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Abstract—Based on the idea proposed by Hu [Scientia Sinica Series A XXX, 385-390 (1987)], a new type
of boundary integral equation for plane problems of elasticity including rotational forces is derived and
its boundary element formulation is presented. Numerical results for a rotating hollow disk are given to
demonstrate the accuracy of the new type of boundary integral equation.

1. INTRODUCTION

The boundary element method has emerged as a
powerful computational tool for stress analysis [1].
The boundary element is based on a boundary
integral equation of the problem. Recently, Hu [2]
proposed a new type of boundary integral
equation for the theory of elasticity to solve the
plane problems of elasticity without rotational loads.
This new type of boundary integral equation is
different from the other type which was initiated by
Rizzo [3] and Cruse[4] who used the method of
weighted residuals. It is generated using a two-state
conservation integral of elasticity. It expresses
the stresses of the elastic body with the displacements
and tractions on the boundary. The boundary
integral equation by the above method is of the
second-kind integral equation on the boundary where
boundary displacements are given. This result is
contrary to that of the Rizzo-type. So one can choose
a Rizzo-type of boundary integral equation or a
Hu-type depending on one’s needs, because this
new boundary integral equation complements
the Rizzo-type equation [5]. In this paper, we applied
the new type of boundary integral equation proposed
in [2] into a plane problem of elasticity with
rotational body forces. The boundary element
formulation is presented in detail. A numerical
example of a rotating hollow disk is given to
demonstrate the accuracy of the new boundary
integral equation.

2. TWO-STATE CONSERVATION INTEGRAL
INCLUDING DISTRIBUTED LOADS

To consider the plane problems of elastic body,
we chose Cartesian coordinates. The components
of displacements, strains, stresses and distributed
loads in the region and tractions on the boundary
are u;, €;, 0, f; and p,, respectively. Basic equations
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of elasticity are

€= %(ui,j + uj,i) (1a)
Gij = Aijlm €im (]b)
a,;+f=0. (1¢)

For an isotropic elastic material, 4, is a constant.
The equilibrium condition, when applied to the
boundary B of the domain Q, yields

pi=oyn 2)

in which n; represents the direction cosines of the
outside normal of B.
The strain energy density U(e) is

U) = % Aijlm €i€m- 3

If u, ¢, 0, f; and p; satisfy (1), they constitute an
exact elasticity state. Differentiating such a state with
respect to x, and x,, respectively, we get two other
exact states

“f = Uy (4a)

C:Fj =€k (4b)

ok=6,, (4c)
iy 1,

fi=fu (4d)

pi=nol=no,, (k=12). (4

Note that p¥ is found by using the equilibrium
condition, not by differentiating p; with respect to x,
and x,.
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Substituting an exact state and one of its generated
exact states in (4) into virtual work principle, we have

J Aim€i€hy dQ=jf,-uf-‘ dQ+J pu¥dB. (5
Q Q B

From (3) and (4), the left-hand side of (5) is

j Aijlmeijd‘m dQ = j [U(e)],dQ = J n Ue)dB.
0 o B
(6)

Substituting (6) into (5), we get

J;lf;'ui,k dQ = j [ U(e) — pju, ] dB. )]
Q

Equation (7) is a single-state conservation integral.
1 1 ] 1 1 2 2 2

Suppose ug )a eﬁj)a agj)nfg )a Pf ! and uf‘ )7 55,'), agj),

9, p? are two exact elasticity states, their linear

combination

u® =u + au? (8a)
€9 =€) + ac? (8b)
o9 = o) + aof )
fO=fO+afP (8d)
p¥=p"+apf (8e)

is also an exact state, where a is an arbitrary constant.
Substituting (8) into (7), we have

[ oupaa= | muen—ppumnaz o
Q B

Because (9) is an identity with respect to a, the
coefficients of the terms linear in @ on the two sides
of this equation must be equal, we obtain

[ erpunan
0

- f [ Ay €D€2 — pPut, — pPul dB. (10)
0

This equation is an identity satisfied by two exact
elasticity states. It is called the two-state conservation
integral.

