethatmostof these
certaincircumstances,sincethereare difficulties in sufficiently small distancesdis(X~,X~)can be re-
interpretingcorrelation integral results [71,which gardedas distancesbetweenorbits, thenif the mo-
areintimately relatedto the problemof how to dis- tion is truly chaotic,pointswith dis(Xa+k,XJ+k)>

tinguishchaosfrom stochasticprocesses.Therefore, dis(X1,X~)will dominateandlie abovethezerolevel
it would beveryhelpful if a geometricmethodcould line in the plot.
bedevisedtoview thedynamics,especiallythe local Figure 1 showsdivergenceplotswith differentm
exponentialdivergencedominatedbehaviorof a time andL for the Rösslerattractor (a= 0.15, b = 0.20,
series,sothata glanceat thisdivergenceplot would c= 10.0, &t= 7t/25, the dynamicsis reconstructed
providesomeinsight into the dynamicsystem. from the x componentof the flow). We will show

We report herea kind of local exponentialdiver- belowthat the differencebetweentheseplots gives
genceplot which enablesone to view the dynamics a hint to optimal embedding,andm=3, L=8 cor-
on a chaoticattractor.The simple plot providesa respondto optimalparametervalues.Thezerolevel
criterionfor theselectionof the minimal acceptable line is addedto fig. lb for a clearview of the diver-
embeddingdimensionand an optimal delay time. gencedominatedbehavior.
Whenthe unstablemotion on the chaoticattractor A problemof significantpracticalimportanceis to
only is extracted,a properestimationof the largest determinethe minimum acceptableembeddingdi-
positiveLyapunovexponentcanalso be obtained. mensionm~.A basicideais that in thepassagefrom

Assumewe havea timeseriesx1, x2, ..., with sam- dimensionm to m+ 1 onecandifferentiatebetween
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Fig. 1. Localexponentialdivergenceplotsfor theRdsslerattractor,k=9.

pointson the orbit X( n) that are “true” neighbors Thekey to selectinga properdelaytimeL is thatthe
andpointswhichare“false” neighbors— pointswhich orbitalmotion shouldbeasuniform aspossible,and
appearto be neighborsbecausethe orbit is being distortionbe small. Thiscanbe achievedby requir-
viewedin too small an embeddingspace.Basedon ing that the numberof points In[dis(X,-+k, ~+k)/

this basic idea,severalmethodsare now available dis(X1, Xi)] with excessivelylargepositivevaluesin
[8—11],which differ in implementationseitherby the divergenceplot be as small as possibleandthe
way of graphicdisplayor by defining someappro- structureof the divergenceplot be as compactas
priatestatisticalquantity. Whenthe embeddingdi- possible.Thisis the reasonthat thestructureof fig.
mensionis increasedfrom me—ito m~,thestructure lb is preferredto fig. lc or id. Actually, fig. lb is
ofthegraphicrepresentationand/orthevalueofthe representativeof that constructedfrom the original
statistical quantity will undergoa radical change systemanddoesnotchangemuchwhenm is further
while further increasingm causeslittle change.Our increased.
divergenceplot implementsthis basicideadynam- Fora quantitativedescription,we definethetime
ically. Whenthe embeddingspaceis too small, the dependentdivergenceexponentA by
ill-defined dynamicsF andthe falseneighborswill
generatemany pointsof ln[dis(X~+k,XJ+k)/dis(Xi, A(k, m, L)= <ln[dis(X~+k, Xj+k)/diS(Xi,Xi)]>
Xi)] with excessivelylargepositivevaluesin the di- (1)
vergenceplot. Thisis clearlyshownby thedifference
betweenfigs. la and lb. with dis(X,, X~,)-~r

8.The evolution time corre-
Figure 1 alsopointsout how to selectthe proper spondingto k is k& andthe angularbracketsdenote

delaytimeL. Dynamically,whenL is eithertoosmall the ensembleaverageof all possiblepairs (X
1, Xi-).

or toolargethe dynamicsFwill notbeverywell de- Pointswith positive valuesof ln[dis(X1+k, XJ-,~k)/
fined, in the sensethat excessivelylarge valuesof dis(X,., X3)] are especiallyimportantsince we are
ln[dis(X~+k,A~,+k)/dis(XI,Xi)] frequentlyappear. more concernedwith points ln[dis(X1÷k, Xj+k)/
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Fig. 2. A(L) andA+ (L) curveswith differentm for theRösslerattractor,k= 9.

