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Floating zone crystal growth in microgravity environmentis investigatednumerically by a finite elementmethod for semicon-
ductor growth processing,which involves thermocapillaryconvection, phasechangeconvection, thermal diffusion and solutal
diffusion. The configurationsof phasechangeinterfaces and distributionsof velocity, temperatureand concentrationfields are
analyzed for typical conditionsof pulling ratesand segregationcoefficients. The influenceof phasechangeconvectionon the
distributionof concentrationis studied in detail. The resultsshow that the thermocapillaryconvectionplays an important role in
mixing up the melt with dopant.The deformationsof phasechangeinterfacesby thermal convection-diffusionand pulling rods
makelargervariationof concentrationfield in comparisonwith the caseof plane interfaces.

1. Introduction

The floating zonecrystalgrowth technique,inventedby Pfann[11,hasbeenwidely usedto purify high
quality crystals. Like other techniquesof crystal growth, there are convectionsinduced by various

mechanismsin the mediumof fluid, andthe qualityof the crystal, such as the purification, homogeneity
andsegregation,will beinfluenced[1—41.Convectionsin melting zonemay be induced,underno matter
what gravity condition, by buoyancyon the ground of gravity environmentor thermocapillaryand/or
solutocapillaryeffect in low- or microgravityenvironment[2,181.In addition, the phasechangeconvec-
tion exists in real processingof crystal growth [15,211.Therefore,the coupling of phasechangenear
solidification andmeltinginterfaces,togetherwith convectionsanddiffusions in meltingzone[3,17,18,221,
is significantly influencedand shouldbe simulatedby theoreticalmodels.

Striationsin the crystalsgrown havebeenfound in multifarioustechniquesandhavebeeninterpreted
by both natural convection and thermocapillary convection [2,181.The influence of convection on
concentrationdistribution was pointed out sincethe invention of the floating zonetechnique[1,5]. The
influence of convectionon longitudinal segregation,which is parallel to the growing direction, was
studiedby Burton, Prim andSlichter [51,and then,the so-calledBPS model was developedextensively
[6—10],particularly for a semi-quantitativedescriptionof one-dimensionalconcentrationdistribution. On
the other hand,the segregationin the lateral directioncannotbe treatedby a one-dimensionalmodel
involving the influenceof convection[2].

Many papershavebeen publishedto considerthe lateral segregationin the model without phase
change[4,7—9],and the melting/solidification interfaceshavebeen assumedto be planarsolid bound-
aries without mass transfer. A model involving melting and solidification interfaceswas calculated
numerically for the crystal growth in a vertical Bridgman system,in considerationof the influence of
naturalconvectionand the segregationin two directions[3]. The resultsshow that the usualapproxima-
tion of diffusion layer for the clopant distribution adjacentto the crystal needsto be improved[3].

Recently,crystalgrowth in the floating zonehasattractedmore attentionfrom bothexperimentaland
theoretical sides due to the developmentof microgravity science [11—17].Natural convection and
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Marangoniconvectionhavebeeninvestigatedextensively[11—18].The resultshaveshownthatMarangoni
convection driven by the gradient of surface tension in the free surfaceof the liquid bridge is most
important in the case of low- or microgravity [11,15]. Nevertheless,convectionwhich induceslateral
segregationalways exists. The thermal and solutal capillary convectionsand double diffusions in the
model of half floating zonewithout phasechangehavebeenstudied[4,19,23].Two sortsof concentration
boundaryconditionswere discussedin ref. [4]: onewasthe usualBPScondition andthe otherwas the
concentrationconservationcondition. Since the curvatureof the interfaceswill also induce lateral
segregation,the assumptionon planarinterfaceshouldbe consideredin concentrationdistribution in a
completemodel.Interactionbetweenthermocapillaryconvectionandmelting/solidificationphasechange
convectionhasbeendiscussed[17,18]and the concentrationconservationmodelwith phasechangewas
analyzedelsewhere[20].