3. BOUNDARY INTEGRAL OF DOMAIN
DISPLACEMENTS AND STRESSES BASED ON THE
TWO-STATE CONSERVATION INTEGRAL

For plane strain applications where the funda-
mental solution corresponds to unit point loads
applied within an infinite plane (Kelvin), the
components of the fundamental displacements and

tractions are given by

1
uf’=7|:(3—4v)ln—6,-,,+r,r,,] an
—V) r (LY

1 or
P dmi =y {5; 2000 21l

— (1 =2)[rn,— r,hnil}, (12)

where r = r(&, x) represents the distance between the
load point ¢ and the field point x and its derivatives
are taken with reference to the coordinates. Applying
Betti’s reciprocal theorem of work to an unknown
elasticity state and the fundamental solution, we have

Jff'uid0+jp?uidB=JﬁufdQ+inu?dB.
0 B Q )

(13)
So

uh(f)=f (p,-uf'—Pﬁ’ui)dB+inu?dQ (14
8 Q

in which £ is a point in the domain Q, and the domain
integral of body forces can be suitably transformed
into a surface integral. Equation (14) is the expression
of boundary integral of displacements. In order to
obtain the expressions of domain stresses, we first
have to get the derivative of domain displacements.
We choose two states of the conservation integral as
the outstanding state and fundamental solutions,
respectively

J (il + f Hu) dQ
Q
= J (”kAy'lmfuf;'m —P.'utk _ptlui,k) dB (15)
B
u (&) = J ("kAijlmfuff'm _piutl,k _p?ui,k) dB
B

——J fiuh dQ. (16)
Q

Here we obtain the expressions of domain displace-
ment derivatives represented by the boundary
integral. Equation (16) is the main formula of the new
type of boundary integral equation.

For the plane problems of elasticity, f;=0 is
assumed, we have a further rearrangement to (16)

“h.1(§)=f (6%, +05u,,—pui)dB  (17)
B

u (&) = f (_allllul,s - 0'1'2“2.: ”Pi“zz) ds. (18)
B
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Substituting (17) and (18) into the constitutive
equations of elasticity, we have the expressions of
boundary integral of domain stress. For the plane
strain problems of isotropic elastic body, the domain
stresses are

v)E

(1+v)(]—-2v) | 12 =
+“2.s(0'22 ‘1”’_‘__‘;0'%2>
—p,»(u% - uzz)]cw

v)E
(1+v)(1 29 )1 o=
1= v"'zz)

2 Voo
_P:(ui,z‘*' = v“m)}dB

E
a1,(%) =mL [ul;(a%z_a}l)

o) (€)=

19

512)

op(f)=

+ uz‘s(o'lz

(20)

+up, (0% —ah) —piuly +ulx)ldB  (21)
in which E is the modulus of elasticity, v is Poisson’s
ratio.

An important remark is now due: all the
expressions presented here are assumed to be valid
for plane strain problems, the plane stress case can be
dealt with by the same equations, providing E is
replaced by

_(1+2v)
T +vy

and v by

v
1+v)

¥ =

4. BOUNDARY INTEGRAL EQUATION OF ISOTROPIC
ELASTIC BODY

When the point £ €Q is (17) and (18) approaches
boundary B, the boundary integral in these formulae
becomes singular at &, So we need to extend the

VAT
\/

Be

Fig. L.
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formulae to the boundary. Suppose (¢,, £,) is a point
on the boundary B, where the boundary curve has
continuous tangent. Let B, be a half circle with radius
¢, centred at (£, &,). Let Q, be the half curve region
surrounded by B,, as shown in Fig. 1. Apply eqn (10)
on Q, with one outstanding state and another being
the fundamental solution of elasticity body. Since in

Q, f"=fP=0,s0

J Ufiule +fu,] de—J 0dQ
2

Q,

- h A A
= j ["kAijlmﬁu‘fzm —piip— piu,]dB
B-B,

+ J [ Ajjmeis€ln — Pittl — plu 1dB. (22)
B

On the boundary, substituting (11) into the integral
in (22) and letting ¢ -0, we have

'21' (€)= ‘L (nkAijimeljegn - Ps‘“zk - P?ux‘,k) dB, (23)

where B represents the integral in the sense of Cauchy
principal value. Equation (23) can be further written
as

% 4 (&)= j; (o U+ 0% Uy — put)dB (24)
and
%“k.2(§)= L("U'l'x l‘l,s—a?z “2.;“Psuf2)d3- (25

Substituting (24) and (25) into the constitutive
equations, we obtain

vE v
20'11(5) J{(l+v)(1 2v)[ (sz—mafl)
+“z,s(‘7%2"' iv032>]“p!01;1}d3 (26)
v)E v
0'22(5) J‘{(l-{—v)(l 2v)[ (sz“maiz)
+“2,:<°'%2“ ivaéz)]"Pi";z}dB @27

E
%‘7:2(’5) = .L {m [“Ls(“%z —ol)

+uy (6 —o1)] —Pia‘iz} dB. (28)

Let n;, n, be the direction cosines of the outward
normal of the boundary curve on (¢, £,). Applying
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boundary conditions, we have

%P1(5)="1 '%‘711(5)4‘"2'%612({)

_ (1 —-v)E . v 2
LT na-m\Ie T 1%

E
+”2m‘+—v)(0%z—051)]

(1—-v)E v
+“2~’["' T+v)( —2\:)<"52 T1- v"fz)

E )
+"zm(‘7§z - Uiz):l —P.'P'x}dB

P& =n30u(E) +ny 50y,(8)

E
=L {uu['lnm(aﬁ— o)

(A-wE [, v
A —2v)<”” T —v"}z)]

(1=v)E
(1+v)(1—2v)

29

+ Uy L("'%2_0}2)‘+”'2
o 41 +v)

X (‘7%2 1 i v”éz)jl _Pipg}dB, (30)
where

pi=nol +may, (31a)

pi=nai+nmoy. (31b)

Equations (29) and (30) are the final forms of the
new type of boundary integral equations in plane
elasticity.