______________________________________ statespacecanbe statedasfollows. It is requiredthat
1.6

* m=3,L=8 (solid line) Fbeacontinuousmappingpreservingneighborhood
o m=3,L=6 relations.The minimal acceptableembeddingdi-

‘L’I”/

mensionme is determinedby requiring that the
1 2 + m=4,L=6

* m=8,L=4 structureof the divergenceplot no longerchanges
radically, or equivalently,thatA andA+ do not de-

~‘ 0.8 - creasesignificantlyby furtherincreasingm. Whenm
is thus selected,for a seriesof L, the minima of
A + (L) andA(L) determinean optimal delaytime.

The physicalsignificanceof the quantityA is ob-
vious. Whenthe evolutiontime k& is very small,

0.4 - A/k& is the meanvalueof theso-calledlargestlocal
Lyapunov exponent [12,13]. After several itera-

________________________________ tions,the separationvectorbetweenX1 andX~will0.01* I I I

0 40 80 120 160 align with the eigendirectionfor the largestpositive
Evolution time k Lyapunovexponent,andA/k& is equivalentto the

Fig. 3. A(k) curveswith different m and L for the Rbssler standardestimationof this exponent.Hencewhen
attractor, theproperreconstructionof thestatespacehasbeen

achieved,wewould requirethat theA(k) curve for
dis(X~,X~)I with excessivelylarge positivevalues. k& not very small be a straight line which passes
Thuswe also definethe “plus” exponentA + by through the origin when extrapolated.Otherwise,

differentvaluesofthe largestLyapunovexponentwill
A~(k, m,L) be obtainedwith differentselectionsof k.Thiskind

= <ln [dis (X,+k, A5+k) /dis(X1, X~)]+>, (2) of situationhasbeenobservedby Zeng et al. [6],
however.Therefore,in practiceat leastwewouldre-

where + simply denotesthat pointswith positive quire that A(k) dependlinearly on k for k~(kmjn,
valuesof ln[dis(X~+k,A+k)Idis(Xa,X,)] only are k,,~),andthe interval (k,~~~kmjn)ötbe not too
averaged.In thefollowing discussion,whenonly one small. ThelargestpositiveLyapunovexponentcan
variableis considered,we will simply write 4(k), be objectively estimated by [A (k1 )—A(k~)] /
A(L) andA+(L) for convenience. (k1—k2)&,with k1, k2E(kmi~,kmax).

Now the problemof properly reconstructingthe Let uscontinuetodiscusstheRösslersystem.Fig-
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Table I
Simultaneousminimal embeddingdimensionmandopticaldelaytime L, andthelargestLyapunovexponentA. The total numberof
pointsN is givenin thetablefor differentmodelsystems.

System Optimalembeddingparameters A

others presentresults(N=2000) others presentresults

Henonmap115]
(a=l.4,b=0.3) m=2 m=2,L=l 0.418 [5] 0.421±0.003

(N=5000) [9] (N=2000)
Rössler [16]

(bt=7t/25,a=0.l5, m=3,L=7 m=3,L=8 0.09 [5] 0.067±0.006
b=0.20,c= 10.0) (N=l0000) [10] (N=2000)

Lorenz [17]
(bt=0.03, a=lO, m=3, L=3 1.497 15] 1.48±0.03
b=~,r=45.92) (N=3000)

Mackey—Glass [18]

(6t= 1.5, a=0.2, m=4, L&=0.3F m=4,Lbt=0.31 0.0071 [4] 0.0072±0.0006
b=0.l,c=l0,F=30) (N=9000) [10] (N=4000)

:3
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Fig. 4. Original (w 1) andmodified(w= 54) local exponentialdivergenceplotsfor theLorenzsystemconstructedfromthex compo-
nentoftheflow, m=3,L=27, k=30.

ure2 showstheA (L) andA÷(L) curves,andwe see punov exponentfrom the slopeof the linear A(k)
that the combinationof m=3 andL=8 is an opti- curve of m=3 andL=8 is 0.067. Theseresults,to-
mal choice.Notethat improperembedding(under- getherwith results for other known model chaotic
estimatedm or improperL) alwaysresultsin over- systems,are summarizedin table 1.
estimatedpositiveexponent.Figure3 givestheA (k) Wenotethat,with regardto theproperreconstruc-
curvesfordifferentm andL. Weseethatwhenm=3, tion of thestatespace,the resultsof refs. [9,10] can
the4(k) curvefor L = 8 showsa clearlineardepen- be easily obtainedby our methodwith a very small
dence,while curvesfor the smallervalueof L=6 or dataset. Ourmethodhasthe additionaladvantage
the larger valueof L = 12 (approximatelythe opti- that theapproachissimpler,morenaturalandeasier
mal value suggestedby ref. [141) are less satisfac- to understandand implement,andcapableof pro-
tory. Figure 3 alsoshowstwo curvesfor m = 4, L=6 viding moreinformation.
andm= 8, L = 4, with improvedlinearity. Notethat Finally weexaminethe assumptionthatmostsuf-
the degreeof the linearity is “saturated”when m is ficiently small distancesdis(X1, X1) canbe regarded
increasedto 4, while theminimumacceptablevalue asdistancesbetweenorbits. A problemrelatedto this
of m is 3. The estimatedvalue of the largestLya- is that whetherandhow the divergenceplot for a
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Expression(1) correspondsto w= 1. Theiler [20]
4.0 has proposeda similar improvementto the calcu-