The main purposeof the presentpaper is to study the concentrationfield and the segregationin
considerationof the influence of thermocapillaryconvectiontogetherwith melting/solidificationphase
changeconvectionin the floating zoneundermicrogravitycondition.A FEM methodis usedto simulate
phasechangeinterfaces,fluid flow isothermsandconcentrationfields in the melting zone,andisotherms
in the solidzonesfor different pulling ratesandfor differentsegregationcoefficientsundermicrogravity
condition. The results show that the phasechange interfacesobviously influence the concentration
distribution in the liquid bridge. A comparisonis madeof the resultsof previouswork [4,11,20]andthose
of the presentpaper.The physical model and mathematicalexpressionsare given in section 2. The
numericalmethodsarepresentedin section3. Section4 gives the numericalresultsof flow patternsand
concentrationdistributionsof the convection.The lastsectiongives the conclusions.

2. Description of the model

In the floating zonetechniqueof crystal growth, a feed rod is pulled toward the high temperature
zoneof the crystalmelt heatedby a heaterof radiationring. The resolidifiedcrystal is obtainedwhenit
is pulled out of the melting zone,as shown in fig. 1. The dopant impurity in the feed andmelt zoneis
assumedto be low for typical semiconductorprocessing.The liquid bridge of the melt zone is held by
surface tension and locatesbetween the upper rod of the single crystal and the lower rod of the
multi-crystal.

To constructa completemodel of the full floating zone,we will considerat leastthreeregions,i.e.,
the regionof the liquid bridge, the solid region of the feedrod andthe solid region of the single-crystal
rod. The solutionsin eachregionarecoupledwith those in the other regions.However,the solutionsof
the full floating zoneproblem may be obtainedby matchingthe solutions in the threeregionswith the
boundaryconditionswhich can be satisfiedby an iterative procedure.For the sakeof simplicity, we
assumethat the problem is axisymmetric,laminar andsteady.The cylindrical coordinatesystemis used
and the planez = 0 is fixed in the heaterplane,which is consideredto be a thermalradiationring. The
thermophysicalparametersof the melt and the solid are nearly the same as given in refs. [17,20].The
single crystal and the feed rods have the samediameter r() and move with the samerate in the
z-direction.

Freesurfacedeformationis ignored at the first step, and r0 is the radius of the liquid bridge. The
governingequationsaremassconservation,momentumconservation,energyconservationanddiffusion
equationundersuitableboundaryconditions, the sameas those in ref. [20] for a steadyprocess,except
for the concentrationboundarycondition.To make the resultsmore general,dimensionlessparameters
are introducedas follows:

z r u w p
—, ~, U= —, W= —, P=

r() U0 U0 ~U()

T—T T—T c
(i=1,2), ~ m ~ (2.1)

T0—T~1 T0~Tm c~
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Fig. 1. Schematicdiagramof floatingzonesystemmodel.

where the subscriptzerodenotesthe typical value; T0 and Tm are the heatingtemperatureand melting
point, respectively, (U, w) is the flow velocity in (r, z) direction, p, T and c are the pressure,
temperatureand concentrationin the liquid bridge, respectively,T1 and T2 denotethe temperaturesin
the singlecrystal region andfeed region, respectively,and the constantc,, is the concentrationof the
feedrod. The characteristicvelocity u0 remainsto be determined.The appropriatecharacteristicvelocity
in the thermocapillaryproblem may be the characteristicvelocity

Uo Ur~(ToTm)/bL,

driven by the gradientof surfacetension,where O7~and ~ are the thermalcoefficient of surfacetension
andthe melt viscosityrespectively.According to theserelationships,the dimensionlessequationsmay be
written as follows [201:

~ a
2e ~ 1 8@.