5. BOUNDARY DISPLACEMENT DERIVATIVE

In this section, we discuss how to express u, , and
u,, in (29) and (30) by using , and p; on the
boundary. Boundary tractions are

D1=noy +noy, (32a)

(32b)

Dy =Ny013 + Ny0p,.

For the plane strain problems of elasticity, the
stresses are

(1-v)E v
o= (1—+v-)'(1—_2'v—)(u1,1 + 11— uz.z) (33a)

(1 —v)E .
Oy = m <u2’2 + 1_:; u“) (33b)

(2 +uy,) (33¢c)

o E
2721 +v)

Since the boundary is divided into several elements.
In each element we have

) (34)

where n, is the local coordinate on one element.

To linear element, displacement ; and coordinate
x,, of arbitrary point on boundary can be represented
as

Wt )+ W =, G5)

X =3 (5 4+ 20) +L 00 — Xy, (35b)
respectively, where j and j + 1 are the nodal numbers
of the element.

Since (35) has nothing to do with local coordinate
n,, there are

ou; )

a—:"’=%(u4“~uf) (362)
2

%%(w' — ) (36b)
2

The displacement derivative can be represented as

ul,l(xji+l —x\)+ “1,2()55+l —xh)=ujt' -}

(37a)
Uy (X = XA) + U (4T = xh) = bt —uh. (37b)

Solving simultaneous equations (32) and (37), sub-
stituting into prescribed conditions, we will obtain the
displacement derivative u,,,. Since
(38a)

U= MUy + MU,

Ups =Nty + Mty (38b)
So we can get u,, and u,, represented by using
boundary displacement #; and traction p,.

6. BODY FORCE

When f; #0, the boundary integral equation has
one more item than the equation which £ is equal to
zero. This item is the body integral of body forces

By = J Siul, dQ. 39
0

Because B, is domain integral, the calculation of By,
requires the domain to be divided into internal cells;
it would lose the advantage of boundary element
method.

For rotational problems, the body force is a
centrifugal load. If the axis of rotation passes through
the origin of the coordinate system, the problem is
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2

equivalent to a prescribed body force of the form ®= pw
8rG(1 —v)
fi=po’x; (40)
1 7—8v
in which o is the angular velocity, p is the material X R XHy (3—4v)1n;5,-;.-— 3 Sy +rir
density.
Let us call G;; the Galerkin tensor which is related
to the fundamental solution u* by the following —(1- v)(Zr In- — r>
expression
ul=G, _Gip_ X I:ékkr A —m——r 1y, }} dB. (44b)
LN A 2(] ) * 2(1 ) 4
For the two-dimensional plane strain state The small difference of the two expressions will be
discussed later. Therefore, the displacement deriva-
1 tives are
G,h~~§—Gr21ﬂ 5,,, v s
So (&)= j (o + 0%y, — pufy)dB — By,
1 B
T P —
“ =BG — ) (45a)

- _ ek e gk _
x [(3_4‘,)111;1:5'_&_7 28"5%*_,.’{,,&] @n “k.z(f)—ja( o Uy, — ity — i) AB — By,

{45b)
the difference between (41) and (11) simply
corresponds to a rigid-body translation. The above ~When the point { approaches boundary B
expressions, (40) and (41), when substituted into (39)
lead to the following boundary integral Ui (&) =3 141 (E)
By = J pwixul, dQ We can prove that the integral of B, on B, is also
Q zero. But the integral limit is changed to B. Now the

boundary integral including body forces is

= pw’f {[xiut] e —ur} dQ. 42)
0

%u”'l ©)= J. (012“?,: + 0'22“'2’; “P?“f,x) dB — B,
There are two ways to deal with pw? [ {[xu!] N 8
—ul} dQ, the first is @6a)

Giyn
b= PwZJ‘B [GH,J 21 - )]"j dB, (43a) %“h,z(f) = J‘&(—a”u{',‘—cruug,,“pf'u,'z) dB — B,,.

the second is (46b)