lation of the correlationdimension,andsuggestsw

to be selectedas the auto-correlationtime. In our

(b)w=54

putting w equalto theembeddingwindow (m— 1 )L

2.0 - is selected.However,we havetestednumericallythatalreadydoesthejob.
Figure 4b is a modified divergenceplot. It canbe3.0 -/,~~1I’1(a)w1 case,theoretically,it doesnot matterif a verybig w

seeneasily that the curve-likepart of fig. 4a,espe-

1.0 - cially thepart correspondingto verysmalldistances

Sb is the modifiedA(k) curve.It is now nearlyun-

0.0 - wherestatisticsis poor,is largely suppressed.Figureear. Actually the slope of the modifiedA (k) curveI I givesthecorrectLyapunovexponent.Thuswe know
0 200 400 600 800 that theheavyblackpartin thedivergenceplot orig-

Evolution Time k matesfrom the unstablemotion, anda linear4(k)
Fig. 5. A(k) curvescorrespondingto fig. ~t. curveis a propertyof theunstablemotionandchar-

acteristicof chaoticmotions.

continuoussystemchangeswith the samplingtime Let us summarize.Two kindsof motion, tangen-
&. Let us discussthe Lorenz systemwith a much tial motion andunstablemotion, canbe discerned
smaller& of 0.003 thantheonetakenin table 1. Fig- from thestructureofthedivergenceplot. Theformer
ure 4a showsthe divergenceplot for m 3, L = 27. is irrelevantin the calculationof the fractal dimen-
We seethat the plot consistsof two parts,a dotted sion andestimationof the largestpositiveLyapunov
curve-likepart anda heavyblackpart. Do theyhave exponent.Hence,the former shouldbe removedas
the sameorigin? Figure 5a showsthe 4(k) curve, much as possiblein thesecalculations.Since the
which is by no meanslinear. Hencewe shouldcon- damagingeffectofthetangentialmotionis enhanced
dudethat eachparthasits distinct origin, andthat when & is decreased,too small a samplingtime is
the aboveassumptiondoesnot hold in this case. notrecommended.Also&t is suggestednotto exceed

The answeris rathersimple,however.Thereare the optimaldelaytime.
certainsmalldistanceslike dis(X~,X~-+~),with w very A note on theLorenz systemneedsbe made.This
small,andtheirkth iterationscanalsobevery small. systemis very complicatedin that, evenwhen& is
Thesepoints obviously correspondto the orbital not small (for example,6t= 0.009), the tangential
motion,andcannotbe regardedas small distances motion still occupiesa large fraction in the diver-
betweenorbits. Pointsin the divergenceplot corre- gence plot, and the 4(k) curve is not linear by
spondingto thesepointsmerely reflect changesof expression(1), if condition(3) is not imposed.This
the phasevelocity alongthe orbit, andsuchpoints was probablythe reasonthat Wolf et al. [5] useda
will increaseif & is decreased.Let us call this part very large öt to estimatethe largestLyapunovex-
of themotiontangentialmotion.Thetangentialmo- ponentfor this attractor.
tion contributesa dimension nearly one, corre- Anotherimportantnote shouldalsobemade.The
spondingtoa Lyapunovexponentequalto zero [191. optimalvaluesof m and L& do notchangewith the
Hencethis motion shouldbe excludedwhen calcu- samplingtime&. Thoughcondition(3) is suggested
latingthe fractal dimensionandestimatingthe larg- whencalculatingthe4(k) curveto estimatetheLya-
estLyapunovexponent.A possiblewayof doingthis punov exponent,it is not neededwhenreconstruct-
is to addan additionalconditionto expression(1), ing a statespace,sincethe tangentialmotion is an
namely integralpart of the motion on the attractor.

j—i~>w. (3) Thiswork is partly supportedby theNationalBa-
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