Pe—~=-———+———~+—-—~(i=1 2) (2.2)
i~’ ~-2 ~2 ~

for the regionsof solid rods, and

au U aw
—+ — +—=0 (2.3)

a’
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au au a~ a2u a2u 1 au U
Re U—+W-— =—Re—+—-

5-+-----~-+————-—, (2.4)a~ a~- a~- ~ ~
aw aw a~ a

2W a2w 1 aw
Re U—+W—— =Boe—Re—--+———+—----+——— (2.5)a~ a~2 a~2 ~

ae ae a2e a2e 1 ae
Ma U—+W---- =—+——+—-— (2.6)

a~ a~- a~2 E
ac ac a2c a2c 1 ac

Pc U—+W—- =—+-—-+——— (2.7)
~ a~ a~ a~2 a~ ~

for the regionof liquid bridge. The dimensionlessboundaryconditionsare

~T=0, 4T~(S
2(0),S1(0)):—=0, —=0, (2.8)

~= 1, ~ (S2(1), S1(1)): - ~‘ = Bi1[(e~+T~)
4_T(~4)j f(~) (i = 1,2), (2.9)

~=S
1(~), ~E(0, 1): �~=O (i=1,2), (2.10)

= ±L1, ~ ~ (0, 1): @, = (9~ (i = 1,2), (2.11)

for the regionsof solid rods, and

au aw a@ ac
= 0, ~ (S2(0), S1(0)): = 0, = 0, = 0, — = 0, (2.12)

aw ae ac
~=1 ~~(S2(1), S1(1)): U=0, -~-~-= —-~-—6~-~-, (2.13)

ac/a~=o, (2.14)

_a9/a~=Bi[((9+Tm*)4_Tc~4)}f(~), (2.15)

~=S1(~), ~E(0, 1):

e~VdS1/d~
2’ (2.16)

I + (dS1/d~)

clv
W= —v (2.17)

I + (dS1/d~)
2

= 0. (2.18)
ac/an= Pe~V

0(I — k0)c, (2.19)

~=S2(~), ~ 1):

E2V dS2/d~
u= 2’ (2.20)

1 + (dS2/d~)

e2V
W= ~—V , (2.21)

1 + (dS2/dfl P2

(2.22)
ac/an= —Pe5 V~(c— c5), (2.23)
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for the region of liquid bridge, where ~= S1(~)and ~‘= S2(~)are the melting boundary and the
solidification boundaryof phasechange interfaces respectively.The angular coefficient of thermal
radiation, f(~),is assumedto be a Gaussiandistribution, such as f(~)=f0e~~. In order to obtain an
appropriatesizeof the melting zone, A = 2 is adoptedand f0 is combinedinto the Biot numberBi. The
dimensionlessStefanconditionsbecome

ae. a�~ St.lV~
~—~i~= ± p (i=I,2) (2.24)an an ~/1+(dS1/d~)2

The following non-dimensionalparametershavebeenintroduced

r0U0 r0U0 f3gr~(T0—Tm) l~’~.r0
Re=—-—, Ma=—, Bo= , Pe1=—,

a VU0 a1

= = ~H, pr0U0 T* = Tm
K, ‘ Ki(To~Tm)’ m Tt1~Tm

* T11 t’~, . fQr0E~~*(T()— Tm)
3

V~=—, Bi,= K,

f
0rOE*ff*(T0_T )3 r0u0 o~C.

Bi=— m , Pe5=—, 6= (i=1,2), (2.25)
K D a~T

wherea, a1 and a2 are the thermaldiffusivities and K, K1 and K2 are the thermalconductivity of the
melt, single crystal and feedmaterials, respectively; LIH is the heatof fusion; c”, c~~’and c~’are the
emissivitiesof the melt, crystal andfeed, respectively;u * is the Stefan—Boltzmannconstant;D is the
dopantdiffusivity in the melt; k0 is the dopantsegregationcoefficient;

2 0.5
= V~/[I + (dS/d~)]

n is the normal unit vectorto interfaceswhich directsto melt region. The solution in the threeregions
will satisfy thematchingconditionsat the phasechangeinterfaces~ S1(~)and ~= S2(~),i.e. conditions
(2.10) and(2.16)—(2.24).The so-calledStefancondition,derivedfrom the energyconservationacrossthe
interfaces,is usedtogetherwith otherboundaryconditionsto determinedthe interfaceshapes.