Gy, 7. THE BOUNDARY INTEGRAL EQUATIONS
— 2
b= po L [Gw"j - ) ]dB (43b) INCLUDING BODY FORCES

Substituting (46) into the constitution equations,

Also we get two expressions of By we have the boundary integral of stresses

2

By=r2 _ E
8aG(1 —v) 3ou(8)= f{m'z:)_—zﬂ[“m(a}z—l—i—vafn)

xf {x,nk[@ 4V) ]n 6”, 8 5,,,+r ] v
+ “2,:('752 1=y 0%2):] - pioh

—(1——v)(2rln%—r) (1 =v)E
—Y
| Ta+va- 2v)(B” + vB”)}dB
X [6,‘,,1', jnj"mr,h”k]} dB (44a) @7
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v)E

i _ (1- v
2 Uzz(é)—'fs{‘—(l TV —2v) [“1;(0%1 1 _v0}2>
+u2,s<‘7§2_ ! U%z)]“l’t”éz
1—v

(1-v)E

v
S (1+wQ —zv)<322+m3“>} a8
(48)

E
30,(8) = L{m[“n,s(aﬁ—ail) +u,,(6,—0a}y)]

—pioi— (B, + By )} dB. (49)

E
41+v)

So

%Pl(f)=n| '%Ull(f)'*nz'%au(é)

[ fun

E
it

(1—-v)E Y,
d+va-m\°e 1%

ll)]
(1-v)E

Y
* ”2"["‘ dT+w)(- 2v)<"22 - v"”>

E
+n Y40+ )( 12)]
i (1-v)E v
— PPy —[mm(&l-}-l—:—;&z)
E B B dB 50
+nzm( 12+ Ba) (50)
&) =n 50,8 + 1y (9]
E 1
= ‘L {“u[”l —"_4(1 ) (6}, —o11)
(1—v)E v
g (T k)
E
+“2,:|:”|m(0%2-‘7}1)
1—v)E :
“H’z—‘——‘—(1 -i(-v)(l)— ZV)(G%Z—I—V_‘;ﬂz)]—PIP'z
E (1—-v)E
—[nnm(312+321)+"2m
x (Bn +1%B,,)]} dB. (1)

The above two equations, (50) and (51), are the
boundary integral equations including rotational

n=1

m=) s
j+1
i
Fig. 2.

loads, in which u,; and u,, consist of boundary
components #; and p;, g% can be deduced from the
fundamental solutions of elasticity. Dividing the
whole boundary into several elements and applying
(50) and (51) to each element, we can deduce matrix
equations, including boundary displacements and
tractions. Substituting the prescribed boundary con-
ditions separating the known and unknown variables
on each side of the equations and solving the
equations, we can find the unknown boundary dis-
placements and tractions. Once the nodal values of
boundary displacements and tractions are calculated,
the values of displacements and stresses can be
computed at any internal points of domain by simply
using (14) and (19)—(21). The whole problem can be
solved.

Now we discuss the small difference of B{Y and
B, we use (50) as an example. The influence of
rotational forces on the equation is
(1—-Vv)E v

R'—_[ [ "a +v)(l—2v)<B”+ vB”)

B+ Bzx)] ds,

+n £
241 +v)

since B{Y = B®, BYY =BY, B)=BY,BY)=BY, it
is identical in choosing BfY or B2 and has no
influence on the final result.

8. NUMERICAL RESULTS

Calculating a rotating hollow as shown in Fig. 3 we
only deal with a 30° sector of the disk, the shape
parameters are: 6 =30°, r,=10mm, r, = 100 mm;
the physical parameters are given in Tables 1 and 2.
The exact solutions of displacements and stresses can
be found in every textbook of elasticity mechanics.
Tables 1 and 2 show the relative errors of displace-
ment u, and stress g,, respectively.

9. CONCLUSION

From the numerical results given in Tables 1 and
2, we see that the errors decrease when the nodal

Fig. 3.
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Table 1. Relative errors of displacement u,

R, 6 55,0 55,30 100,15 10,15 55,15
Element A 315 316 3.23 341 2.84
Element B 292 292 3.05 332 2.75

E =16,000MPa, v=0.3, p=80lg/cm’, w = 58,000
rev/min. Nodal number of element A = 40, nodal number of
element B = 52, unit: R, mm; 6, degree.

Table 2. Relative errors of stress g,

R0 55,0 55,30 100,15 10,15 55,15
Element A 3.14 246 447 3.31 5.74
Element B 282 225 4.02 3.08 4.83

numbers of elements increase. The new type of
boundary integral equations provide better numerical
results for the case when boundary displacements
are given than the ones for the case that the bound-
ary tractions are given. The new type of boundary
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integral equations have a great potential. It is
worth extending the applicable regions of the new
method.
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