It is difficult to grip the essentialof the problemssincethereareso many controllingparameters.But
our object is to understandthe influence of convection and of phase change interfaces on the
segregation.Therefore,the pulling rate V~,andsegregationcoefficient K0 will be analyzedespeciallyin
the presentpaper.

3. Numerical simulation

To solve the problemin fluid region,we introducedas usualthe streamfunction ~(i definedasfollows

1 a(~4) ~
U=—— (3.1)

~ a~
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and the vorticity

au aw
(32)

a~ a~

The equationsin the liquid bridge may then be expressedin relations of stream function—vorticity
insteadof velocity componentsU, w and P [17,20].An “up-wind” finite elementschemeimprovedfrom
the Galerkin finite elementmethod is applied to overcomethe difficulties causedby the convection
terms in some caseswith relative larger value of parameter[24]. In an element,the variables are the
linear combinationsof node values,expressedas the follows:

= ‘~Y’~~ f2~’~= N1(F~)12~’~,c~’
1= ~

= z~y’~~ ~y)= ~ ~ ~ = ii~(’) ~ ( i = I, 2, 3, 4), (3.3)

where the superscript(e) denotesthe element (e); A~ are the shapefunctions. With local x,
coordinatesnormalizing a variation from — 1 to + 1, we canwrite

N(e)=N*(x) ~*(y) = ~(l +s~x) x ~(l +s~y) (i = 1,2,3,4), (3.4)

where

,~ (+1, i2 3, v (+1, i3,4,
~

1 \—i, i=I,4, ~ \—l, i=l,2. (3.5)
Similarly, the weighting function canbe written as

G~=[~*(x) + ~a~~(I-x)(1 +x)] [~*(y) + ~(1 -y)(l +y)]

= p~T*(~)P~*(y) + = + /~‘~ (i = 1, 2, 3, 4). (3.6)

~ limits to zero for the Galerkin method. Substituting (3.3) and (3.6) into the weighting residual
equationsof the governing equations,we can obtain the discretizationequations.It is convenientto
considerthe iteration procedureas a “pseudo-growthprocess”by the balanceof latent heatwith the
heatfluxes acrossthe interfaces.The usualunsteadyStefanconditionsabout thephasechangeinterfaces
in floating zonecrystalgrowth are:

aT. — aT ds.
±K1—+K— =~H1p i’~, — —cos a (i= 1,2) (3.7)an an “ dt

in the dimensionalform, or

dS ae. ae dS 2

St~+jv~ (1=1,2) (3.8)

in the dimensionlessform. So wecan obtain S’~’= S,’ + A,z.~t.The pseudo-timeinterval it is selected
to satisfy theconvergencecondition of the problem.A propersolution is obtainedwhendS1/dt tendsto
zerowhile the governingequationsare satisfied in their respectivefields. In a certainparameterrange,
the solution could be obtained,which could give the convergentinterfacepositions.

The convergentsolution could be obtainedby iterativemethoddueto adjustmentof the solidification
boundary.First, we assumetwo interfacesof phasechangeandsolve the governingequationsunder the
fixed boundaryof giveninterface.The surfacesolutalcapillaryeffect is ignoredheredueto its verysmall
effect [4]. So the concentrationdistribution is uncoupledwith flow, temperatureandinterfacepositions.
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Table 1
Valuesof the thermophysicalpropertiesof silicon andoperating

Property Value

Densityp 2.44x i0
3 kg/ni3

HeatcapacityC,, l.049x iO~J/kgK
Thermalconductivity K 4.30x 101 W/rn’K
Dopantdiffusivity D 2.56xi0~ m2/s
Melting point T,,, 1688 K
HeatingtemperatureT,, 1668 +844K
Heatof fusion iH 1.803X 106 J/kg
Heat coefficientof surfacetension ~r — lOx 10~kg/s2 K
Melt viscosity~z 8.25x104 kg/ms
Ernissivitye* 0.5
Rod radius r

11 5x io~rn
Ampoule length L x2 8.0X 10—2 rn
Rod temperatureatthe end T~ 1304 K
Pulling rate i’s 0—10~rn/s

Then,we adjustthe interfacepositionsby eq.(3.8), andrepeatthe iterativeprocessuntil the convergence
condition, dS,/dt —* 0, is satisfied.The iterative procedureis successfulfor the problem.

The numerical simulation is applied especiallyfor the silicon crystal growth. The thermophysical
propertiesof silicon are listed in table 1.

4. Results

Calculationshavebeenperformedfor two cases,and the velocity, temperature,concentrationfields
andinterfaceshapesare obtained.Sincesimilar flow patterns,isothermsandinterfaceshapeshavebeen
presentedpreviously [17,20],the isothermsin the solid regionsandmelt zoneare not given andonly the
flow patternsarekept for comparison.

Figs. 2 shows thedistributionsof flow patterns,concentrationfields and the spatialconcentrationwith
segregationcoefficient K0 = 0.5 for different pulling rates. Correspondingresultsare listed from left to
right for decreasingpulling rate relativeto the heater.The global body of the liquid bridgeshifts toward
the single crystalrod, similar featureshavebeennotedin refs. [17], [181and [20]. The resultsshow that
the free surfacelength has only a small changein z-direction; however, the shapesof the melt/multi-
crystal and the melt/single-crystalinterfaceschangesignificantly and the configurationof the liquid
bridge is more non-symmetricif the pulling rate is larger. The vortex cell in the neighborhoodof the
melting boundarybecomessmaller and weaker while the other cell near the solidification boundary
becomeslargerand strongerdue to the larger pulling rate,which changesobviously the global body of
the liquid bridgeand the shapesof the interfaces.Furthermore,the concentrationfield is influencedby
the convection in the melt zone and by the shapesof the interfaceandchangessignificantly for larger
pulling rate in comparisonwith that for lower pulling rate.In topology, the iso-concentrationlinesseem
to be symmetricalrelativeto the planez = 0 in the caseof low pulling rate[4,7] andmore asymmetrical
in caseof largerpulling rate. It can be seenfrom fig. 2 that the concentrationvalueis less,but not the
least in the mixed core, which occursat melt/feed interface and moves from the free surfaceto the
symmetric axis for decreasingpulling rate. It is inducedby thevariation of the convectionandinterface
shapefor different pulling rates.The concentrationfield has uniform core of melting liquid and steep
concentrationgradients along the interfaces of phase changes in larger pulling rate, for example
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Fig. 3. Dopantconcentrationprofiles in the radial direction Fig. 4. Dopant concentrationprofiles in the radial direction
alongthemelt/crystalinterfacedependingon differentpulling along themelt/multi-crystal interfacedependingon different

ratesfor K,, = 0.5. pulling ratesfor K,, = 0.5.

= 2.56 x i0~ rn/s. It is shownthat the melt is mixed well, andthis conclusionis similar to that noted
in the BPSmodel [2,5].

The radial distributions of concentration along the melt and solid interfaces and longitudinal
distributionsalong free surfaceandalong symmetric axis aregiven respectivelyin figs. 3—6. In order to
make theresultsclear,as shownin figs. 3 and4, the concentrationdistribution is relatively uniform along
the melt/solid interfaces in case of the lower pulling rate. For larger pulling rate, for example,

= 2.56><I0~m/s, the concentrationvaluealong the melt/single-crystalinterfacedecreaseswith the
increasingradius r. The resultsshow the lateral segregationwhich has larger radial variation for larger
pulling rate, as shown in fig. 3. This is different from the onefor low pulling rate[4,7]. We canfind the
different tendenciesof the concentrationdistributionsalong melt andsolid interfacesin differentpulling
rates,as shown in fig. 2 on the spatial concentrationdistribution. So we can concludethat the dopant
segregationdegreefor larger pulling rateis strongerthan that for lowerpulling rate.On theother hand,
the concentrationin multi-crystal is given by the sample;however,the boundaryconditionat melt/feed
rod interface is given by the concentrationconservationcondition, a discontinuity appearsat the
boundary [4], and the concentrationdifferencebetweenmelt and feed on the melt/feed interfaceis
larger for lower pulling rate than for largerpulling rate, as shownin fig. 4. The longitudinal segregation
alongthe free surfaceandalongthe symmetricaxis in z-direction areshownin figs. 5 and6, respectively.
The results illustrate that the longitudinalsegregationdependsstronglyon pulling rate: the strongerthe
segregation,the largerthe pulling rate.

However, the simulation of concentrationdistribution is more complicated.Fig. 7 shows the depen-
denceof concentrationmaximumon pulling rates,and theprofiles do not show monotonicfeatures.The
concentrationmaximum in the melt zone reachesthe smallestvalue when the pulling rate is about
1.5 x iO~m/s, andthereare two peaksat = 0 and 2.0x i0~ rn/s. The resultsshouldbe analyzed
further.
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We can discussthe effect of pulling rate in a simple casewithout convection; the problem can be
treatedwith a one-dimensionalmodel, and the following governingequationsandboundaryconditions
areobtained:

Fe~V, dC/dr= d
2C/d~2, (4.1)

~=0: dc/d~=Pe
5v~(c—c5), (4.2)

~ L: dC/dr = Pe~V~(1— k11)c, (4.3)

H

E 2.90

•J::: \
~2.75 K00.5 To_Tm~r844 (K)

\

2.40

2.36 -..,,‘,,“‘,,,,‘‘‘.‘‘“,.,,.,,,,‘,‘‘,

0.002+000 /002—004 2002—004 8.002—004
P~uUtngRate3 v~ (m/s)

Fig. 7. Variation of concentrationmaximum in theliquid bridgedependingon different pullingrates.
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segregationcoefficientsfor ,-,, = 2.56 x l0~rn/s. segregationcoefficientsfor = 2.56 x l0~ rn/s.

whereJ/~and L denotethe dimensionlesspulling rateandthe lengthof the melt zone,respectively;the
other symbolsaredimensionlessandaredefined as usual.The analyticalsolution is then given as

(1 —K0)c, exp(Pe5t’;,~-)
C(~)= - - +c.. (4.4)

K1) exp(Pe5V~L)

In comparisonwith the one-dimensionalandtwo-dimensionalmodels, let us adoptthe sameparame-
ters, i.e., Pc5 = iO~,~ = i0~,K0 = 0.5, c5 = 1.0 and L = 1.0. Thenwe obtain c(~)E [1.368, 2] for the
one-dimensionalmodel, which conclusion differs from c> 2 in the two-dimensional model. This
differenceshows the influence of Marangoniconvectionon the concentrationdistribution. If V~, in the
one-dimensionalmodel varies from negativeto positive, it could be imaged that the one-dimensional
concentrationC(~)may be greaterthan 2.0.

Now,we will discussthe influenceof different segregationcoefficientsK0 on the fields in themelting
zone, the steadystate concentrationfields and the spatial concentrationdistribution are shown for
pulling rate t’~= 2.56 x iO~rn/s in fig. 8. It canbe concludedfrom the resultsthat the concentration
fields with the samepulling condition havesimilar topographies,althoughthe segregationcoefficients
are different. The reason is that the convectionhas a similar effect on the concentrationfields. The
concentrationmixed coresappearat the sameposition for different K0 butthey havedistinct levels; for
example,c = 1.515—1.555if K0 = 0.9 andc = 5.236—6.143if K0 = 0.1.

With a given pulling rate t~,= 2.56 x i0~ rn/s. the lateralsegregationalongthe melt/single-crystal
and the melt/multi-crystal interfacesfor different segregationcoefficients K0 are illustrated in figs. 9
and 10. The segregationdegreesare identical with variant tendencyof the segregationcoefficient K0.
Thereis a strongersegregationif K0 is larger.The effect of Marangoniconvectionon segregationlevel
is obvious, e.g. it mixes the melt well or weakens the concentrationgradient in the melt zone.
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Fig. 11. Variationof maximumconcentrationin the liquid bridge dependingon different segregationcoefficients.

Additionally, it reducesthe concentrationlevel which oughtto be higherwithout convectionin the melt
zone.

The maximum concentrationprofile with variation of k11 is shown in fig. 11. The resultsshow that
cmax is not inverselyproportionalto K0, or, in otherwords, the effective segregationcoefficient is less
than the equilibrium segregationwhen k0 is large and the effective segregationis larger than the
equilibrium segregationwhenk0 is small.

5. Conclusions

In the presentpaper,the effect of melt/solid phasechange,the thermal and solutal diffusions, and
the thermocapillaryconvectionon the concentrationdistribution in melt zoneis discussedfor the steady
processof crystal growth in the floating zoneunderzero-gravitycondition. It has beenshown that the
convectiondriven by solutal capillary has little influence on melt convectionfor most casesof typical
parameters,so its influencehasnot beenconsideredin the presentpaper[41.

A finite elementmethod is applied to iteratethe phasechangeinterfaces,concentrationconvection
inducedby thermocapillarysurfacetensionand the melt flow. Comparingthe existingresultswith the
previousones[4,20]provesthat our procedureis successful.

It could be concludedfrom the numerical results that the shapesof phasechange interfaces,in
addition to the thermocapillarydriven convection, have significant influence on the concentration
distribution in the melt zone. Convection makes the concentrationdistribution more uniform, but
inducesthe lateralsegregationat thesametime. The effect of the pulling rod makessteepconcentration
gradientsalong the phasechangeinterfacesandcausesthe “non-symmetry” of the concentrationfield.
In general,the thermocapillaryconvectionandthephasechangeconvectionhavesignificant influenceon
concentrationdistribution.
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Nomenclature

Bi, Bit, Bi2 Biot numberin melt region, in single-crystalregionand in multi-crystal region
Bo Bond number
~, c Dopant concentration

Heatcapacity
C5 Dopant concentrationin multi-crystal region
D Dopant diffusivity
f(~) Distribution function of thermal radiation
g Gravitationalacceleration
~H1, ~H2 Fusionheatof single-crystalandof multi-crystal
K, K1. K2 Thermalconductivity of melt, of single-crystalandof multi-crystal
K11 Dopant segregationcoefficient
L Length of the whole region
Ma Marangoninumber
n Unit vector normal to interface

Shapefunction
p, P Pressuresin melt region
Pc1, Fe2 ThermalPecletnumbers
Pc5 ConcentrationPecletnumber
r, r1, r2 Coordinatesin radial direction
r0 Radiusof liquid bridge
Re Reynoldsnumber
z = S1(r), z = S2(r) Interfaceposition equations
Sty, St2 Stefannumbers
T, T1, T2 Temperaturein melt, in single-crystalandin multi-crystal region
T,.,, To, T, T,,~°’,T0~” Dimensionlesstemperatures

Pseudo-timeinterval
u, U Flow velocitiesin r direction
i~, V~ Pulling rates
w, W Flow velocitiesin z direction
z Coordinatein axial direction

a “Up-wind” corrector
/3 “Up-wind” corrector
~ ~2 Dimensionlessparameters

Dimensionlessparameter
El, E~ Relativedensitydifferences

Stefan—Boltzmannconstant
Dimensionlesscoordinatein z direction

~ ~ Dimensionlesstemperatures
Viscosity

‘I Kinetic viscosity
Dimensionlesscoordinatein r direction

t’ ~~1’ P2 Density of melt, of single-crystalandof multi-crystal
Thermalcoefficient of surfacetension
Streamlinefunction

U Vorticity
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